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SOLUTION OF POLYNOMIAL AND TRANSCENDENTAL  . 
EQUATIONS — BISECTION METHOD, NEWTON-RAPHSON 
METHOD AND REGULA-FALSI METHOD 8 
Гор ра ЖЕ ЕГО a БЛЕСНА 

Polynomial Equation — An expression of the form f(x) = ах” + aix! + 
TON +a, where a’s are constants and n is a positive integer is said to be a polynomial 
in x, provided ag + 0. The values of x which make Е, (х) to zero are called as zeroes 
or the root of the polynomial f; (x) and polynomial of nth degree has n-zeroes. 

If f (x) is any polynomial, then the equation f (x) = 0 is known as algebraic 
equation in x. 

For example — 4x? + 8х4 — 7x3 + х2 — 12x +1=0 
and 7х6 + 4х4 — 10 x + 4 = 0 are algebraic equations. 

Definition — When in a polynomial, a + sign follows а + sign or a — sign 
follows a — sign, a continuation or a permanence of signs is said to occur. But 
if a + sign follows a — sign or a — sign follows а + sign, then a change of sign 
is said to occur. 

For example, the polynomial 

(х) = 4х5 + 6x4 — 10x3 + 1132 - 14x +3 = 0 
has four changes and one continuation of signs. 


Descarte's Rule of Signs — The number of positive real roots of f,(x) Ч 0 
Cannot exceed the number of sign changes in f,(x) and the number of negative 
real roots of f(x) = 0 cannot exceed the number of sign changes in f, x). 


Transcendental Equation — If f(x) also contains trigonometric, 
logarithmic, exponential functions, etc. then the equation f(x) = 0 is known as 
transcendental equation. 

For example — (x3 — 1) е5 + log (1 – x3) = 0 
and x3 —sinx te*=0 

Solution of Algebraic and Transcendental Equations - To obtain the 
roots of an equation f(x) = 0, we start with a known approximate solution and 


(157 to 178) 


..(179 to 203) 


..(203 to 235) 
„(236 to 256) 


(287 to 304) | 
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apply any of the following methods — ! 

The Bisection Method (Bolzano Method) — If f(x) is a continuous function| 
between a and b and f(a) and f(b) are of opposite signs, then there exists at 
least one root between a and b. For definiteness, let f(a) be negative and f(b) 
be positive. Then the root lies between a : | 


This expression serves аз the first order approximate values of f(m) near 
the point a, the exact value being zero as in equation (i). 
From equations (i) and (ii), we obtain 
0 = Ка) + (m —a) f'(a) 


: f tu 
and b and let its approximate value will öf m=a = (0) 
Бе given Бу – : : 
d X, So B .. Equation (ii) gives the first order approximate value of f (m) and equation 
: 2 (iii) gives the first order approximate value of m (in term of a). 


If хо) = 0, we conclude that Xj isa 
root of the equation f(x) = 0. Otherwise 
the root lies either between хо and b ог 
between x, and a, depending on whether 
f(x, ) is negative or positive. Then as 
before we bisect the interval and repeat 
the process until the root is known to the 
desired accuracy. The method is shown ` 


Ir Taking а = ху and m = x, in equation (iii), we obtain 
_ 00) . м) 
Ё(хо) 
This gives the approximate values of x, of m in terms of a = xy. 
Here x is the initial approximation of m and Xp is the first-order 
approximation. Replacing xg by хү and x, by x, in equation (iv), we get the 
following expression for x, which is the second order approximation of m. 


X17 X 


graphically in fig. 1.1. Fig. 1.1 X= Xj _ Роч) (У) 
Convergence of Bisection Method — Р(х) 
(Convergence of Sequence) — The sequence «х,» of successive Proceeding further, we get successive approximations Ху, X4, server of m. 


The following is the formula for the (К + 1)" order approximation of m in 
terms of the kÜ-order approximation — 


approximations of a root x = о of the equation f(x) = 0 is said to converge to | 
х = æ with order q 21, if k -al < с Ix, = alq, n > 0, where с is some 
constant greater than zero. 

When q = 1 and 0 « c < 1, then the convergence is said to be of first order ог 


linear and constant c is called the rate of linear convergence, convergence is 
rapid or slow according аз ‘c’ is near 0 or 1. 


Further, if k,4,-a|=c lx, = a, n20 
0 < с < I, then the convergence is called geometric. 


Proceeding in this way and using principle of induction, the condition for 
linear convergence can be simplified of the form. 


Ix, = 9] < с" ку о}, п>0, 0 <с< 1. 
бУХбнол-Варан Method — 


Let m be а real root of an equation f(x) = 0. 
Then we have 

f(m) = 0 scald) 
If m lies near a point a, by Taylor’s expansion we have 


2o feu) i 
Xp = Xk Fæ) xen) 

This formula is known as the Newton-Raphson formula or the Newton's 
iterative formula. The process computing an approximate root by using this 
formula is known as Newton-Raphson method. 

Method of False Position or Regula-falsi Method — This is the most 
oldest method ofobtainingtherealroot Ү 
of a numerical equation f(x) = 0 and 
closely resembles the bisection Ах, (хо! 
method. In this method we choose 
two points хо and x, such that хо) 
and f(x,) are of opposite signs. Since 
the graph of y — f(x) crosses the x- 
axis between these two points, a root o 
must lies in between these points. This 
indicates that root lies between xo and 
Хү, consequently Кхо) хү) < 1. 


2 
f(m) = f(a) + (m-a fa) ED рау 


Neglecting second and higher degree terms in (m — 8), this expression becomes 
f(m) = Ка) + (m — a) f (a) EXE 
1 
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Equation of the chord joining the A [хо, Кхо)] and 


fi -ЇО 
DO) o) 


y- хо) = xı 


0 
The method consists in replacing the curve AB, by 
and taking the point of intersection of the chord 
approximation to the root. Therefore the abscissa of th 
cut the x-axis (y — 0) is given by 
Xi 7 Xo 
f(xi) - (хо) 
which is an approximation to the root. 


X57 Хо Ї(хо) 


В (хү, f(xi)] is 


means of the chord AB | 
with the x-axis as апі 
е point where the chord 


8448) 


If now хо) and f(x») are of opposite signs, then the root lies between х 
and ху. Therefore replacing x, by x» in equation (ii), we find the next approximation | 


X4. (The root could as well lies between X; and x; 
accordingly). This method is repeated till the root is obta 


and we would find xj 
ined to desired accuracy. 


Comparison of Regula-falsi and Newton-Raphson Methods — 
Table 1.1 Comparison of Methods 


Mini- | 
mum 
State- | Evalua- 
ments | Поп 
DU 
5 Name of | Iterative т Reliability Es d "m n 
No. the Formula of Conver of гей tions 
"| Method | the Method Convergence 
gence for per 
Logic | Itera- 
Imple-| tion 
menta- 
tion 
Regula- X? =Xg- 1 
(i) Зи —Lu-*o | | | Guaranteed 1 1 
position | (Х|) — хо) Convergence. 
| method |* хо) 
1 Sensitive to | | 
Меулоп-| Хк = хр starting value. 
Gi) Raphson| _ Кхк) 2 [Convergence | 2 2 
method f'(xy) is fast if xo is 
L close to root. L | d 


0.1. Define algebraic and transcendental equa 


Ans. Refer to the matter given on page 3. 


tions. 
(К.СВИ, Dec. 2014) 
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Q.2. Give convergence values of Regula-falsi and Newton-Raphson 
method. (К.СРИ, June 2015) 


Ans. Refer to the matter given on page 6, under table 1.1. 


NUMERICAL PROBLEMS 


Prob.1. Find a root of the following equation using bisection method 
correct to three places of decimal — 
Дх) 7x3 —3х-5 
[В.СРИ, Мау 2019 (IV-sem)] 
Sol. Let f(x) = x3i-3x-5 
ЖИ) = – 7, i.e., -ve 
62) = – 3, i.e., уе 


апа КЗ) = 13, i.e., +уе 
Thus the root Нез between 2 and 3. Then first approximation to the root is 
243 
хүэ >: 8 2. 
Now, f(xi) = £(2.5) = 3.125, i.e., +уе 
Hence, the root lies between 2 and 2.5. Then the second approximation to 
the root is 
242.5 
х= grow 2.25 | 
Also f(x) = £(2.25) =- 0.3594, i.e., —ve 


Hence, the root lies between 2.25 and 2.5. 
2.25+2.5 2 


X47 B A 2.375 


Now, (ху) = f(2.375) = 1.2715, i.e., +ve 
Hence, the root lies between 2.25 and 2.375. 
2.254 2.375 
xc > — 215125 
Now, f(x) = f(2.3125) = 0.4289, i.e., +уе 
Hence, the root lies between 2.25 and 2.3125. 
2.25 2.3125 
2 
Now, f(x.) = (2.2812) = 0.0275, i.e., +уе 
Hence, the root lies between 2.25 and 2.2812. 
2.25+ 2.2812 
х= 73 


х;= = 2.2812 


= 2.2656 
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Now, хб) = f(2.2656) = — 0.1676, i.e., —ve 
Hence, the root lies between 2.2656 and 2.2812. 
2.2656 + 2.2812 


2 = 2.2734 


ху= 


Now, f(x) = 62.2734) =- 0.07, i.e., -ve 
Hence, the root lies between 2.2734 and 2.2812. 
2.2734 + 2.2812 Ч 
Lir --—- 1: 


Now, (хь) = (2.2773) = — 0.0216, i.e., —ve 
Hence, root lies between 2.2773 and 2.2812. 
2.27734 2.2812 


2 = 2.27925 


хос 
Hence the root is 2.279 


Prob.2. Find a root of the equation x? – 4x — 9 = 0 using bisection 
method correct to three decimal places. (R.GP.F., Nov. 2018) 


Sol. Let f(x) = x3-4x—9 
К!) = - 12, i.e, -уе 
2) = - 9, i.e., -уе 
and КЗ) = 6, i.e, +уе 
Thus the root lies between 2 and 3. Then first approximation to the root i 
хү= 233 ай 
Моу, f(x,) = 2.5) = — 3.375, i.e., —ve 


Hence, the гоо! lies between 2.5 and 3. Then the second approximation to 
the root is 


x, 22343 975 


Also, f(xy) = f(2.75) = 0.7969, i.e., +уе 
Hence, the root lies between 2.5 and 2.75. 
x, =25+27 e 625 


Now, К2.625) = 1.4121, ie. -уе 
Hence, the root lies between 2.625 and 2.75. 


2.625+2.75 
= ТЫ = 2.6875 


Now, f (2.6875) = — 0.3391, i.e., -ve 
Hence, the root lies between 2.6875 and 2.75. 
_ 2.6875+2.75 
= 


X4 


Xs = 2.71875 
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Now, f(2.71875) = 0.2209, i.e., +ve 
Hence, the root lies between 2.6875 and 2.71875. 
_ 2.6875 + 2.71875 
2—5 Эн 
Now, 2.7031) = — 0.0615, i.e., —ve 
Hence, the root lies between 2.7031 and 2.71875. 


хүс 2.7031+2.71875 _ 2.7109 


Now, К2.7109) = 0.0787, i.e., +уе 
Hence, the root lies between 2.7031 and 2.7109. 


х= шингэн -2.707 


Hence, the root is 2.707. Ans. 
Prob.3. Find a real root of the equation f(x) = x? — 4x — 9 = 0, using 

bisection method in four stages. (В.СРИ, Dec. 2015) 
Sol. Refer to Prob.2. 


Prob.4. Find the real root of the equation x log;ọx = 1.2 by bisection 
method correct to four decimal places. [R. GP.V., May 2019 (III-Sem)] 


= 2.7031 


501, Let f(x) = х logyox — 1.2 
КТ) = - 1.2, i.e., -ve | 
f(2) = 2 108102 — 1.2 =- 0.59794, i.e., -уе 
and КЗ) = 3 102103 — 1.2 = 0.23136, i.e., +уе 


Therefore, the root Нез between 2 and 3. Then first approximation to the 
root is 


айн =25 


Now, f(x) = f(2.5) =- 0.2051, i.e., -ve 
Hence, the root lies between 2.5 and 3. 
2.543 
y= yy = 2.75 


Also f(x.) = f(2.75) = 0.00816, i.e., +ve 
Hence, the root lies between 2.5 and 2.75. 


2542.5 | 
x= о 72.625 
Now, f(x4) = f(2.625) = — 0.09978, i.e., -vès 


Hence, the root lies between 2.625 and 2.75. 
_ 26254215 


— 5 = 2.6875 
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Now, f(x4) = f(2.6875) = – 0.04612, i.e., —ve 
Hence, the root lies between 2.6875 and 2.75. 
2.6875 2.75 

amar ED D 
Now, f(x5) = 2.71875) = — 0.01906, i.e., -ve 
Hence, the root lies between 2.71875 and 2.75. 
2.718754 2.75 
T — m ~ 59273487 
Now, f(x) = £(2.73437) = – 0.00547, i.e., -ve 
Hence, the root lies between 2.73437 and 2.75. 


2.73437 + 2.75 
сн илийн AIS 


U 2 
Hence the root is 2.7421. Ans. 


„бетш the smallest positive root of the equation x? — 2x + 0.5 = 0 | 
by Newton-Raphson method. (В.СРИ, Dec. 2014) | 


Sol. Let 


„= 


f(x) = x3 – 2x + 0.5 40) 
1 100) = 0.5, (+ve) and f(1) = – 0.5, (-ve) 
Root Нез between 0 and 1. 
Taking хо = 0.5 
Now, by Newton-Raphson formula, we have 


= БЕ; f(xy) 
лт FOL) 


From equation (i), we obtain 


f(x)23x2-2 
Therefore, 
EE LE Бич 
f(x fi 
bo E m E. - Sr 7 
f(x: 
X= х и 2 то EU = 02586 


Hence the required root is 0.2 Ans. 


Prob.6. Using Newton-Raphson method find the real root of the equation | 
3х = cos x + 1 correct to five decimal places. (В.СРИ, Dec. 2006, June 2011) 
Or ! 


Using Newton-Raphson method, find the real root of the equation 
3x = соз + 1. 


(Е.СРИ, June 2016, Nov. 2018) | 
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Sol. Let f(x) = 3x — cos x -1 3440) 
f(0) =-2, i.e., -ve 
and f(1) = 1.4597, i.e., +уе 


-. Root lies between 0 and 1. 
From equation (i), we obtain f (x) = 3 + sin x. 
By Newton-Raphson formula, we have , 
feu) 
Р(х.) 


Xn+1 7 Xn 


So, here taking xo = 0.5 
(хо) 05605) _ g.5_ 037758) _ 0.60852 


x1 TXO тко) F'(05) (3.479425) 
x; =x, ЖЫ) ооо – 090852) _ 601952 (0005065036) 060710 
f(x) Г(060852) - (3.571653754) 
xj ca 262) 20 бруто. TCO _ 6071000000058849 crie 
175) f (060710) (35704881) 
Ans. 


Hence the required root is 0.60710. 


Prob.7. Using Newton-Raphson method, find a root of the equation 


f(x) =x sin x + cos = 0 correct to three decimal places, assuming that the 


root is near to x = л, (В.СРИ, June 2013) 


Sol. Given 


Take the initial approximation хо = on 


f(x) = x sin x + cos x 


f'(x) =x cos x + sin x — sin x = x cos x 


Starting with хо 


fi Xo Sin Xg + COSX, 
=з (Xo) _ ,, .XoSinxo 0 
Ё(хо) Хо COSXo 
.617994 x 0.5 — 0.866025 
= 2617994 -2 Е 


2.617994 x (— 0.866025) 
= 2.617994 + 0.1953787 = 2.8133727 
хул f(xi) 221 x, sinXj + cosx, 
Ро) Xj COSX] 
zs 2.8133727 x 03223585 — 09466176 
7 2813312777 78133727 x (- 09466176) 
— 2.8133727 — 0.0149081 — 2.7984646 


— f(x2) i X2 Sin X? + С05Х2 
3 ^2 f'(x2) X2 COSX2 
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= 27984646 — 2.7984646 х 0.3364344 — 09417069 
2.7984646 x (- 09417069) 
= 2.7984646 — 0.0000786 = 2.798386 
The exact value correct to three decimal places is 2.798. 


Ant, 


€* using the Newton. 
[R.GP.V., May 2019 (HII-Sem) 


Prob.8. Find a real root of the equation x — 
Raphson method. 


Sol. Let f(x) =х-ех EX 
35 Ко) 2— 1, i.e., -ve 
and f(1) = 0.6321, i.e., +уе 


~<. Root lies between 0 and 1. 
Let us take хо = 0.5 
From equation (i), we obtain 


Ро) =1+ех 
By Newton-Raphson formula, we have 
NES 
ntl n Р) 
f(0.5 
x, = xo - £20). Los. 40) 
f'(xo) Г(0.5) 
(-0.10653) 
-05------2 = 
1.60653 0.56631 
f(xi) 1(0.56631) 
=x- -0.56631--0-2---2 
Ху? T у 1 (0.56631) 
(- 0.001306) 
= 0.5663 | --——____~ = 
1.567616 Qo 
= f(x) —0.56714— f(0.56714) 
3 f'(x2) f'(0.56714) 
(-0.00000516) 
-0.56714-—— — 2 
1.56714 056114 


Hence the required root is 0.56714. 


Ans. | 
Prob.9. By using Newton-Raphson method. Find the root of x!-x- 
10 — 0, which is near to x — 2 correct to three places of decimal. 


(В.СРИ, June 2008, Dec. 2010, 2011, 


Sol. Let f(x) 2x*-x—10 40) 
^ КГ) 7-10, i.e., -ve 
and f(2) = 4, i.e, +уе 


Clearly root lies between 1 and 2. 
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Let us take Хо = 1.5 
Differentiating equation (i), we get 
f'(x) = 4х3 – 1 fi 
By Newton-Raphson formula, we have х; = X,— FG. ) (ш) 
п 


Putting п = 0, the first approximation is 


-x Og 15—95) .. 5. (064375 _, (15 
КЕЧЕТ ) f'(L5) 125 
Similarly putting n — 1, 2, 3 in equation (ii), we get 
ЁС) £(2.015) (4.4704) 
= x, -p =2015- =2.015- = 1,874 
HU Ug PO 2.015 - T 2.015) 317254 
_ х "uou + £0874) _ 1954 045927, | 856 
ES f'0874) ^ 25325 
(хз) f(1856) 0.010206 
k Ч -1856-————..1856-——— — =. 
х= f'(4) = f'(1856) ВЭ 245737 ~ 1556 


Since, хз = x4, therefore 1.856 is a real root of the given equation correct 
upto three decimal places. Ans. 


Prob.10. Evaluate 412 correct to four decimal places by Newton- 
Raphson method. (В.СРИ, Dec. 2012) 
Sol. Let x=J12 or x? = 12 
Taking f(x) = x?-12 40) 
z^ (3) = —3, (~ve) and f(4) = 4, (+уе) 
Roots lies between 3 and 4. Then taking xp = 3 
Now by Newton-Raphson formula, we have 


(ii) 
From equation (i), we obtain Г(х)-2х 


From equation (ii) 5 
х2-12 х2+12 
2х 2х, 


Xp Xp NO 
n 
Put n = 0, in equation (iii) 
са х8 +12 9412 21 4, 
= 2% 6 6 


Рип = 1, 
TT х} +12 _ 1225412 _ 2425 _ 34643 


2х1 7 7 


Хос 
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цасаа х3 +12 120013412 11) = (1)2-1-1=1-2=-1, іе, -ve 
E HEN eee fQ)- (2) -2-1-28-3-5, ie, +ve 
Рип = 3 * | So a root of f(x) = 0, lies between 1 and 2 
* 2 
3 : take хо-1 
a: SU MOP? „ы. Let us take хо 


2x3 6.9282 Differentiating equation (i), we get 
f'(x) = 3x2. 
Newton’s method formula gives 
Op MEE TIU 


f'(x) HET m 


Since x; = x4 
Hence the required root is 3.4641 correct to four decimal places, 
Prob.11. Find a real root of the equation x! — x — 13 = 


Raphson method correct to three decimal places. (К.СРВИ, Dec. 2015) 
Sol. Let f(x) = хі — x — 13 


Хи = Xn — 


3 3 
Каха — Ха +x, +1 


...@ № _ 
f1) = (1) -1- 13 =-13, i.e., -ve ы n+l 3х2 -1 
and 2) = (2)*- 2-13 = 1, ie., +уе 2x3 27 d 
Clearly root lies between 1 and 2. or Ханы = ow m RS 
Let us take ху = 1.5 n 


. эс “ЭМЭ Putting n = 0, first approximation is 
Differentiating equation (1), we get 


3 3 3 
(х) = 4 -1 х- SH 22M 31.2 21, 
By Newton-Raphson formula, we have 3x9-1 3x(D^-1 T 
f(x.) Similarly putting n = 1, 2, 3, 4... in equation (ii), we have 
idi үх) 7 x= 23059 +1 6241 735 |. 
Putting n = 0, the first approximation is х E 675-1 5.75 ` 
р 3x(15)* -1 
fi 2 
хүзхо-200) _ 15-09 1; Cou AL 2x(13478) «1 589673 |... 
Е ET f'(15) 125 757 3х (13478)? 1 444969 ~" 
Similarly putting n = 1, 2, 3, 4 in equation (ii), we get ў 
f(xi) £(2.255) 10.6025 2х(13252) +1 565451 
х= кр = 2255-77 2 22554 = 2.0187 м =13247 
ро) Г (2255) 448669 Зх (13252)? -] 426846 
fi 
x x,-102) _ 20187- 100187) = 2187—1591 _ | о xs = 25013247) +1 564925 |... 
Р (хо) f'(2.0187) 31.9060 3x (13247? -1 426449 
X4= X3 ES ES 19689 202589). = 1.9689 0.05887 _ 1.9669 Clearly x4 = xs, therefore the гоо! is 1.3247 Ans. 
"(x "(19689 1 j 
3 ( ) 295303 Prob.13. Solve the algebraic equation x3 + 2х2 + 10x — 20 = 0 by 
х= ха 14) _ 19669. 119669) _ |. 9 — (0.000094) | 9669| Newton-Raphson method. [R.GP.V., May 2019 (IV-Sem)] 
Since 4.1 " oii 294373 Sol. Let f(x) = x3 + 2х2 + 10x — 20 NO 
X4 = Xs, therefore 1.966 is а 1 root i rect, = -20-- 
upto three decimal iilices. real root of the given equation со! f(1)= 1+2+10-20 Л 


and f(1.5) = (1.5) + 2(1.5)2 +10(1.5) — 20 = + 2,875 
Since f(1) and f(1.5) are of opposite sign, the root of equation (i) lies 


between 1 and 1.5; f(1.5) is near to zero than f(1), so 1.5 is better appropriate 
Toot than 1. 


Prob.12. By using Newton-Raph и 
eic je den f ерїзоп method, find the real roots of 


(В.СРИ, June 2012) 


Sol. Let Цх)-33-х- 1 40) 
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Differentiating equation (i), we get 
f'(x) = 3х2 + 4х +10 
7 f'(.5) = 3(1.5)2 + 4(1.5) + 10 = 22.75 
is 1.5 be an approximate root of equation (i), 
By Newton-Raphson method 


= 2-20) ris f _|, 2888 
(a) f'(L5) 22.75 
= 1.37363 | 
Now (1.37363) = (1.37363) + 2(1.37363)2 + 10(1.37363) — 21 
= 0.10186 | 
f(1.37363) = 3(1.37363)? + 4(1.37363) + 10 = 27.1551 
а= 1.37363 — 1437363) 1.37363--0:10188 


f'(1.37363) 
= 1.37363 — 0.00375 = 1.36988 
£(1.36988) = (1.36988)? + 2(1. 36988)? + 10(1.36988) — n 


27.1551% 


= 0.02262 
f'(1.36988) = 3(1.36988)2 + 4(1.36988) + 10 = 21.1092 
f(1.36988) 0.02262 
= 1.36988 220289) 1,36988 _ 0.02262 
83 f'(1.36988) 21.1092 


= 1.36988 — 0.00107 = 1.36881 
К1.36881) = (1.36881)? + 2(1.36881)2 + 10(1.36881) — 20 


= 0.0000399 
Ё(1.36881) = 3(1.36881)2  4(1 36881) + 10 = 21.0962 
а, = 1.36881 - 10136881) 0.0000399 


Ute acon = | збо | 
403558) ТТ 


= 1.36881 — 0.00000189 = 1.36881 
Clearly а; = a4 


Hence the required root is 1.36881 correct to five decimal places. Ans.| 


Prob.14. Find the negai 
to 2 decimal places by Newton’s- -Raphson method. 


(В.СРИ, Dec. 2013) 
Sol. Let 


f(x) = x3 - 21x +3500 440) 
К-15)-(-159-21 х(-15) + 3500 = 440, i.e., +уе 


f(-16) = (-16)3 – 21 x (-16) + 3500 = — 260, i.e., -Y€ 
Root lies between -15 and -16, 


Differentiating equation (i), we get 
f'(x) = 3х2 —21 


1 
1 


tive root of the equation x? — 21x +3500 = 0 correct and 
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By Newton’s-Raphson formula, we have 
1+1 ^ Xn — гм 
xà -21x, +3500 
3х2 -21 

_ 3x} -21x, - x 4 21x, — 3500 

1 3x2 -21 

_ 2х8 -3500 

3x2 -21 

Putting n — 0 and first approximation is Хо =- 15.6 

_ 2(-156)? — 3500 _ —7592.832—3500 


=X 


(0) 


1 


3(-15.6)? – 21 730.08 — 21 
_ 11092832 _ КОО 
C. 7209086 үс euch 


Putting n — 1 in equation (ii) and second approximation is 
" 2(-15.643978)3 — 3500 
2315643978)? —21 
_ —7657.228115—3500 
73420214321 
-11157228115 


= 15.64385 
713202143 "d 


Since x, and x, are almost equal, the root is — 15.64 correct to 2 decimal 


places. Ans. 


Prob.15. Solve x? — Зх + 1 = 0 by Newton's method. 
(В.СРИ, June 2017) 


ын Let f(x) = x2 - 3x +1 -) 
f(1) =- 1, i.e., -ve 
f(2) = 3, 1.е., +уе 


Clearly root lies between 1 and 2. 
Let us take Хо = 1.5 
Differentiating equation (i), we get 
f'(x) -3х2-3 
Ву Newton's method, we have 


шини E 
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Putting n = 0, the first approximation is 


0.0171 
" Хз = 272102. ——— — — x(3 —2.72102) = 2.74022 
рево equ US. Lis GB ons ? 023136«00171 ^ © ) 
D. ‚ Го) | f'(L5). 3.75 Now, f(x4) = — 0.0003716 
Similarly putting n = 1, 2 in equation (ii), we get i.e., the root lies between 2.74022 and 3. 
x% =x- х) Now хо replace by x, in equation (i), we get 
z f'(xi) Е f(x3) G6 - x3) (iii) 
ху = X4-— — РРР. x3 „(iii 
f(x) 
= 15333-. POE = 15333— 0.00490193 _ 1.53209 (x1) >. | 
5333) 4.053026 x4 = 2.740224 00003716 ——— (5. 2 74022) 
шэг 023136--060003716 
„<р. Tx) x, = 2.74064 
г TT 0.000005 Hence the root is 2.74 correct to two decimal places. Ans. 
= 153209 — E = 1.53209 – 0271809. = 1.53209 ind a real root of the equation x? – 2x — 5 = 0, by the method 
1 ( ) А : of fe п, correct to three decimal places. 
Since x; = x, , therefore 1.53209 is a real root of the given equation. | (R.GP.V., June 2010, Dec. 2011, 2016) 
Ans Or 
Prob.16. Find the real root of the equation x 108 үр x = 1.2 by Regula Eine а req! root of the equation х? — 2x — 5 = 0 by the method of Regula- 
falsi method correct to two decimal places. (К.СРИ, June 2018] Ла correct to three decimal places. (В.СРИ, Dec. 2013) 
Or | Sol. Let Қх) = х3 – 2х – 5 
Find the real root of the equation x log цо x = 1.2 by the method of fals then (1) =13-2х1-5=-6, (ve) 
position. ó (R. GP, June 201 82)-23-2х2-5--1, (-үе) 
r 
£(2.5) = (2.5 – 5-5 = 5. + 
Find a real root of the equation x logjox = 1.2 by Regula-falsi methot ie., the root li : -3 Jr d е 7 “эрэ yes cam 
correct to one decimal place. (В.СРИ, June 20144 >. ` jesitetween 2. andi2: 
à | Taking хо = 2, ху = 2.5, f(xo) = — 1 and f(xi) = 5.625 
Sol. Let f(x) =x logio x — 1.2, КТ) = -1.2, iie., -ve Бу using method of false position, we get 
f(2) = — 0.59794, i.e., -ve, (3) = 0.23136, i.e., +уе | Хү-х 
: хә = xo -——l— 70 .f(xo) 
1.е., the root lies between 2 and 3. | (х1) - f(xo) $ 
Taking ху = 2, x; = 3, f(xo) = - 0.59794 and f(x) = 0.23136 in the 25-2 05 05 
ЕС | = 2-—— (-)=2-— (= —— = 2.075 
method of false position, we get | 2 5.625 — СБ“ Шз 6.625 д 6.625 
х, iil Ехо) bo 1 Now f(x») = (2.0753 – 2 x 2.075 — 5 = — 0.216 
2 f(x) — Ехо) 1 1.е., the root lies between 2.075 and 2.5 
0.59794 Хү-Х2 
хо = 21056292 (3—0) =272102 хз = X2 —-— —^_Их2) 
2 "*02316«059794 ^ 8-2) f(x) - (ху) 
Now, f(x; )=- 0.0171 0.0918 


Il 


i.e., the root lies between 2.72102 and 3. 
Now хо replace by Ху in equation (i), we get 
(хэ) 
X3 = X)2—7— 5 (x -x 
Ро) оа) 0152) 


(05=2075). „о 2 
1075-20227 (—0216) = 2075 ——— = 2.091 
mds 5625-(- 0216): ) 5841 


Now хз) = (2.091)? — 2 x 2.091 — 5 = — 0.040, (-уе) 
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iem БЭР A. „ы 3) Taking хо = 1.4036, x; = 1.5, f(xo) = — 0.0000334 in equation (i), we get 
Гоц) - оз) 15-14036 
25-2091) Xs = 14036 -—_—_~—___ x (— 0,0000334) 
-200)--05-2099 | 9.940) = 29914 2916 = 2.094 1.953 + 00000334 
5.625 — (— 0.040) 5.665 = 140364 0.00000322 | 1.4036 
Now f(x4) = (2.094 — 2 x 2.094 — 5 = — 0.006, (- ve) di 19530 ` 
i.e., the root lies between 2.094 and 2.5 Hence the root is 1.4036 correct to four decimal places. Ans. 
Xs = X4- и ШЕ f(x4) Prob.19. Using Regula-falsi method, compute the real root of equation 
f(x) - ха) || xe* 7 2, correct to four decimal places. (В.СРУ, June 2012) 
= 2.094 — 10552090: uc 0.006) = 2.094 + 0.002 _ 2.094 Sol. Let (х) = хех - 2 
5.625 — (—0.006) 5.631 f(0) = 0.0 — 2 = — 2, i.e., -ve 
The exact value correct to three decimal places is 2.094. An 1) = le! =.= 2.71828 – 2 = 0.71828, i.e., +уе 


Prob.18. The equation хб — x4 — x3 — 1 = 0, has one real root betwee «5» the TOOL abes edi 
Taking хо = 0, x, = 1, so that 


1.4 and 1.5. Find the root to four decimal places by the method of fals 

position. (Е.СРИ, Dec. 201 Кхо) == 2 and (ху) = : 71828 in the Regula-falsi method, we get 
| X p 
l 1- f(xo) 0) 


Sol. Let f(x) = хб – хі – x? - 1 е и 
So that 1.4) = (1.46 — (1.4)4 — (1.49 — 1 = — 0.056, i.e., -ve A (хо) : 

and 81.5) = (1.5)6 — (1.5* — (1.55 — 1 = 1.953, i.e., +уе -20-——L-* х(-2) = 
ж 070718842 2) ~ 271828 


А root lies between 1.4 and 1.5. N 0 2 0.73576 
Taking, хо = 1.4, x, = 1.5, ху) = — 0.056, ху) = 1.953 in the metho ow (0.73576) = 0.73576 x e -2 
= 0.73576 х 2.08707 — 2 = — 0.46442 


of false position, we get " : 
i.e., the root lies between 0.73576 and 1. 


хә = Хо- 


= 0.73576 


X2 = хо EET х хо) Taking хо = 0.73576 and x, = 1 
1 0 | хо) = — 0.46442, f(x) = 0.71828 in equation (i), 
-14- 3-14. 0056) = 14+ SOC = 14028 ] ve set í 
1.953 + 0.056 2.009 - 2 1-073576 20 
| хз = 0.73576 т x (_ 0.46442) 
Now f(x?) = f(1.4028) = — 0.01258 i.e., the root lies between 1.4028 and 1 | 0.71828 + 0.46442 
Taking ху = 1.4028, x, = 1.5, хд) = = 0.01258 in equation (i), we 89 = 0735164 эы. = 083952 
- | 
хз = 14028- n x (- 0.01258) Now 1(0.83952) = 0.83952 x е0.83952 _ 2 = 1.9437 — 2 = – 0.0563 


| :.е., the root lies between 0.83952 and 1. 
| — Taking xq = 0.83952, x, = 1, f(x) = — 0.0563, f(x1) = 0.71828 in equation 
(), we get 


= 1.4028 + 0.000622 = 1.4034 
Now f(1.4034) = — 0.003175 i.e., the root lies between 1.4034 and 1. 


Taking xo = 1.4034, x, = 1.5, f(x) = – 0.003175 in equation (i), we 8 арааг 1--083952 — 
15-14034 : 0.71828 + 0.0563 
Хас а (— 0.003175) 0.009035 
- —— — = 085118 
1.953 + 0.003175 0.83952 + “го 
=14034-_00206_„ х (- 0.003175) = 1.4036 Now £(0.85118) = 0.85118 x 085118 — 2 
cur: = 1.9938 — 2 = — 0.0062 


Now f(1.4036) = — 0.0000334 i.e., the root lies between 1.4036 and E 
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i.e., the root lies between 0.85118 and 1. 


Taking xo = 0.85118, ху = 1, хо) =— 0.0062, f(x1) = 0.71828 in equatid 


(i), we get 
1-085118 
0.71828 + 0.0062 


0.0009227 = 085245 
448 


1(0.85245) = 0.85245 х е0.85245 2 


= 1.999324 — 2 — — 0.000676 
i.e., the root lies between 0.85245 and 1. 


085118- х (- 0.0062) 


Xs = 


0.85118 + 


Now 


equation (i), we get 


1— 0.85245 
0.71828 + 0.000676 


0.00009974 
0718956 - 
1(0.852589) = 0.852589 x е0.852589 2 

= 1.999924 — 2 — — 0.000072 
i.e., the root lies between 0.852589 and 1. 


х6 = 085245- 


= 0852454 = 0.852589 


Now 


Taking хо = 0.852589, x, = 1, f(xo) = — 0.000072, (хү) = 0.71828] 


equation (i), we get 
1— 0.852589 " 
0.71828 + 0.000072 


0.0000106 
0.852589 + — — — 
> 0.718352 


Now f(0.8526) = 0.8526 х е0.8526 _ 9 


= 1.999976 — 2 = — 0.0000239 
i.e., the root lies between 0.8526 and 1. 


X7 = 0852589 — 


= 0.8526 


Taking xo = 0.8526, x, = 1, хо) == 0.000239, хү) = 0.718280 


equation (i), we get 


1— 0.8526 
0.71828 + 0.0000239 
= 085264 0.00000352 
07183039 


xg = 08526— 


= 0.8526 
Hence the root is 0.8526 correct t 


Ẹ values x = Xo, хо + В, хо 2h, 
Taking хо = 0.85245, x, = 1, (ху) = — 0.000676, fx) = 0.71828] Yr, «+. To obtain the values of f(x) or f'(x) for some intermediate values of x. 


| the following three types of differences are found useful. 


x (— 0.000676) лу Р 
| 2 3 ЖЭ: 


x (— 0.000023) 


ю four decimal places. E 
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FINITE DIFFERENCES, RELATION BETWEEN OPERATORS 


Finite Differences — Consider a function y 


7 f(x) of an independent 
variable x. Let yo, yj, yo, 


ГҮСЭН Yr -be the values of y corresponding to the 
values Xo, Хү, X2, ....X, of x respectively as shown below — 


х | хо | Xi | X2 |... m 
У | Yo | У! | Y2 |- EZ 


Suppose that the function y = f(x) is tabulated for the equally spaced 
de. Xo + rh, ..... giving by y = yo, У, У», = 


> 


(i) Forward Differences — Let us set A Yo = Yi - Yo ДУ, = уз – yy 
Then A Yo Ауу, Ay, ...... are called the first forward difference of y. 
In general, first forward difference of y are defined by. 


Ду; = уы 7 Yp T= 0, 1, 2... 40) 


ЇНеге, the symbol A is called the. forward difference operator. The first forward 


differences of the first forward differences are said to be the second forward 
differences and are denoted by My, Адуу, ...... and so on. 
A? WFA (Ayo) m Gi НЫ Yo) = Ay, = Ayo 
А у, = А (Ду) = Ay, - Дуу 
In general, the second forward differences of y are defined by 
Ay = Ду — Дуьг= 0, 1,2 
Similarly the n'^ forward differences of y are defined by 
Алу = Ату: ын Aly, г= 0, 1,2 
Using this formula for п = 1, we have the notation 
Ау, = у, 
If f(x) is constant function i.e., if 
f(x) = с, a constant then 
Уу? Vy = Ja = «ie = c, we have 
Апу =.0, га = 1,2, 3 ..... and г = 0, 1, 2........ 
The symbol АЛ is referred to as the п® forward difference operator. 


The forward differences are usually arranged in the tabular columns as 
hown in the following table, called forward difference tables. 
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Forward Difference Table 
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1 while using this formula for n = 1, we Backward Difference Table 
Values|Values of | First Second 1 „Third | employ the notation убу = y,. If 
ofx y Differences | Differences | Differences y = f(x) is a constant function, then y 
хо Yo = c, a constant for all x, and we get. 
Ayo 2 Уу, = 0, for 
х MI A yo all n and for г = n, (п + 1)........ 
Ay; Myo Ше Fan y is referred to as 
2 4 he п" backward difference operator. 
N А tl 
is ын 5 ^3 zo The backward difference can be 
Ау? 5 У exhibited as shown in the following 
X3 Уз Aya table, called the backward difference 
Ауз table. 
X4 Y4 (iii) Central Differences — Suppose Yo Ул» Y2 ...... “Улсаа are the 
(ii) Backward Differences — Suppose Yo, Ур, уз, .... у,» ..... are ti] Values of a function y = f(x) corresponding to the values Хо, Хү, X2 .... X, ОЁХ, 
values of a function у = f(x) corresponding to the values ҖЫ ыу ees x, [һе first central differences 


of x respectively, Let us write 


Ууу “Уг- Yo Vy2 2 y- yy, Ууз = уз — Yz ond 


Then Vy, Vy;, Vy; 
differences of y are defined by 


Vy, =Y,- Yp T= 1,2, 3... 
The symbol v is called the backward difference operator. 
Comparing equation (i) above with the expression 


Ay, = Yor — Ув г= 0, 1,2 
We immediately note that 


Ууу = Ayo 
Уу» = Ау,.....й 
Vy, = Ау, E му =T 2...) 


The backward differences of the 


first backward differences 
Second backward differences and are 


denoted by у2у, y2y, ...., 
Рет ; that is " У? Уз 
2 = 
Vy) = V(Vy) = уу, - vy, 
УЗу, = У (Ууз) = Vy -Y Yy ....... 


In general, the Second backward differences of y defined by 


Des ы 
У yr = Уу, – у, 1, г=2,3, 
backward differences of y are defi 
Vy. 2” vy. = у1-1 
=n, (n + 1), 


Similarly, the nth 


ned by 
Уг-1»..... 


НЭХ are called the BI, of y in general, the first БасКууа! 


буур, бузр, буз» ....... 


are defined, 


буз = уу — Yo бузо = ya — у, буз» = Уз — У», 
бу др = У, — Yea e 


as 
! 


(r = 1, 2, 3, 


The symbol & is said to be the central difference operator. 


Comparing equation (i) with equation (i) in each of the forward differences 
апа backward differences, we get 


буур = Ayo = Vy 
буз = Ay, = Уур 
бузу) = Ду, = Ууз and so on. 


enerally буз = Ау, = Уус, 


afii) 


The fi 


rst central differences of the first central differences are said to be 
he secon, 


d central differences and are denoted by 
&y,, Sy, Sy, ........ 
8^y, = буз» — бууд 
Ру, = Sys» — ys 
8?у, = бу, + 2 — 85, _ ua 


Thus 


In general, 
here, r= 1, 2.3; 


E) 


df... Higher order central differences are similarly define. The n'^ central 
ВА егепсез are given Бу 


(i) For odd, n- 8" y, = 8"! y any, 
r= 1,2,3 


.. (iv) 
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ге 1,3,3 2 

While using formula (iv) for п = 1, we use the notation бу, = 

у = f(x) is a constant function i.e., if y = с, a constant, then ^y, = 0 for all nj 

The symbol 5° is referred to as the п central difference operator | 

The central differences can be displayed in the table as shown bel | 

called central difference table. 


Central Difference Table 


| If in a set of ( п + 1) equidistance arguments two entries у, and y, are 
_ [missing then the data can be represented by a polynomial of degree n — 2. So 
proceeding as above we have 


Ап] yo 0 and Am! y 70 
(Е – 1)"- 1 y, =Oand (Е-1)-1 у= 0 а) 
Expanding and simplifying as above the two missing terms can be estimated 
by solving the equations (ii). Similarly in a set of (n+ 1) equidistance arguments |) 
Їїлс three missing terms can be estimated by solving the equations, д 


2 3 4 19 
x z | dy бу ovy ó*y Am y,=0,A"2y,=0, АМ y, - 0 |. 
бууд Factorial Notation — A product of the form n (n — 1) (п – 2) ........ E 
52 о -г+ 1) is denoted by [п] " is called a factorial. 75 
Xi MI Yi 1 In particular, $ 
буур ya [n] =п ) 
X) | уз y, бу, [п]? = n(n - 1) 3 
буур Sys, [n? = n(n — 1n - 2) Г 
х5 Уз 8?^y, : : : D. 
Sy; р М ММ? 5 
х, 7 The factorial notation is of special utility in the theory of finite differences. _ 


helps in finding the successive differences ofa polynomial directly by simple ! 

le of differentiation. Similarly given any difference ofa function in factorial — | 
otation, we can find the corresponding function by simple integration. р 

Other Difference Operators — We have already introduce the operators b. 


V and 6. Besides these, there are the operators E and p, which we define — | 
elow — 


Differences of Polynomial — If f(x) be a polynomial of n'^ degree in 
then the п difference of f(x) is constant and A^*!f(x) = 0 

One or Missing terms (Equal Intervals) — 

Sometimes we may be given a set of equidistance terms with some (еф, 
missing. The problem of estimating such terms can be easily tackled by ti 


use of the operators E and A. () Shift Operator — ч 


Let us suppose that we are given (п + 1) equidistance агритей Те shift operator E is given by the rule 
(8550, 1 us » п say), but the entry y, corresponding to any one of them, $ E f(x) = f(x + h) 3 
(т + 1)" argument, is not given and we want to estimate it, Since we are giv Iso 2 +3 
n entries, the data can be represented by a polynomial  , EA) Rean) : 


(п — 1)" degree. Hence, we may take y, as a polynomial of ( n — 1)" 4667 
: A^ =! y. = Constant 


and у = Ul = ОЛ? ........ n 
In particular 


E3f(x) = f(x + 3h) E 
E"f(x) = f(x + nh) Ч 

Similarly, the inverse operator E~! is defined by, : 
E~! f(x) = fx - h), E? fx) = х - 2b) 

ro 3 3 : В 

> (Е – 1)" y,-0 

[Е" - "СЕ" улс, Еп-2 —— CD" ]yo 20 

From this equation, the missing entry can be easily calculated. 


E~" f(x) -f(x-nh) 3 
here n may be any real number. E 
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(ii) Averaging Operator — 
It is denoted by р and is defined by the equation, 


СЕЕ) 


Relation between Operators — 
() We have 
A f(x) = f(x + h) - f(x) 
= Е f(x) - f(x) = (E- 1) f(x) 
A=E -1 
(ii) We have 
У f(x) = f(x) – f(x — h) 
= f(x) - E! f(x) 
-(1- E) f(x) 
У —-1-ElorE! -1— y 


(11) We have Б 
8 f(x) = (««2)-(-2) 


2 
= EI? f(x) – E-? f(x) 
or 8 f(x) = (E!2 — p-12) f(x) 
Or $= E!2 =E -1/2 


(iv) We have 
Ef(x) = f( x + h) 
Expand by Taylor's series 2 
Ef(x) = f(x) + hf(x) + =F) +... 


2 
= f(x) +h Df(x) +p &х)+......... 
where, Df(x) = f'(x) etc. 2 


n? 
-11410- 7 e... f(x) 
x? 1 
ог Ef(x) = ей х), (e = 1+х + 
Непсе, E= ер 
We can also write 4 
E=1+A=ehD [from relation 
Again, E= ehD or, Е = eH or, g-1 2 1 -v “© 


So, y -21-e-hD 
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(v) We have 


и (x)= (е) (а-в) 


= [№ ЕТ; 
в 0) = {Е fx) + ЕЗ о} 


Непсе, 


NUMERICAL PROBLEMS 


Prob.20. Evaluate — 


Ч 5х+12 | 


7 (R.GP.V., May/June 2006) 
ХА +5х+6 


501. Неге, д2 (ж 


x? +5х +6 


В o 5х+12 -2125-3 
(x +2) (х+3) х+2 х+3 
aa) аван) 3) 
х+2 х+3 х+3 х+2 х+4 х-3 
ers] sn] 
(x2) (x 43) (x +3) (x 4 4) 


Е 1 1 1 1 
--2 Е үү SE E 
22727 Баа) Js caus] 


(By partial fraction) 


= 4 6 

© Q2) 6063) (6-4) (х43)(х-4) (KES) 

, 2 (5x +16) Хас 
(х+2) (x+3) (x +4) (+5) 


Prob.21. Prove that — 


x 
ех= Ga = =. (LGB, Feb. 2010, June 2011, 2014) 
Ae 
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2 
2 Бех ні Sol. Le = A?B-lex 
— Er (В.ӨРИ, June 20] шара 
zehA2ex 
=e" A*e 
Sol. Taking R.H.S., we have = eA(Ae*) 
M x Ee* АВЧ. Ee* = eha(exth — ех) 
EJ Ae Aet = ehafer(et — 1)] 
x+h x+h = eh(eh — 1) Лех 
= е 
= дех = - =е h Ae = =, "АС: -1) (eth — ех) 
Ae ° = eheh_ В X = е=В(ей _ тү? ex 
ев. geh ее" — 1) (e le (e 1) е Ans. 
-e*-L.H.S. Pro Prob.24. Show that the n" difference of a polynomial of degree n will 


[ре constant and ай (n + 1)" and higher order difference are low. 
(В.СРИ, June 2009) 


Sol. Let the polynomial of the п“ degree in x, be 
f(x) = ax? + bx^- 1+ cx^-2 c k(x +В) + 1 
Af(x)— f(x + В) — f(x) 
» = а[(х + һу" — хп] + b[(x-- hh 7! -xn-1] o. * kh 

= anhx™! + p'x2 + c3 + k'x +T 

here b', с, / are new constant coefficient. 

| Thus, the first differences of a polynomial of the п degree is a polynomial 

bf degree (n — 1). 


Prob.22. Prove with usual notations that — 


һр = log (1 + A) = — log (1 -V). | 
(К.СРИ, Dec. 2005, 201 


Or 


| 
| 
Я 
(В.СРИ, June 20 | 3 


Prove that. e" — 14 A. 
Sol. We have 
Ef(x) = f(x + В) 
Expand Бу Taylor's series 12 
= f(x) + h f (x) + ЕП f "(x) g... 


Similarly, 
np? | Ах) = A[f(x + h) — f(x)] = Af(x + h) — Af(x) 
= f(x) + hDf(x) + ла. Чи. | = anh[(x + h)? 1 2 x?- !] + Ь[(х+Һ)%-2—х%- 2] 4 aan + kh 
m" = ап(п — 1) h?x^-2 + b" xn-3 + с" x- ^... + К" (i) 
=(1+hD+ һр гэр The second difference represent a polynomial of degree (n — 2). 
2! Continuing this process, for the n^ differences we get a polynomial of 
or E=e" or log E = hD Пергее zero i.e., 
also, E=1+A Ах) = an(n - 1) (n - 2) .... 1.67 = an!h^ ...(ii) 


Which is constant. Hence, the (п + 1)" and higher differences of a polynomial 


log (1 + A)=hD А 
Again pf n™ degree will be zero. Proved 
= = E Prob.25. Prove with the usual notations that 
hD = log E - – log E = – log(1- V) епи 
ae ips. =. а к: в( (Е!? + E712) (1 + A? =2+А(В.СРИ, Dec. 2005, 2010) 
From relations (i) and (ii), we have ros e d ues 12 
hD = log(1 + A) = — log(1 — V) prov Ш. чы 
[4 | = (Е!? + B12) (E!⁄2) (2 E=1+4) 
| = (Е + 0) =Е+1=1+4А+1 
201 -2-A-RH.S. Proved 


| 2 
Prob.23. Find the value of (Ер (В.СРИ, Dec. 
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Prob.26. Express у = 3x3 +x? + х + І in factorial notation and he i 


show that A’y = 18. 
Sol. Let y = 3х3 +x? +х + 1 
= A(x) (х – 1) (x — 2) + B(x) (x – 1) + C(x) + D 
where А, В, C and D are constants to be determined. 


Putting x = 0, we get 1-0 
Putting x = 1, we get 6=0+0+C+D>6=CHl 
Я С= 5 


Putting x = 2, we get 
3 x 23 +22+2+1=0 + В(2) (1) + CQ) + р 
24+4+2+1=2В +2х5 +1 
2B = 31 10-1 = 20 
В= 10 
Now, on comparing the coefficients of x? on both sides, we get A = 3 
у= 3x + 10х@) + 5x(D +1 Ац 


Непсе Ay 23 х 3х0) + 10 x 2х) +5х1 | 
Ay = 9х0) + 20x + 5 | 
Now 2у = 18x (D + 20 
and АЗу = 18 Pro’ 


Prob.27. Given that — 

z 

» 

Find the value of V?y, . | 
(R.GB.V, June 201 


Sol. Here, У, =2, уз = 5, уз = 10, у„ = 17, and у. = 26 | 
2d Уу; = ys - Y4 
У(Уу,) = У(у; – y4) 
or Vs E Уу; – Уу; = = (у, №5. — Уа) m (Уд ны Уз) 
ог v2 Уй Улс 2у, + Уз 


Now putting the given values, we get 
У2у; = 26-2 х 17+ 1022 
Prob.28. Find the function whose first difference is 9x? + Их * 5| 


(®.СРИ, Dec. 2004, June 20} 
Sol. Let f(x) be the required function 


Af(x) = 9х2 + 11х+5 
= 9х (х- 1) +Ах+В 


Show that At Ах) =0. 


here, A, B, C and D are constants to be found. 
Putting, x = 0 and both sides of equation (i), we get 
D=-1 
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Substituting x = 0, we get, = 5. 
Sübstitting x= 1, we get, A = 20. 
Af(x) = 9x (x - 1) + 20x + 5 
= 9x) + 20х00 + 5 
Талд summing it, we get 
| 9xO 20x40 |, 
Кх) = +5x +c 
0- — 2 
[where c is any arbitrary constant 
f(x) = 3x9 + 10x@ + 5х0) + с 
or f(x) = 3х3 + х2 +х+с Ans. 


Prob.29. Express у = 2х3 — 3x? + 3x — 10 in factorial notation. 
(R.GP.V., June 2007, Dec. 2011, June 2016) 
Sol. Let y = 2x2 – 3x2 + 3x - 10 
=A (x) (х – 1) (х– 2) +В (х) K-1)+C(x)+D 
here А, B, С and D are constants to be determined. 
Putting x = 0, we get 
-10-040-0-0 
г =-10 


Putting x = 1, we get 
2-3+3-10=0+0+C+D 
C=-8-D 
=-8+10=2 
Similarly by putting x = 2, we get 
2х8 -3х4+3х2 -10=0+В (2)(1)+C(2)+D 
0-28-4-10 
6-28-8-3 
Again on comparing the coefficients of x? on both sides, we get A = 2, 
л у= 2x9) + 3x@ + 2x(D — 10 Ans. 


Prob.30. Express Рх) = x? — 2х2 +х-1 into factorial notation and 
(В.СВИ, June 2013) 


=] 


> 


Sol. Let 


f(x) = х3-2х2-х-1 
= Ax?) + Bx + Сх@ +р 
Ax(x - 1)(x —2) + Bx(x— 


- 1) +Сх+р О) 
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Now putting x — 1 on both sides of equation (i), we get 
=1=0+0+C+D 
or C=-1-D=-1+1=0 
Similarly by putting x = 2, we get 
8-8+2-1=2B+2C+D 
B-1 | 
Again, comparing the coefficients of x? on both 81468, we get A = |. 


f(x) 2x9 +х® 0х0) р 
Hence А f(x) = 3xO + 2х0) 
A? f(x) = 6x(D + 2 
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Sol. The difference table is as follows — 


and A f(x)-0 


Prob.31. Find the first term of the series whose 
terms are 8, 3, 0, — 1, 0. (В.СРИ, June 2003, Nov./Dec. 2007, June 20 
Sol. We know that f (1) = E~! f (2), the interval of differencing being n 
=(1 + 4) 1.42) | 

=(1-А+А2 - 43...) 2) 


Again five observations are given so that 4" difference will be сопѕі 
and fifth difference will be zero. 


Construct the following table — 


As only four entries Yo: Уу» Уз» Y5 
Wrepresented by a third degree polynomial. 
б Afya = 0 and Аёу = 0 
Y4 + бу, = 102, and 4у, + 4у, = 143 
On solving we get Уз = 1325, y, = 22.5 


are given the function y can be 


(7 


Ans. 


(В.СРИ, Dec. 2002, 2008) 
Sol. Since, there are given 4 values, 


At f(x) = 0, + x, 
(E – D*f(x) = 0, + x, 
(E* — 4E? + 6E? – 4E +1 ) f(x) =0, x, 
Etx) — AE f(x) + 6E? fx) — AER) + fx) -0, «x, 
f(x + 4)— Af(x + 3) + 6f(x + 2) – 4f(x + 1) +£(x)= 0, єх, 
here interval of differencing is 1. 
Putting x = 0, we get 
4)-443) + 612) — 41) + (0) =0 
81 — 43) + 54-12+1=0, 
C~ higher order differences are 2 * 4£(3) = 124 


| А. Че 3) = 31 Апз. 
Find the missing values of the following data — 


Prob.34. Find the missing values in the table 


х | 45 | 50 | 55 | 60| 65 
131-12 — 2.4 


(К.СРИ, June 2007) 


ее: 
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Thus, f(x) = f(x + u h) = E" f(x) [^ E"f(x) = f( x + nh)] 
= (1 + A)" f) (7 E=1+4A) 


= [+ +38042 рео 


501. The difference table is as follows — 


- год uto) 6D iro) + байс 


This is known аз Newton-Gregory formula of interpolation and can 


also be written as 
u(u—1) 
2! 


УС) = Yo + Луо + Yo cheats 


і х-хо 
| where u= hoc yo Кхо) 


| This formula is generally applied for interpolation near the beginning of 
| the tabulated values. 


by a second degree polynomial 


g АЗу = d A3y, = ) 
3 =O 918 25р (ii) Newton-Gregory Formula for Backward Interpolation — In this 
ке Уз + 3y, 79 and -Зуу-уүул-36 сазе ууе һауе, 

ог Зу; + у, = 3.6 | fx)-fxtx-x) 


On solving, we get їхэр 
Я : 
h 


уз = 0.225, y, = 2.925 Ай 
ЕЕ IRR PRL UY PGES Sea Жаль 23 IU Put u- IX 
INTERPOLATION USING NEWTON'S FORWARD AND - Sen gl a uns c Л. 
BACKWARD DIFFERENCE FORMULAE, INTERPOLATION | Thes. f(x) = f(x, + uh) = E" fG) = (E - fxn) 
WITH UNEQUAL INTERVALS — NEWTON'S DIVIDED = (1- vy" х) C: El-1- v) 
DIFFERENCE AND LAGRANGE'S FORMULAE ^ щи+1) 2 
———— ——— - Ed rn | хь) 


Interpolation and Extrapolation = Let the values of f(x) be known | 
certain values of x may or (may not be equispaced). The process of findi 
the value of f(x) for any other value of x in the given interval is calli 
interpolation while the process of finding the value of f(x) for a value ol 


outside the given interval is called extrapolation. 


+1 
а Fn) + UVE) OT D vaga, + "m 
This is known as Newton's backward interpolation formula. 


Interpolation with Unequal Interval — 

| Divided Differences — The difference defined by taking into consideration 
the change in the values of the arguments are called divided difference. 

f(x,) are the values of the function 


Use of Calculus of Finite Differences — 


fe () Newton-Gregory Formula for Forward Interpolation — 4 
У = I(x) represent a function which assumes the values (ху), == 
f(x,), we have la 


Suppose f(x), f(x,) ....... 
У = f(x) corresponding to the values xo, Хү,» X, X, , are not necessarily 
equal i.e., when there is a case of unequal intervals. 

The first divided differences of f(x) for the arguments xq, x, is defined as 


f(x) = К + x - хо) = (x ER D Я 
шэн £(X0) | is denoted Бу хү, хү) or by ХА ко) 
17X0 


Put u= 
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Similarly the other divided differences of f(x) for the arguments Xp 


1 necessarily equally spaced. Then 


_ Ко) FO) _ A 
Хо, Ху; өн Хур Xn аге f(x, хэ) d X5 -xX = 2 (Хү) Кх) = Ехо) (x – хо) {х хү) +(x- Xo) (x — ху) х0, Xp хэ) 
СМ o 22 + (= Xp) (® =хү) 2277 (x — x, ү) о, Xj- Xn) 
f(x), хз) = f&3) (62) = Aq) This formula is called Newton's divided difference interpolation. 
X372 Inverse Interpolation — The technique of determining the value of the 
MUR ее argument corresponding to the given value of the function when the function 
хр X,) = fea) foa) - x х.) lies between two tabulated values is known as inverse interpolation. To determine 


Xn 7 Xp-1 inverse interpolation, we usually follow the following important methods — 


(i) Lagrange's method 
(1) Iteration or successive approximation method : 
(iii) Reversion of series method. 


Again second and higher divided differences are defined in terms of loy 
divided differences, for example the second divided differences of f(x) fort 
three arguments is given by 

f(x1,X2) — f(xo.x1) 
X2 — Xo 


Lagrange’s Method — This method resembles to the method of direct 
{interpolation as discussed earlier the main difference is that here we assume x 
to be a polynomial in y [7 f(x)], viz 
х= Ag [f(x) — f(x,)] [Е — х,)]...... 1х) — х) 
+ А, (©) — f(x9)] [© — Щх„)]....[Щ(х) — f(x,)] 

P TNR RIEN 

+ А, [f(x) — f(x9)] E) — fx,)].....[f() — f(x, 0] -40) 
here we are given n values of x and y [= f(x)], namely 

[хо f(xo)]......... Ix,» f(x, 1] 

In equation (i), there are (n + 1) terms and n factors in each term. The 

n + 1) arbitrary constant Ap Aj» A, are evaluated as follows — 
Substituting x — Xo in equation (i), we get 


X= Аф хо) ыг fx] хо = f(x,)] БЕ [ хо) - f(x.)] 


Ao 


2 


and is denoted by f(Xp, ху, x») or xS х, f(x) 
Similarly nth divided difference is given by 
f(x, X2,.....X5) — f(x9,x......X4.1) 


Ха — Xo 


This is denoted by 


2 
f (Xo, Хүү XQ) or by xyxb ix, ко). 


Lagrange's Interpolation Formula (Unequal Interval) — Let the уаш 
of f(x) be (ху), F(X), f(x), (ху), ..... f(x.) at the points Xo, Хү, Xo, цөн 


which are not necessarily equally spaced. Then f(x) can be considered as| 
polynomial of degree n in x. Then 


f(x) = (x - xi) - x2)...(x 7X4) 
(Xo — Xi) -х2)..... (хо — Xn) 


(хо) 


хо 


© (уо - Yo уз) (уо Сул) Praet 
4 (x - X9(x - x5)..(x - Xn) ixi) Similarly other constants can be determined. This implies 
(xı = xo) —x2)...(x1 x4) х= Oz Y0G = У2)......(у- ув) x 
4 LL B= Xo )K - xi Xx = x3)... (x x4) f(x) Go – YiXyo – У2)......(у0- Ya) | 
G2 -x9)x;—xi(x;-xs).(x-x,) ^ +_ Y= Yo = Ур)... (У y) ” 
tee ERR TR Rea) үр ыы 
This is called MS лы. ч чаи 4 - YoY = yo = Yat) ” 
Newton’s Formu ог interpolation. (Уп – Уо (ув — Yin = Ya-) ^ Е 


la for (Un - х) 
f{x,) be the ree: (Unequal Interval) — Suppose (хү), £1 E 


fi : This formula gives the values of x when y [7 f(x)] is known. 
(x) Corresponding to the arguments Хо» Xp 
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0.3. Define interpolation and write the Newton's forward and Бас 
interpolation formula. (R. GP, Рес, 2 


aN 
Ans. Refer to the matter given on pages 36 and 37. | 


0.4. Derive Newton's forward interpolation formula. | 
0! 


(В.СРИ, June 2 
Ans. Refer to the matter given on page 36. 


NUMERICAL PROBLEMS 


eo the difference table for the following data — 


EX ЕД 40 E 
y: | 12 | 15 | 20 | 27 | 39 (R.GPY, Dec. 20 
Sol. The difference table is — 
x у | ж | £y | ay A*y 
10 12 3 
20 15 5 2 0 
30 20 7 2 3 3 
40 27 12 5 
50 39 
Prob.36. The area ‘A’ ofa circle of diameter “а” is given for the follo 
values — 


By using appropriate interpolating Sormulae, find approximate уй! 
for the areas of circles of diameter 


Sol. The difference table is as follows — 


interpolation formula, 
Taking 42-95 


W and 91 respectively, (В. Р.У, June 20 $1 


Sol. First we Prepare the cumulative fr 
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If we take dg = 80 then Ao = 5026 
ДА) = 648, Л2А = 40 and АЗА =—2 
Since d = 82 and h = 5, 
_ 4-4 92-992 6 
h S 5 
Using Newton's forward interpolation formula, we get 


u 


di; = Ao tusaga ОЛ А, ү MU D(u-2) 202 өд, 


ds? = 5026 + 0.4 x 648+ шилийн zi m 40 + 24004 - (04 = 2) ши 22. 


= 5026 + 259.2 — 4.8 – 0.128 = 5285.2 — 4.928 
= 5280.27 


Since d = 91 is near the end of the i 


491 = A, +uVA, +1010 1) УЗА, MEC CEA] 2а H2) 


1 


i (- 08)(— 0.8+ )(- 08 + 2) x 


6 


i 


7088 — 580.8 — 3.04 + 0.064 
= 7088.064 — 583.84 
= 6504.22 


Prob.37. Find the number, 


[meme 5] o | s 57 


Wages below x 
Frequency y 


10 20 30 40 
9 39 74 116 


7088 + (- 08) x 726 + C508 0 x38 


(-2) 


Ans. 


nterval, we use Newton's backward 


(-2) 


Ans. 
ея getting wages between Є10 and 
5 from the following dat. N 


(В.СРИ, June 2010, Dec. 2013) 
equency table as follows — 
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Now the difference table is as follows — 


Here we have to find the number of students who obtained marks between 
40 and 45. 


Taking xo = 40, x = 45 
2Х-хо 45-40 
oh — 10 
Using Newton's forward interpolation formula, we get 


u(u-1 u(u—1)(u-—2 
у= уо +uAyg + E yo d ( x ) дз 
Here we have to find the number of men getting wages between 10- 19 uu- D(u-2)(u- 3) л 
<. Taking хо = 10, x = 15 4! 
= 05) (05 — 1) 05)(05 – 1) (05-2 
= 00.8210; yas =31+ (05 42) + 065-00 „азиз взр -25) 


Using Меулоп 8 forward interpolation formula, we get М (0.5)(0.5 — 1)(0.5 — 2)(05 – 3) 
ACRAS EAS SH 


4! 67 


ны! -D(u-2 
Y= уо + uAyo + шигээ) Ny, Yo + uq Xu ) jy 
2! 3! Yas =31+21- 1125 - 1.5625 — 1.4453 = 47867 
Thus the number of students who obtained marks below 45 =47867 = 48 


But the number of students who obtained marks below 40 is 31. Hence the 
number of students who obtained marks between 40-45 — 48-31 — 17. 


Ans. 
Prob.39. Find the cubic polynomial which takes the. following values — 


yis = 3405 (30) CAGED sy 2505-05-25, 


=9+ 15 — 0655-4008 х 23.5 
Thus the number of men getting wages below 15 = 23.5 =24 


But the number of men getting wages below 10 is 9. Hence the numbe 
men getting wages in between 10-15 


= 24-9=15 


A 
Prob. 38. From the following table, estimate the number of stude 
who-ebtained 


marks between 40 and 45. 


Marks 30-40 | 40-50 | 50-60 | 60-70 | 70-80 
No. of Students | 31 42 51 35 31 


(Е.СРИ, Dec. 2012, June 201 


Hence or otherwise evaluate SA. 


(В.СВРИ, Dec. 2001, Feb. 2010) 


Or 
Find the cubic ге” which takes the following values— 


3 
Sol. We prepare the difference table as follows — 10 
Mosis лай №, of Students My 8: у | АЗу | 44у (Е.СРИ, Dec. 2014, June 2017, Nov. 2018) 
““чий Sol. The difference table is as follows — 
а 22112727 
9 0 1 
51 -25 E 
-16 37 1 2 
35 12 2 1 10 
-4 
31 3 10 
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Х-Хдох-3 


h 1 
Then using Newton's backward formula, we have 


Here, u= =(x-3) 


f(x) = f(x,) + у(х) хи D yag, ) + + mer?) УУ х) 


- 10+(x-3)()+ 8730-2 р + Se) 
= 10 + 9x — 27 + 5 (x? — 5x + 6) + 2 (x — 3) (x? -3x +2) 
= 9x - 17 + 5x? — 25x + 30 + 2x3 — 6х2 + 4x — 6х2 + 18x —1 


= 2х3 — 7x? + 6x +1 Ар 


which is the required polynomial. 
Hence, 4) = 2 x (43-7 x (4) +6х4+1 
= 128 - 112+ 24+ 1 


=41 An 


Prob.40. Find a polynomial which takes the following values — 
Е : 31517191и 

Лх 23 14 Ae 

and hence compute Хх) at x = 2, 


м 


Sol. The difference table is as follows — 


xi 
[= Leo Гул, ля, | V* ji. [Vf fon) | V Hein) | 
1|3 

11 
3114 -6 

5 3 
5119 -3 0 

2 3 0 
7|21 0 0 

2 3 
9123 3 

5 
11| 28 
Here, ue Xo x 


| f(x) = ха) ШУ ха) 


[В.СРИ, May 2019 (TV-Sen| 
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Then using Newton's backward formula, we have 
1)(и +2 
зээр V2t(x,) 7 u(u + Mu ) 


беше) | 
2 2 х3 


GD [612,104 
2 2 2 


3 
285-1) 2G “HIM 9) (710-9) -7) 


УЗ (хү). 


- 248 D, 


m x3 


1 


ив + 40(x —11)+6(х? — 20x +99) + (x? — 20x +99)(х — 7] 


16 (448+ 40x -440+ 6x? —120x +594+х3 – 20x? +99х 


— 7х? +140х — 693) 
= ie —21x? +159х –91) Ans. 


| which is the required polynomial. 


елге, = 162-212)? 41590)-91 


1 151 
= —(8-84+318-91) = -2- <9, : 
16 ) 16 79-4375 Ans 


petam Find a cubic polynomial in x for the following data — 
©? 81,213 3 4 5 
Эг|-313141127 | 57 | 207 
(К.СРИ, June 2013) 


Sol. The difference table is as follows — 


x | у | vy | vy | vy 
0-3 

6 
1| з 2 

8 6 
2111 8 

16 6 
з | 27 14 

30 6 
4 | 57 20 

50 
5 | 107 
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us X-XQ Х-5 1 
Here, 5i Newton's divided difference formula is 


=х=5 
h 1 
f(x) = о) + (x = xo) АЯ) + (к ҳо) (x — x1) A fe) 


Then using Newton's backward formula, we have 


5 u(u +1) 52 u(u+1 2 + (x — xo) (x = xj) (x — x5) A^ f(x) 
У= уь t+uVy, +- Ч Уур а LO f(x) = 648 + (x — 0) (28) + (x — 0) (x —2) (1) 
feri 3 да, — 0 5) чь wd 
4! ~ 7 
+ UCu  D(u  2)(u  3(u 4-4) vy, f(x) =— x? + 30x + 648 Ans. 
— COMER | 


Prob.43. Find a polynomial satisfied by the following table — 
=107 +(x - 550) + = Ёл 4) (20) + œ- Jae en 3) 


(6) 
4 &= 5ХХ-4Хх- P (0) + (х ~ 5)(х – oc M 2) (0) 
41 
Find a polynomial satisfied by (- 4, 1245), (-1, 33), (0, 5), (2, 9) 
y 2107 + 50x 250+ 10(x? - 9x + 20) + (x – е. — 7х +12) and (5, 1335) by Newton's divided difference formula. 
у=107 + 50x — 2504- 10x? ~ 90x. 200.4 х3 — 7x? «12x | (Е.СРИ, Dec. 2015) 
T -5х2 «35x - 60 Sol. The divided difference table is as follows — 

y-2x – 2х^ +7х-3 А! if 2 3 

* x; Ах) Д f(x) A” fix) 

Prob.42. Use Newton's divided di ifference formula to find the forn EN 2 
Дх), given — 33-1245 
x 9 [2 [3] 6 | ey mee 
Jt) | 648 | 704 | 729 | 792 зри а8 5283:304 od 
(В.СРИ, May/June 2006, Dec. 20 "- зал 10-94 

Sol. The divided difference table is RI. гн 244 — 

0 5 2428 10 

шан 88-10 
9-5 = 
Sco 7 5+1 
2 9 442-2 =88 
5-0 
1335-9 2442 
5-2 
5 11335 


Newton's divided difference formula is 1 
f(x) = fxg) + (x — хо) д хо + (X — хо) (x х) А хо) + (x = xy 
(х-х)6с-х) AFF (Kg) + ҳо) с-х)(х-х) 67x) А -0) 
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Hee xy --4 x, =- 1, x, = 0, x% = 2, x, =5 
ху) = 1245, дКхо) = — 404, A?f(xy) = 94 

АЗ ко) = — 14, Ах) = 3 
Substituting these values in equation (i), we get 


f(x) = 1245 + (x + 4) (- 404) + (х + 4) (x + 1) (94) 


Newton's divided difference formula is 
f(x) = f(xo) + (х — xo) Af(xo) + (x — xo) (x — xi) A?f(xg) 

+ (x = Xp) (х – ху) (x — x2) АЗ хо) 
f(x) = 648 + (x — 0) (28) + (x - 0) (x = 2) (-1) 


+(x +4) (x+ 1) х(-14) + (х + 4) (х + 1) х (x — 2) (3) Ж(х-0)(х-2)(х-3)(0) 

=1245 — 404 x — 1616 + 94 (х2 + 5x + 4) | = 648 + 28x-x? + 2x + 0 
— 14x (x? + 5x + 4) + 3x (x – 2) 02-54 f(x) = — x? + 30x + 648 Ans. 

= 1245 — 404 x — 1616 + 94х2 + 470х + 376 Prob.45. The following table is given 

— 14x? — 70x? — 56x + 3x4 + 15x3 + 12x2 — 6x3 — 30x? -3 2/5 
= 3x4 + C14 + 15 — 6) x3 + (94 — 70 + 12 — 302 12 | 147 

+ (- 404 + 470 — 56 – 24)х + (1245 — 1616 +3} What is the form of the function ? 

ae ee eo М [В.СРИ, May 2019 (Ш-5ет)] 


Sol. The divided difference table is 
Prob.44. Use Newton's divided difference formula to Sind the fo 


SC), given — 
x 101213 [6 ] 
F(x) | 648 | 704 | 729 | 792 | 


704 — 64; 
TOS =28 
Newton's divided difference formula is 


729 — 704 3-0 Y 7 Yo + (x — хо) AYo + (x — хо)(х — x1) А?у + (х — хо)(х — xi) — x5) дур 
"WS. “25 у= 2 + (x - O1) + (x — Ox — 1)(4 + (x — OY – D(x — 21) 
792—729 Yy =2 +x +4x? — Ax + x(x? — 3x +2) 

-6-3 Al У=2 -х+ 4х2 - Ax + x3 - 3x? + 2x 


y-x!*-x'-x42 


ics - Ill 
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Prob.46. By means of Newton's divided difference formula, fing 
and f(9) from the following data — 


х |41 5 7 | 10 | п E 
fc) | 48 | 100 | 294 | 900 | 1210 2028 | *(6—4 (8—5) (8 59) (8 — 10) о) 


(К.СРУ, Nov. 20 сс R8) = 48 + (4) (52) + (4) (3) (15) + (4) (3) 0) (1) +0 
Sol. The divided difference table is given as follows — GE f(8) = 448 Ans. 


Putting x — 8 in equation (ii), we have 
f(8) = 48 + (8 – 4) (52) + (8 — 4) (8 – 5) (15) 
+ (8 – 4) (8 – 5) (8—7) (1) 


Putting х = 9 in equation (ii), we have 

100-48 1 69) =48 + (9 — 4) (52) + (9—4) (9 — 5) (15) + (9 — 4) (9-5) 
54 =52 (9—7) (1) + (9 - 4) (9 - 5) (9 — 7) (9 — 10) (0) 
|129) =48+ (5) (52) + (5) (4) (15) + (5) (4) (2) (1) +0 


294-100 5; = 48 + 260 + 300 + 40 
7-5 | = 648 Ans. 
Prob.47. Using Newton's divided difference formula, evaluate (8) and 
900 — 294 IU 5) from the following data — 


02 27-21 | 
10-7 Ма 21515 ШЕИ ВУ 13 
STEMS | 469 | 48 | 100 | 294 | 900 | 1210 | 2028 


(К.СРИ, June 2012, Dec. 2012) 


Sol. (8) — Refer to Prob.46. 
Putting x = 15 in equation (ii), we have 
f(15) = 48 + (15 — 4) (52) + (15 — 4) (15 - 5) (15) + (15 – 4) (15 – 5) 
(15-7) (1) + (15 — 4) (15 - 5) (15 — 7) (15 — 10) (0) 
= 48 + (11) (52) + (11) (10) (15) + (11) (10) (8) (1) +0 


Now applying Newton's divided difference formula 


© = (ху) +(х— хо) АДхо) + (x — xo) (x — ху) А26х,) = 3150 Ans. 
*(-xy)(x- xı) x= Хэ) 43 хо) Prob.48. Using Newton's divided difference formula, evaluate f(9) from 
+= ху) (x — ху) (х- х) (x — хү) A4 f(x) „| the following values of x and y — 


7, хз = 10, X4 = 11, х; = 13 and f(x) =’ 


15, АЗ хо) =1, A* fx») = 0. 150 392 
quation (i), we get 


f(x) = 48 + (х-4) (52) (х — 4) (x — 5) (15) (К.СРИ, June 2010, 2011, Dec. 2013) 
+ (К—-4) (к 5у(х— 7) (1) J| — So. The divided difference table is given as follows — 
*€-46-5) (х— 7) (. 10) (0) 
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|| Prob.50. Given log 19654 = 2.8156, 1081658 = 2.8182, log 19659 = 2.8189, 
Wog 14661 = 2.8202. Find by using Newton's divided difference formula, the 
value of 10810656. [В.СРИ, May 2019 (IV-Sem)] 
Sol. The divided difference table is given as follows — 


654 |2.8156 


392-150 | 
7-5 0 


265—121 
11-5 


= 24 


2.8182 — 2.8156 
658 — 654 
= 0.00065 


1452 — 392 
11-7 


= 265 0.0007 — 0.00065 


659 — 654 
= 0.00001 


658 | 2.8182 


457—265 _ 
13-7 2 


— 0.0000167 — 0.00001 
661—654 
--0.0000038 


2.8189 —2.8182 
659 — 658 
— 0.0007 


0.00065 — 0.0007 


661—658 
--0.0000167 


2.8202 —2.8189 
7 661-659 — 
= 0.00065 


661 |2.8202 


Newton's divided difference formula is 
FO) = хо) + (x — хо) АЙХ + (х — хох — x1) A?) 
*(x-x)x-x)x-x) АЗҚхо) (0) 
Here — xo = 654, х = 658, ху = 659, x, = 661 
pad f(xo) = 2.8156, А хо) = 0.00065, А2(хо) = 0.00001, 
АЗ хо) = — 0.0000038 
Substituting these values in equation (i), we get 
f(x) = 2.8156 + (x — 654) (0.00065) + (x — 654) (x — 658) (0.00001) 
+ (x — 654)(x — 658)(x — 659)(— 0.0000038) 
"- (656) =2.8156 + (656— 654)(0.00065) + (656 — 654)(656 — 658)(0.00001) 
+ (656 — 654)(656 — 658)(656 — 659)(— 0.0000038) 
72.8156 +2 x 0.00065 + (2)(-2)(0.00001) + (2)(—2)(—3)(— 0.0000038) 
= 2.8156 + 0.0013 — 0.00004 — 0.0000456 
7 2.8168 
Hence 10510656 = 2.8168 Арргох. Ans. 


Newton's divided difference formula is 

f(x) = (ху) + (x — хо) Af(xo) + (x — хо) (x — xj) А2 хо) + (x Е 

(x7 X) (7 ху) ARo) + (x — ху) (x — xi) — x5) (х— хз) АЙ 

f(9) = 150 + (9 — 5) (121) + 9- 5) (9-7) (24) + (9 — 5) (9:| 

6 - 11) 1) * (9 — 5) 9-7) (9 — 11) (9-13 

f(9) = 150 + 484 + 192 — 16 +0 
19) = 810 


Prob.49, Apply Newton’s divided diffe i 
222 he vali 
SY) from the following table — ч кн | 


| 
| 
| 
| 


7 
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(R.GP.V., May/June Д 
Sol. In this case the value of the argument are not equally Spaced 
shall use Newton's divided difference formula. The divided difference tal 


y = f(x) = Ка) + (x — a) Afa) + (x — a) (x — b) A f(a) 
+ (x a) (x — b) (x — c) да) 
Differentiating this w.r.t. x and putting x = c, we have 


Ч 7 0) = Af(a) + (2 — a — b) ARa) + (c — a) (c — b) А 
Putting a — 1,5-2,с- 
table, we get 


f'(4)=1+(8-1-2) (3) +4-na-n@ 


4, d= 8 and the values of difference fro 


2х -х, 4 (х,) 
n 
Where Wx) = ЇЇх-х,. 


r=0 
Sol. Lagrange's formula can be Written as 


n 
Р (х) = (х хох ху). (хх ) 
гоо Xr 7XoXx, = X1)....(x, ару, 


г=0 (x- X.) 


(x, = хо)(х, — Xj)....(X, ^ x4) 
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n 


Again ф(х) = Пе -х) 
fads ЕЭ = (% = Xp) Gs — x). x, - x) 
Therefore 


n 
3 ФСОЁ(Х) 
Bae) = > (x -x,)ó'(x,.) 


r=1 
з) Apply Lagrange's formula to Sind f(15), if — 


Proved 


(К.СРИ, Dec. 2010) 
Sol. Here x, = 10, хү = 12, x; = 14, x 
Ехо) 2420, f(x) = 1942, f(x) = 1497, f 
By Lagrange’s formula, we have 


f(x) = 


з = 16, ха = 18 and Xs = 20. 
633) 7 1109, f(x) = 790 and ғ (Xs) = 540. 


(7 xy 7x; x хук - x, x х,) x f(x,) 
(Xp - x), — Xp (хо — x3)(x, — X4), —X5) е 
ч (х- Xo (x -х,)(х- X3)(x - XJ)(x — х.) хо) 
(x1 -x9Yx, - Xj)G, - x4)(x, — x4 X(x; —x;) 
(x- Xox- xXx- хз)(х- х4)(х— хь) 
+ 
(x2 = Xp )(X_ — Xj) —хз)(х, — X4)x, = x5) о) 
(x-x9)(x- Xi (x -x,)x- х4)(х— хь) 
5 (ху 7x9), = Xj)G5 -x;)(, — X4) — x5) оу 


(х— Xo (x -Х, Хх- х,)(х LE хз)(х = X5) 
$ 
(ха -x9Xx, х) (ха - xi)yx, 7X - x) SE 
(x— Xo (x — хүХх- x, )\(x— хз)(х — X4) 
& 
бз хх; Хк х кх хү) Л ӨӨ) 


— 
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Putting above values, we get 
(15 – 12)(15 – 14)(15 — 16)(15 - 18)(15— 20) 


Е а на на 20), „д 
05) 7 сто 12501014010 —16)(10 1851020) " 
05-10)15-14)15-16)15-18)05-20) |. 
(12 —10)(12 — 14)(12 —16)(12 — 18)(12 — 20) 
(5-10X15- 12X15- 1615 - 18)15- 20) „| 
(14 10)(14 — 12)(14 — 16)(14 — 18)(14 — 20) 
(15-1015 - 1215-1405 - 1815 20) үүр, 
(16-1016 — 12)(16 - 14)(16 - 18)(16 — 20) 
(15 – 10)(15 – 12)(15— 14)(15 — 16)(15 — 20) х 790 
(18 = 10)(18 — 12)(18 — 14)(18 — 16)(18 — 20) 
(5-10)15-12)15-14)15-16)15-18) «50 
00-10)20-12)20-14)20-16)20-18) 
f(15) = 45 24204. СС? ) 1942 + C229) , 1497 , 225 x1109 
—3840 768 8 


45 
TL XB 
3840 | 


75 
+ х 
(-768) 
= 28.36 — 189.65 + 877.15 + 649.81 — 77.15 + 6.33 
= 1294.85 
Prob.54. The following 
the first 12 months of life. 


Age in Months: | 0 2 1518110112 


Weights in tbs: | 7% | 10% | 15 | 16 | 18 [21 


Estimate the weight of the baby at the age of 7 months. 


(В.СРИ, Dec. 2) 


| 


| 
Қо) = 11. =>, к) = 101-4 a 18 -161 | 
andfx)-21. ^ 4 1, f) = 15, 05) = 


Sol. Here хо = 0, x, = 2, Хә = 5, РЕА. 
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By Lagranges formula, we have 


(X= xix = x2 (x 7 xa)x — x4)(x — x5) 


© 7 Tko — x1 (Ko — X2 xo —хз)(хо — X4 (Xo — Xs) 


x (хо) 
К xoXx х2)(х —хз)(х- x4)x 7 х5) 


х (х) 
(ху 7 хо) (к! — x2) — x3)Gu — x4)(x1 — х5) 


(x — xo)(x — xi)(x = x3)(x — xa)(x — x5) 


“(хә око =H xa — хз)(хә — x4 (х2 — xs) 


x f(x5) 


(x — xo(x — xix - х2)(х — x4X(x - xs) 
(хз — хо)(хз – xi)(x3 — Xz (хз — х4)(хз – х5) 


ET 


x f(x3) 


4G xo)(x - xiY - x2) 7 x3 Yx 7 xs) 
(ха — хо)(ха — x1)G4 — x2)(x4 — x3)(x4 —xs) 


х f(x4) 


4 (x - Xo)(x - xix — x2 (x —x34)(x— x4) 
(xs — хо)(х5 — xi)(xs — x2)(xs — x3)(x5 — x4) 


x f(xs) 
Putting above values, we get 


(7—2)(7 – 5)(7 – 8)(7 — 10)(7 — 12) 


ун (0—2)(0—5)(0—8)(0 —10)(0—12) E 2 


4(-017-587-817-10)7-12) 41 
р “(2-0)2- 5(2-8(2-10(2-12) 4 


+000 =2)(7 -8)(7-10)(7 = 12) |, 
45-0Х5-2)5-8)5-10)5-12) ^ 
1.07007 - 27 - 5(7 -10)(7 - 12) 


x16 
(8 — 0)(8 – 2)(8 – 5)(8 – 10)(8 — 12) 


(7— 0)(7 – 2)(7 - 5)(7 - 8)(7 — 12) 
(10 – 0)(10 — 2)(10 – 5)(10 —8)(10—12) 


х18 


€ —0)(7 – 2)(7 – 5)(7 – 8)(7 – 10) 
(12 — 0)(12 - 2)(12 - 5)(12 - 8)(12 – 10) 


х 21 
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К) 79600 2" 2880 4 (-1975 1152" 19] = dz E368 -7x +14х —8) eme - 48x? + 64x - 12 
350 21 
“Савооу” 2 + 60x? —48х+5х3 — 15x? +10x] 
1 3 2 
= —|-2x? +18x? -16x +24 
_ 15 287, US 68 21 a 28 +181? -16x +24] 
128 384 ^ 12 16 32 а 3334 
= 0.117 - 0.747 + 5 + 14.583 — 3.937 + 0.656 = эрс +30 -3Х+*1 Апз. 
= 15.67 Ibs 


Prob.56. Apply Lagrange’s interpolation method to find the values of x 
Prob.55. Using Lagrange's interpolation formula, find the cihen f(x) = 15 from the given data — 


polynomial that takes the following values. 


|х10111214 


»|1|1|2|s5 


(В.СРИ, Nov. a 
Sol. Here хо = 0, ху = 1, x; = 2, хз = 4, f(x9) = 1, f(xy) = 1, fx) 
f(x3) = 5. 
Ву Lagrange's interpolation formula, we have 
fox) = Ка) үү), (xoxo xay) 
(xo х1) (ко —X2)(Xq —x3) (ху —хо)(ху -x3) – 
(x -xoY(x —ху)(х—хз) fG + X0) 7X1) хо) р 
(ко -xo)&?—x)&—x3) 2 (хз —хо)(Ххз —х)(хз = х2) | 
Putting above values, we get | 
(x - D(x - 2)(х - 4) x14 Cz 9x - 2x - 4) 


(R.GP.V., June 2005, Dec. 2011) 
Or 


Apply Lagrange's method to find the value of x, when f(x) = 15, from 
(fre given data — 


[6 | » [1] 


(К.СВИ, June 2016) 


f(x) = Sol. Н 
(97 (010-204) "1" Поа 2а) *! х= ни -6x,79,x,-1l -12 -13 = 14 
4,G-96-0-4).. | (х-0(к-1(х-2) E hs > X, = б, x, = 9, x, = 11, f(x) = 12, хү)-13, хз) = 14, 
Mo 0)2-1)2— 4) (4-0y4-1)(4-2) (хз) = 16 and f(x) = 15 
fx)- Putting these values in Lagrange's formula for inverse interpolation, we 
let 


7g 6-06 -Da 05 Ioa -4) 
_ (5-13) (15-14) (15-16) „| (15-12) (15-14) (15-16), 6 
(12-13) (12-14)(12 -16) (13-12)(3-14)(13-16) 

+ (15-12) 05-13) 15-19, , (15-12) 15-13) (15-14) |, 
(14-12)(14 —13)(14 — 16) (16-12)(16-13)6-14) 


-3x& — = 4) S xo - I | 


2 
[367 -3x «2x - 4) + 8x(x? -бх-8) 


-12х(х2 -5x + 4)  5x(x? -3 
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-1 
2o 2xIxCD)  ,,, 3xIxC) . 
* 7 9х2) (4) — IxCDx(3) 
3x2x(-I) о, 3x2xl 
uL 
2х1х(-2) 4x3x 


2. 
FERRE 


= 10 (18) 54 66 
8 3 4 24 

> x=1.25-6+ 13.5 +2.75 
=11.5 


NUMERICAL METHODS - 2 


NUMERICAL DIFFERENTIATION 


Numerical Differentiation — The process of finding the derivative or 3 

erivatives of a function at some values of the independent variable, when we - 

now the values of the function corresponding to the given values of the 

ndependent variable, is called numerical differentiation. 

Formulae for Derivatives — 

Consider the function Y = f(x) which is tabulated for the values, 
Xa = (Хо + nh), n = 01715 2... 


(i) Derivatives Using Forward Difference Formula — Newton's | 
rward interpolation formula is, 


u(u-1 u(u -1)(u - 2 
У = yo + uAy, + t dary, + 0-2) E у 
2-е, “от NOD 

Here, i. AERO E 

h (Ш) 
Then 

(&) 21! Ayo - S30 4 Ayo _ Atyo 
Х/хэхөо h 2 3 4 
11 
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3 3 
_ 1 (Avo +4у aly + 3u? -1] Ку Ley , 
h 2 6 2 


(ii) Derivatives Using Backward Difference Formula — Ne | 
backward formula is, ) 


u(u+1) 2 у(и+1)(0+2) з 
у= УГУ аб ор Y Ya hug ‚ 
` 207-1 да 
Х-Х, + y-2 +..... 
Неге, u = h 12 
2 3 At x =X9,u=0 
dy 1 У Уп 2 У уп Непсе, 
ea Vy, +(20+1) 5t + Gu^ +6u+2) 31 ау 1[Ауо+ду | з 5 
| dx) ТЫТ Oat yy) 
ах /х-х, к 2 12 
4 0 
3 2 Уу, 125 5 
+ (407 +18u~ +22u +6) Рт +. tzo Y_2 TA y 3)... 
у РИ а?у 21 №у 1 Ay a 
dy ER: v2 v3 mr +55 чл, dx? х=х h? " 12 E 90 цах 
апа dx? NI Yn tV Y, I2 Yn g Ул 
хэх 
5 5 NUMERICAL PROBLEMS 
Similarly, | У А +3уќу, ^u] 
dx? хх n? 2 РгоБ.1. A rod is rotating in a plane. The following table gives the angle 
n Ẹ (radians) through which the rod has turned, for various values of the time 
vil, Ha. 1 ien - 
"dx h 


(iii) Derivatives Using Central Difference Formula — ЗЫ 
formula is, 


Ayo + Ay. 2 
Y= Yo + ® (moras 2 Y Ч + 2 Ау 


t:| 00 [02 [0.4 [06 [оз | 10 | 12 
9: | 0.00 | 0.12 | 0.49 | 1.12 | 202 | 3.20 | 4.67 
Calculate the angular velocity and acceleration of the rod when t = 0.6 


(В.СРИ, June 2010, Dec. 2012) 


Sol. As t = 0.6 is the middle value, we shall use the central difference 
ormulae, noting that a = 0.6 and h = 02. 


3 3 
EE Ya tA yo 42002-12) 
3! 


1 
2 an ubf(0.6)- (0.63 + 0.9) = 0.765 


2 1 

Here, domu io ибЗК0.6)= 5 (0.01 + 0.01) = 0.01 
du 1 t09- (50765-2(000)| = 342 dian/sec? 
mr (0.6) o2 9 6000) .82 radian/se 


Also 


А " | 82К0,6)- : 4 = is 
Now, differentiating €quation (v) both sides w.r.t. ‘x’, we get (0.6) = 0.27, 8 10.6) ='0 


ФУ (Avot ays \du м, du P0.6) = — —— 

dx 2 ах 2r aac | (02) 

2 " 3 Hence the required angular velocity is 3.82 radian/sec and acceleration is 

+ 387-1 duj А Yatay 4u? —2и )du aty 24 5.75 radian/sec?, Ans. 
3 Јах + E 


2 4! dx 
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Prob.2. A slider in a machine moves along a fixed straight то ителмеш 


distance х cm, along the rod is given below for various values of the, Also 5260.3) = — E 46, 840.3) = — 0.01, um 3) = 0.29 
seconds. Find the velocity of the slider and its acceleration when 1% f'(0.3)- ЛИ 046--(- 0.01) +— aj 029)|- - 45.6 
second. (0. 1? 12 

t x Hence the required velocity is 5.33 cm/sec and acceleration is 

0 30.13 45.6 cm/sec’. Ans. 

0.1 31.62 Prob.3. Given that 

0.2 32.87 

0.3 33.64 

0.4 33.95 

0.5 33.81 

0.6 33.24 


(В.СРИ, Dec. 2004, June 2012, Dec. 2| 


Sol. As t = 0.3 is the middle value, we will use the central differ 
formulae, noting that, a — 0.3 and h — 0.1 


dj a? 
The central difference table is Find 9 and 22 at (i) x = 1.1 (ii) x = 1.6. 
t x ё 82 53 84 87 (Е.СРИ, Nov./Dec. 2007, Dec. 2011) 
0 30.13 Sol. (i) The difference table is 
1.49 A6 
0.1 | 31.62 -024 — 
1.25 —0.24 
0.2 | 32.87 —0.48 0.26 
0.77 0.02 -0.27 
0.3 | 33.64 -0.46 —0.01 
0.31 0.01 0.02 
0.4 | 33.95 —0.45 0.01 0.002 
—0.14 0.02 
05 | 3381 -0,43 
~0.57 
0.6 | 33.24 4р 
1 
u6f(0.3) = 20077 +031) = 0.54 
3 4 
83.3) = 1(002+ 001) = 0015 | же уки дЕн», | s 
and 5 1 
рё? КО.3) = —(-0.27+0.02) = —0.125 2 
5 ) па Е => [ Ayo -Ayo + A yo -2A yot... ] (ii) 
f0.3)- ai 054-4 0.015) + 0123) F X Ао 
01 5( { 15) +50 ( 
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Неге 


h =0.1, хо = 1.1, Ayo = 0.378, Ayo = — 0.03 etc. Prob.5. Given that — 


[x] 10 [11 | 12 [| 13 
| у | 0.841 | 0.891 | 0.932 | 0.963 


Substituting these values in equations (1) and (ii), we get 


0) 


dy 1 1 1 1 1 
=-1_| 0378—-(—0.03) +— (0.004) - (20001) +1 
(8), al ge 099 e. (0089-7 (0000) АШ 


= 3.952 


.o, dy 
Find p at x = 1.0. (R.GP.E, June 2007) 


1 Sol. Here the step length В = 0.1. At first form the following difference 
№аЫе is given by f 


2 
EX] eL. E — (0.004) + t} (- 000 - 20003) 
dx (0.1) : 12 6 
1 
= -3.7417 


(ii) We use the above difference table and the backward diffen 
operator V instead of A 


dy 1 12 1 3 1 4 

БАД c гү? E = 

21 Ч Уа + V yat У Yn + cV Ynt 
2) | ү 1,3 | y 
==) а= —| Луо – = Аѓуо += А?уо – ...... й 

and Фу 24 Vy +y? ily +55 -" (2 " h Уо 2 Уо 3 Уо () 
dx? В n Yn Yn 12 Yn 6 Yate Here 
n 


h = 0.1, xy = 1.0, Ay, = 0.05, A?y = — 0.009 and A3y, = — 0.001 
Substituting these values in equation (i), we get 


w) 1 1 1 
= — | 0.05-—(- 0. —(- 0. 
(5 * al at 0.009) +5 ооо] 


Неге 
h = 0.1, x, = 1.6, Vy, = 0.281, V?y, = — 0.018 etc. 
Substituting these values in equations (iii) and (iv), we get 


ЗУ! xd lc, 1 1 1 
( | ЕС 0.018) + 3 0005) + 4 (0002) + nm | 


1 
4х/ 01 = 01(065--06045-0.00033) 


= 2.7477 1 
d'y 1 ” f =p, (905417) 
dd - 0 p? —0.018 + 0.005 + 12 (0.002) + = (0.003) = 0.5417 Ans. 
16 4 


=- 0.867 
Prob.4. Given that — 


Prob.6. Find a at x = 0.1 from the following table — 


х:| 0.1 0.2 0.3 0.4 
у: | 0.9975 | 0.9900 | 0.9776 | 0.9604 


[В.СРИ, Dec. 2016, May 2019 (II-Sem)] 


Sol. Here the step length h — 0.1. At first form the following difference 
able is given by 


а?у p, Ли 
dx? at x = 1.6. (R.GE.F., "d | 
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x 


0.1 


Неге 


В = 0.1, x, = 0.1, Ау, = 0.0075, А?у, = — 0.0049 and АЗ 


Substituting these values in equation (i), we get 


dy 


= 9200075 + 0.00245 + 0.000033) 


1 
= 970005017) 


=- 0.0501 


Prob.7. Find dy 
dx 


Sol. Since the derivative is required at 


of the table, therefore we Shall use Ме 


1 1 1 
ах) = у] 70.0075 -=(-0.0049) + 1(0.00 
(2). al us Pest on] 


atx = 1.1 from the following table — 


You 0.0 


7j 


х= 1.1, which is near the be gin | 
Wton's forward formula. 


Numerical Methods - 2 69 
The difference table is as follows — 


43у 44у 


0.048 


0.048 


Newton's forward difference formula is 


2 


(upto 3rd differences, since 4th and higher differences are zero) 
Differentiating with respect to u, we get 


-I u—-1D)(u-2 
У = Yo t uAyo + uu- 2 Wyo H2 y 


h 2 


dy -1 342 -6u +2 Е 
а= Цэн ,Qu ) A yo шини $2 uy Bri 


Here h = 0.2, Хо = 1.0, taking и = 1/2 so that Хо + uh- 1.1 
Putting these values in equation (0, we get 


1 1 1 
2х--1 3х--6х--2 
2) 1 ( 2 ) ( 4 2 ) 
a] = — | 0128 +1 0288-------2--4,0048 
Е и 02 ман сс 6 


1 1 
= —/0128+0-— 
[ Маг 


0.048 
02 х6 х | 


1 0126 
5510128 — 0.002] = =- 9, 
021 1 02 = 0.63 


Ш 
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Prob.8. Calculate the first and second derivatives of the fung 7 


tabulated below, at the point x = 1.1. 


| 


1.2 


= 1.0 
Ро): | 0 


0.128 


0.544 


se 2 


Six) | 4%) | A’ fos) | a? fos | 45709 | А fo) 
0 

0.128 
0.128 0.288 

0.416 0.048 
0.544 0.336 0.05 

0.752 0.098 — 0.25 
1.296 0.434 — 0.2 

1.186 — 0.102 
2.482 0.332 

1518 


Here хо = 1.1, АК(хо) = 0.128, A2fo(x9) = 0.288, АЗ (хо) = 0 
А% (хә) = 0.05, and ASfy(x) = — 0.25 

Substituting these values in equations : and (ii), we get 
Ше 


4х 


E 


zl 
h 


n? 


1 


1 
0128--- = -2х005+ 1-0 
zl 8 7 02884 x 0.048 гхо 


Z028- 0.144 + 0.016 — 0.0125 — 0.05] 


= 5 х [- 0.0625] = – 0.3125 


[4t - 2^6) +4 yg) - Lato) 


5 | 
[teo -Afo (хо) HA f) GE | 
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d к) : gos- 0048+11 «005-5 x (025 
+ хоо5-2 
m d) Ju E 12 S | 


1 
——[0.24+0.046+021] = —— 
0 mi 1 004 10-496] 
= 12.4 Ans. 
Prob.9. Find the value of f(x) at x — 0.04 from the following table — 


(R.GP.V., Dec. 2005) 

Sol. Since we want to find ће derivative at a point near the middle of the 
table, we may use any central difference formula. In this case we shall use 
1 Bessel’s formula. Here ху = 0.04 and h = 0.01 consider a new variate 


u- MS. We want f (х) at x — 0.04. Again for x = 0.04, и = 0 and 


fa) = i du cef)» d f) - 59 
The Р, niii is as Mee - 


Aft) [409 | Af) | a* f 
0.0024 


0.0000 0.0001 
0.0024 — 0.0001 
0.0001 
0.0025 0.0000 
0.0001 — 0.0001 
0.0026 — 0.0001 
0.0000 


0.0026 


| 

| A а y, re en Diatr- 1) +А%(—2)] 
| й E fourth difference) 
| 
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Differentiating w.r.t. u and substituting u = 0, we have 


1 1 | 
T) = Ацо) - TRD + APO] + А-1) + 4 U^ FCD + att 


1 
= 0.0026 — 1400001 + 0.000] + at 0.0001] + pu 0.0001- 000) 


12 12 12 


f(0) _ 0.0307 3075 | 
в 12.001 12 - 02558 


Prob.10. Find f'(x) and }"'(х) at x = 6, given that — 


£0) = 


751 
39.15] 


х | 45 | 50 | 5.5 | 60 | 685 | 70 
у= Ах) :| 9.69 | 12.90 | 16.71 32.34 


501. Since we want to find the derivative at a point near the middle of 


table, we may use any central difference formula. In this case we shall 
Bessel’s formula. Here Xo = 6 and В = 0.5 consider a new variate u= 
that when x = 6, we have u = 0. 


Thus we are to find first derivative at u = 0 


d d du d 1 f'(u) 
fi - fi E .— = 
mI ARE T ОО Bach 


d? d du d d 1f(u) ew) 
d f(u)- (и) = - 
Е ФО ira i09 


The difference table is as under — 


duh h n? 
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Bessel's formula is 


fu) = JEO +£()]+ (: = zo + Diy К-1) + A2£(0)} 


(2-3) а-о 


3! 


ad АЗЦ-1) (iii) 


(upto 3rd difference) 
Differentiating equation, (iii) w.r.t. u and substituting u — 0, we have 


£'(0) = Af(0) — irc) T A^ f(0)] +588) 


1 1 15 006 5784 
= 519 -—[0.72 + 0.78] +—[0.06] = 519 12.,, 906 _ 5784 
519 41072 + 0.78] + — [006] p ge. 


From equation (i), we have 


E fw] .f(0 5784 25784 _ 
dx uo h 12x05 6 


Hence f'(x) at x = 6 is 9.64 


9.64 


Ans. 
Differentiating equation (iii) w.r.t. u twice and substituting u — 0, we have 


£"(0) = jurc) зайг) Ау 


= 10072 +078] — 10006] 15.906 144, 
2 2 2 2 2 
From equation (ii), we have 
2 Д 
Го f. 0m 22 
uo M (05 
Hence f"(x) at x = 6 is 2.88 Ans. 


Prob.11. Find the first, second and third derivatives of the function 


tabulated below, at the point x - 1.5 — 
Sx) 
“135 A аб) LANO | ASe | аә | | 3.375 
T : 7.0 
-2 | 50 | 1290 | 2 5 13.625 
ss 381 0.06 24.0 
1671 0.66 0 38.875 
0 | во | 2118 | 447 0.06 59.0 
1: нь эвээ | 248 | ae | 8 (В.ЄВИ, June 2008, 2011) 
‘ ои 597 | 0-78 0.06 0 Sol. Since required derivatives are at a point near the beginning of the 
? 70 13234 084 i table, therefore we shall use Newton-Gregory forward formula. The difference 
3 175 39.15 eB! 
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table is as below — Numerical Methods -2 75 


- 

x | л |o | Ал | В | 454) M— 

15 | 3375 Л ЕАМО 2 
3.625 ў 

20 | 7.000 3.000 4 
6.625 0.750 

2.5 | 13.625 103 3.750 0 Numerical Integration — The process of evaluating or obtaining a definite 

.375 0.750 
b 

30 | 24.000 4.500 0 integral, I = Í f(x) dx from a set of numerical value of integrand f(x) is called 
14.875 0.750 in $ Е 

3.5 | 38.875 5.250 numerical integration. This process when applied to а function of a single 
20.125 variable is known as quadrature. Thus to evaluate the definite integral 

40 | 59.000 


b 
| f(x) ах, first express the function f(x) by an interpolation formula say p(x) 
a 


Newton-Gregory formula is and then integrate f(x) between the limits a and b. 


Ка + xh) = Ка) + *C,Af(a) + "CA? f(a) + *C3A3 f(a) b b 
(upto 3rd different i-e- Í f(x) dx ~ [269 dx 
The error in E in such type of approximation is given by 
b b b 
[год а J родах = J, [tco - род] ах 


A General Quadrature Formula for Equidistant Ordinates — 


И 


2 3 4:2 
f(a) + xAf(a) + Х 5 X A3 f(a) + х +2х 3 


Differentiating w. г. 


to x thrice and then putting x — 0 in the едай) 
obtained, we get 


hf'(a) — Af(a) -is Ка) + Ақа) 


ҺР” (а) = А?Ка) — АЗКа) 
ВЗР” (а) = АЗКа) 
Here a = 1.5, h = 0.5 


Suppose [= Í y dx, where у = f(x). Suppose f(x) is given for certain 
a 


equally distant values of arguments, say Хо, xo + h, ху *2h....... Let the range 

(b —a) be divided into n equal parts, each of which is of width h ie. b—a- nh. 

Suppose x, = a, x, = ж + h = a + h, x, = a + 2h, — x, =a+nh=b, we 

have assumed that the (п + 1) ordinate yo, уү.... y, are at equal intervals. 

ras = +) 3625-13000) 4-1 те f'ydxe "y. axe Гу, ава 
05| ^ 26) ) +5 (0.750) = 4.750 a xy 4 ө; ^0 


| Where new variate, 
f"(15) = ——-[3.000 — 0.750] = 9.000 


025 u- Uu; dx=hdu 
and "n a ! n = 
г” 5) = 05319750 = 6.000 Мн 1 =n" Ё нэх + aay 
Prob.12, Fi END EE 
TOb.12. Find the first and second order derivative of f(x) at x =19 20 pa 2) Ayo. u(u me п+1) ay fou 
| 7.000 | 1.625 | 24.000 | 38.875 | 59.000 Be LA ГИЧ К и 7 


ysel —@ 
Sol. Refer to Prob,11. IE GRY, May 2012A * upto (n + 1) terms] © 
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This is the general quadrature formula, we can obtain а numba 


quadrature formula from this by putting n = 1, 2. | 


(i Trapezoidal Rule — Substituting п = 1 in equation (i), 
taking the curve through (хо, yg) and (Хү, у) as a straight line ie 
polynomial of first order so that differences of order higher than fi 
become zero, we get 


+h 1 h 
f? f(x) dx = dv 22222 +yı) 


хо 
42 


xo*2h 1 
Similarly La f(x) dx = Ч» +34] 


Ї цай! ыа 
окар O dX = 5 (Yn Уа) 


Adding these n integrals, we obtain 


Xo+nh h f 
Ду 80) ах Цоо tyn) +201 yatanyan] 
This is known as Trapezoidal rule. 
(ii) Simpson’s One-third Rule — Substituting n = 2 in equatio 
above and taking the curve through (хо, Уо), (Хү, y,) and (X, ул) as a рагай 


i.e., a polynomial of second order so that difference of higher than sec 


vanish, we get 


[o т 1 h 
(x) dx = 20 + Ayo 22 = (уо *4yi 
Similarly, р 
xo+4h h 
нь у, нау, \, 
pos n" ПАР - . Um WM. 
Xo+(n-1)h we = E * Sync Уул ) n being eve 
Adding all these int 
рее, їп ше we have when n is even. 
х) 4х = + 
ky 100ах = 310+ Y) 4(y, + y 44 bns +Yn—1) 
+ 
Ре 2y +у4+....... +Уп 2)] 


: Wn as the Si > А 
апа is most commonly nus n 8 one-third rule ог simply Simpson's? 


3, we obtain 
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(iii) Simpson’s Three-eight Rule — Substituting n = 3 in equation @ 
above taking the curve through (х, у):1:0, 1, 2, 3 as a, polynomial of third 


IM order so that difference above the third order vanish, we get 


хо+3һ 
J f(x) dx = E : 


3 
8 Хуо +3y, +3y2 + Уз) 


3 3 1 
эу += Луо + =A yo + zv) 
хо 2 


и 


хо+6һ 3h 
Similarly Ls £(x) dx = As 5 Зуд +3у5 Yo) 


Талд so on. 


Adding all such expressions from x, to x, + nh, where n is a multiple of 


xo+nh 


h 
f(x)dx = ЭХ +Уп) *3(y1 + У2 + Y4 


+У5+..-.+Ув-1) + 2(уз + Уб + Yn-3)] Gv) 
which is knowns on Simpson's three-eighth rule. 


NUMERICAL PROBLEMS 


5.2 
Prob.13. Evaluate | log, х dx Бу Trapezoidal rule. 
4 


Xo 


501. We have f(x) = log, х,а = 4, b = 52 
Here the number of equal interval is not given so we take n = 6 


h= 
n 6 
We obtain the following table — 


а раг ВЕСИ ВЕХИ ЕЕ ВЕХИ ВЕ 
Б1ЭНЕ:11:117:1117115711711-14 


By Trapezoidal's rule, we have 


52 
1 loge хах = h/2 [(у+ув)+2(у, +¥2 ys +y4 +у,)] 


02 
= 75 [@3863+ 1.6487) +2(1.4351+ 14816+15261+ 15686 + 1.6094)] 
= 1.82766 Ans. 


1 
Ё хЗах considering give 
(В.СВРИ, Dec. 2016) 


Prob.14. Use Trapezoidal rule to evaluate 
Sub-interya]s. 


Sol. We have f(x) = х3, а = 0,b — 1 
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Here the range of integration (0, 1) is subdivided into five equal pay 


b-a_ 1-0 
= =—=02 
л n 5 
We obtain the following table — 


| х oj 02 | 04 [06 | os [1] 
[>= ло): | 0 [0.008 | 0.064 | 0.216 0.512 |1| 
By Trapezoidal’s rule, we have 


f, x?dx 


h 
= 5100 + 95) +2(у1 ya +уз+уд)] 


0.2 
= Fe + 1) + 2(0.008 + 0.064 + 0.216 + 0.512)] 
70.1 (1 +2 x 0.8) = 0.1 (1 + 1.6) = 0.1 x 2.6 = 0.26 


2 dx 
Prob.15. Calculate Г ==» 
x 


4, 


() Simpson's 3 rule with h = 0.5 (ii) Simpson's i 


rule with їг! 


(В.СРИ, June 1 
Sol. We have f@=, a=1,b=2 
x 


А й 1 
(0 By Simpson’s 3 tule with h = 0.5 


x 
Se) 


: 1 
Ву Simpson's 3 rule, we have 


[2 - hf f. 0.5 
|x ~ 3140+6)+48] = 73 Ї@ +05) + 4(0.667)] = 0.6947 


(1) By Simpson's i rule with h = 0.25 


By Si x 1 
Impson's 3 rule, we have 


2 dx _ h 
Lx 73K +f) «8 +) 26] 


| 1/3 rule, 
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За + 05) + 4(08 + 0.571) +2 x 0.667] 


= “ЗП +5484 +1334]= 0.6932 Ans. 


1 dx 1 ? 1 
Prob.16. Evaluate а using Simpson's 3 rule, taking h = 7: 
[В.СРИ, May 2019 (III-Sem)] 


1 
501. We have f(x) = 9 а-0,0-1 
+ 


1 
Here h = 18 0.25 


Now we obtain the following table — 
x: [0] 025 [0.5 [ 0.75 1 
Дх): 0.8 | 0.64 | 0.5 


1 | 0.9412 
1 
h 
Зо +4)+4( +45) +2] 


By Simpson's 3 rule, we have 


155 
0 


1+x? 


Il 


ч 228 а+0.5)+4(0.9412+-0.64) 42x0,8] 


Il 


9251 5 + 6.3248 + 1.6] 


_ 0.25x9.4248 2.3562 
3 3 


= 0.7854 Ans. 
2206 2 
Prob.17. Find р е“ dx by taking seven ordinates using Simpson's 
(К.СРИ, June 2009) 
Or 
E . 0.6 2 
valuate the integral Í е" dx by Simpson 1/3 rule. 


(В.СРИ, June 2014) 
Sol Let 1= [eax 
0 
Here f(x) = ex, a = 0, b = 0.6 
Since h is not given, so we take n = 6 
b-a _ 0.6-0 


h= ас = 0.1 
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The values of f(x) are given below — 


|0| 01 02 03 04 | 05 | 06 
fc: | 1 | 099 | 0961 | 0914 | 085 | 078 | 07 


1 
Ву Simpson's 3 rule, we have 


I- ECT + fg) +4(f fs fs) +2(f + f4)] 


ї 


Sa +07) +4099 + 0.914 + 0.78) + 2(0961 + 085) 


A * 42.684) + 2(1811)] 


1 
——[16.058] = 0. 
301 ] 5353 


Sol. Here, taken = 6, = Lan -0) = 


= Ө) = cos, К 9, 20,0, .g =—,0, =— ==, 
SE 1272 6’ so ph 3'9 
These m are shown in the E v", 


n2 | л/6 т/4 | п/З | 5/12 
ф= d ы 0.9828 aoc 08409 | 0.7071 | 05087 
By Simpson's i 


2/2 
Г Усов0 


rule, we get 


Г f(80) do = ly 
90 3 0 


т 
х 12 [1+0)+ 4(09828--08409 + 0.5087) 


slum 
3 * 151 *(4x23324)4 (2х 16377)] 


_ т 
= 3e * 9.3296 + 32754] 


1 
a 3.605] 


= m (0.37792) = 1.1873 


7/12 and compute the E 


* 65) - 4(6; +5 +5) +2(ф; + 


+2(0.9306+ 0.10) 
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Р Р 3 
Prob.19. Using Simpson's z rule, obtain fx by taking seven 


ordinates. Compare it with exact values. (R.GP.V., Nov. 2018) 
Sol. We have : 

у= f(x) = x4 and a=-3, b=3 
Using 7 ordinates, so we take n = 6, then 


b-a 3-(-3) 
= ——= =1 
b n 6 
We obtain the following table — 50 
| х. [-3|-2|-1]o [1] 2 [ 3 
| y= fæ: | 81 | 16 o [1[16 | 81 


1 
By Simpson's 3 rule, we have 
3 4 h 
Гох“ = оо +¥6) +401 +уз +уз)+2(уз + уч)] 


- З181480) 4064-0416) +2(1+1)] 


- 30621284) - 8. 98 Ans. 
Again the exact value 
3 
5 
3 4 Е | 
Ї хах = | — 
-3 
2 -3 
1 243-243 486 
= 3I -C31 = === 77-972 Ans. 


Prob.20. Calculate by Simpson's in rule an approximate value of 
1 dx 

9143 by taking seven ordinates. Compare it with exact value and deduce 
ие value of tog, 2. (R.GP.F., June 2012) 


Sol. Let = nes 
01+х 


Here f(x) = L ,a-0,b-1 
1+х 
Since h is not given, so we take n = 6 
b-a 1-0 1 
be Tas в 6 
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Numerical Methods - 
The values of f(x) are given below — rica! Methods - 2. 81 
x Jo] 01 | 02 | 03 | 04 | 05 


fé): | 1 | 0.99 | 0961 | 0914 | 085 | 078 


Prob.19. Using Simpson's 1 rule, obtain Ї З х dx by taking seven 
ordinates. Compare it with exact values. (К.СВИ, Nov. 2018) 
501. We have 5 

у= f(x) = x4 and a=-3,b=3 
Using 7 ordinates, so we take n = 6, then 

b-a 3-(3) 
= “= =1 

h n 6 

We obtain the following table — = 


х: 1-31-21-11011|123 
y= fo): 8116 [ 1 (01111681 


1 
By Simpson's 3 rule, we have 


sjö 
NJA 


1 
By Simpson's 3 rule, we have | 


pe Зоны) 48 +f; + fs) + 2(f  f4)] 


9 


Aa + 0.7) +40099 + 0914 + 0.78) +2(0961 +085] | 


1l 


9117 + 4(2.684) + 2(1811)] 


= + 116.058] = 0.5353 

30 
л/2 1 

Prob.18. Evaluate Ї, X cos Ө 40 by using Simpson's 3 rules. 

(R. GB, June 2l 


1 
Sol. Here, take n = 6, h = 07/2 – 0) = 7/12 and compute ће Үш 


3.4 h 
[,x*&x = Zoo ув) +401 + уз + уз) +2095 + ya)] 


= 5[81+80+406+0+16)+2+10] 


1 294 
= 1062412844) ----08 Ans. 
z й 9 _ п т л л " Sn e 3 3 
$ = КӨ) = /соз6, for 9) =0,0, = 12782 = ‚9; = 49 =з ‚0; = 12 and O65 Again the exact value : 
These values are shown in the following table 3.4 х? i 
9: [O| wI2 | т6 | т4 | x3 | 52/2 laxta- 5 3 
$= Л): | 1 | 0.9828 | 09306 | 08409 | 07071 | 0.5087 15:4 5, 243-243 486 
; = 310-637] = ——у——=-;°=97.2 Ans. 
By Simpson’s 3 rule, we get 


n/2 
р vcos@ = 


Prob.20. Calculate by Simpson’s FL rule an approximate value of 


96 1 | 
Пе 0-205 6) 4 6 +45) Ka а 


ll 


1 mx 
3” T L+ 0) + 4(09828 408409 + 0,5087) € value of log, 2. аах халаг 


+2(09306+ Sol Let1= | ан 

EADS р | 01+х 
= от 

з 1215 (4x 2.3324) + (2 x 16377] Here f(x) = — 

+х 

= xu +932964 32754] Since h is not given, so we take n = 6 

т ijs май: Шаб], 
_ = | 6 6 

36 13605] = д (0.37792) — 1.1873 n 
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Numerical Methods -2 83 
The value of f(x) are given below — j 


| [апа from trigonometric tables we get the following values — 
2 3 4 5 | 
|) | aie |e 11 111 |5 | 


Using the Simpson's 1/3 rule, the approximate value of the integral is 


h 
By Simpson's i rule, we have 17 3 Ус yi) (yi ys e y; +55) +2(¥2 ya ys yg)] 


1= Hifi fc) + 4( +f + f5) + 2(f5 127) 
ds | 
1/6 1 6 6 5) E 6 
risk = шт 5, --162|-4- 
3 (o) Ses 8710) 
1/3 1434 54 
ees --- 2| — 
TE “ 693 J (5) 


mu +8277 +2.7] = 0.693167 


= 58 (0+ 0+ 4(0.1564 + 0.45404 07071--08910-- 0.9877) 


+ 2(0.3090 + 0.5878 + 0.8090 + 0.951 1)] 


= 1.00000036 Ans. 


e *dx approximately by using a suitable 
(Ё.СВИ, June 2003, Dec. 2006) 


Ш 


1 
The value of integral = li =[log(1+ x)] 
+x 


=log2 -log 1 

=log2 = 0.693147 
Comparing we get log, 2 = 0.693167 
Hence the error = 


= 0.05; h = 0.0 


5. The values of y for each point of 
division are as given below — 


Хо = 0.50 0.4288818 
0.693147 — 0.693167 = — 0.00002 Хо +ћ=055 | 04278774 
MA Xo +2h = 0.60 0.4251076 
Prob.21. Evaluate J by using Simpson's 3 rq rule, take? Xo*3h-065 | 04208867 
01-х 3 | Xo +4h = 0.70 0.4154730 
ec. В : 
” (Е.СРИ, Р | Hence using Simpson's 1/3 rule, we obtain 
0.7 
! 1 1 ах Veo 
A s = | = 
IDply Simpson's 3 Tule, to evaluate the integration | тх hs m 


h 
ї 300 * Y) * 41 +уз) 4 2y,] 
014x 3 


y 
Sol. Refer to Prob.20. IF-GRV, May 2019 0 


| 
Ргор 22, Сасша 


0.05 4154730 
| > 3 -[(0.4288818 +0415 ) 
using 1 ordinates, 


7/2 | + 
te the value of Ї sin x dy by Simpson's Ihi 4 (0.4278774 4- 0.4208867) +2 (0.4251076)] 


ЖЫЛУ, (R.GBV, De! - 95 (0.8443548 + 3.3950564 + 0.8502152] 
ob We have 
: У= х) = si 2 ut 
Using 11 ordi пашаа Bess _ 005 
Mates, зо We take п — 10, then 1 = Сэр (5.0896264) 
n-b-a т 


= 0.0848271 Ап$. 
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Prob.24. The following table gives the velocity v of a particle AL fij 


Sol. Let 


1 
Here f(x) = 5, a=1,b=2 


| 


1 
Divide the interval (1, 2) into six parts each of width h = РЕ The values 


1 n 
Кх) = "E given below — 


| 
x [1 AU 10/6 |11/2| 2 


Find the distance moved by the particle in 12 seconds and ай 


acceleration at t = 2 second. (К.СРИ, Feb.) “feo: 1 | 6/7 | 6/8 [6/9 | 6/10 | 6/11 | 1/2 
l. Let i icle i 
Sol. Let s be the distance moved by the particle in 12 seconds. By Simpson's їйє 
We know that ys ds 2 dx 3 
Ч | = = од до +6) +3 (1 ya +4 ys) + 2y3] 
s= dt 
| 1 Е Жи, 1 66 6 6 6 
We have given i m uo +3 Ed MA ETT +2х9 
110 |2 4 
$ 5 10 F3 8478 12 3 
v |4 |6 | 16 |34 | во | 94 | 136 482^? 3080)* 9 | = gg [12 * 826 133] 


— 0.693125 Ans. 
By direct integration, we get 


By Simpson's 1/3 rule, we have 


Il 


8 [бо + vg) + 4(vi + уз + vs) + 2(у + v4) 


2 dx 
1 "у = [ose х]? =1ов,2 = 0.69314718 Ans. 


IN эш 


П] 


[4 + 136) + 4(6 + 34 + 94) + 2(16 + 60)] 
Prob.26. А river is 80 ft. wide. The depth d in feet at a distance x ft. 
omone bank is given by the following table — 
[x [o [20 [20 | 30 | зо | 50 | 60 | 70 | 80 
ERERERESEREAZEREZ2ERE 


I 


N WIN w 


[140+4x134+2 x 76] 


22 2 
3 + 536+ 152 х 828 = 552 т 


Hence the distanc . 
We also know tha moved by the particle in 12 seconds is 552 m 


Find approximately the area of cross-section. 
(В.СРИ, June 2010, Dec. 2012) 


Sol. Given table is 
Е 0 | 10 | 20 | 30 | 40 | 50 
4:101417 [9 [2 [| 15 

By Simpson’s 3/8 rule, we know 


12 
2-7 
t 


Accel ion * 
leration ‘a’ at t=2 second is 


80 
Ї _ 3h 
I (х) dx = "в [o + Уво} + 3 {Уо + Yao + Yao + Yso + Уло} 
+2 (узо + Yeoh] 
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[0 + 3) + 34 +7+ 12+ 15 +8) +2094 

[Неге у = d and] 

= ч + 138 + 46] = 701.25 square feets 
8 


6 
Prob.28. Evaluate h 7 dx by using Simpson's 1/3 rule. 


1-х 
(Е.СВИ, June 2015, 2017) 
Sol. Refer to Prob.27 (ii). 
ГА жт. cm 
Prob.29. Evaluate |, Jax? ®© using Simpson's y rule. 


[R. GP.F., May 2019 (III-Sem)] 


1 


Hence the area of cross-section of the river is 701 square feets (ар 


6 dx | 
Prob.27. Evaluate |, ood by using (i) Тгарегомай Sol. Refer to Prob.27 (iii). 


жх 


(ii) Simpson's 1/3 rule (iii) Simpson’s 3/8 rule. 1:467:4209)77 ташилт 
| SOLUTION OF SIMULTANEOUS LINEAR ALGEBRAIC 


EQUATIONS BY GAUSS'S ELIMINATION, GAUSS'S JORDAN, 
CROUT'S METHODS, JACOBI'S, GAUSS-SEIDAL AND 
RELAXATION METHOD 


1 
Sol. We have ИХ = з,а=0,6=6 
$x” 

Here the number of equal interval is not given, so we take n=6 
b-a 6-0 
n 6 
„нин мшш 
| 02 | от | 0.0588 [0.0385 


(9) | Rule — Ву Trapezoidal's rule, we have 


> 


h= 


Solution of Simultaneous Linear Algebraic Equation — Consider the 
Slowing m first degree equations of n known Хү, Хо, X3... Xy. 


аџху +а]2х2+......+ах;+......+ашхи = b] 
аху +а22х2-....... +аз јх +... +а2пхи = 2 


© 1+х 


Г dx h 

2 = Fl +f) +2 +h + +1, +1,)] e 
1 ап +аүәхд+. Е +атух у+....... +amnXn = b 
=5[(1+0027)+2005+02 +0.1+0.0588 + 0.0385] б 2 
= 1.4108 


(ii) Simpson’s 13 Rule — By Simpson’s 1/3 rule, we have 


The above system can be written in a single matrix equation as 
AX=B. 


there 


5 dx h 
Í Tat “alle +f5)+4(f, +f +8) 4206, +f,)] | < : 
b2 
х 
~ (+0027 + 4050014 ant +2(02+0.0588] | ын үш! 
| ' | 
| 
=a 027--2554--05176) = 1,3662 : E 
n 


1 Ву finding a solution of a system of equations we mean to find a set of 


5 ах _ 3h 1 
J Alues of x, 
91 үл +6) +306 Хә ......X, which satisfies ай these equations simultaneously. The 
нь шингэн хал 5) +26] | pore system с Of equations is said to be homogeneous if all the b = 1, ...m) 
Е Othe 
= sel 00 | TWise the system is called nonhomogeneous system. 
al 27)+3(05+02 +0.0588 +0, 0385) 4 2x ol) Different Methods of Obtaining the Solntion — 


We P 
80027 +2. 3919+02) = 1.3571 ак die | 
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Xi by 
Р В a " 3 
Х2 bz ош the second equation by subtracting (= times the first equation from 
where А = (а) x X = ‚В= я п 
: The second equation, (=) times the first equation from the third equation, 
a 
Xp Jaxl bm mxl а 


where А is the coefficient matrix, X is the solution vector and В is calle ‘see melee усе =b 
: aX} +а12х2 +... ашха =by 
hand-side vector. 4 
The necessary and sufficient condition for the existance of a solu 
the system AX = B, is that r(A) = r(A B) i.e., in other words ranki 
coefficient matrix is the same as the rank of the augmented matrix. | 
We now give some rules to give information about the existance ofasi 
of the system — - 
G) ЕВ —0, det A = 0, then there exist infinite number of non 
solutions besides trival solution X — 0. 1 
(i) If B = 0 and det A 0, then the system has the only ши! 
solution X = 0. In this case r(A) = m. | 
(iii) If B = 0 and det A z 0; then system has only unique solution 
this case we have r(A) = m. 
(iv) If B # 0, det A = 0; then there exist infinite number of 0| 
provided the equations are consistent. In this case we have I(A) « | 


352X2 +... Назохи = 


448) 


, 
ap2X2 +... жах = bp 


Second Step — Elimination of х, from the third... 

If the coefficient a^^, .........а' in (ii) are not all zero, we may assume that 
е order of equation and the unknowns is such that a’, # 0. Then we may 
iminate x, from the third, fourth ....... nth equations of (ii) by subtracting. 
1 (255/255) times the second equation from the third equation (245/257) 

mes the second equation from the fourth equation etc. The further steps are 
ow obvious. In the third step we eliminate x, and in the fourth step, we 
iminate x, etc. 
By successive elimination, we arrive ata single equation in the unknown x, 
ich can be solved and putting this in the preceding equation we find the 
Ве of x, n-1} In this manner we obtain xi when the elimination is completed. 
150 when the elimination is complete, the system takes the form, 


.nth equation in (ii). 


The Elimination Method by Gauss — We have seen that any sys} 
linear algebraic equations can be solved by the use of determinants 
order of the determinant is large, then the evaluation becomes tedi 
avoid these unnecessary computations, from the practical computatios 
Triangular form 


equations, 
а11Х1 ФацохХо........ Tag Xg = Dy 
821Х|  55X2 +........ +a2nXn = by 


In this case these exists a unique solution. The new coefficient matrix is an 
“ рег triangular matrix; the diagonal element с;; are usually equal to 1. 
Jordan's Method — It is a modification of the method due to Gauss. In 
[his method, the elimination is performed not only in the equations below Pur 
so in the equations above. In this way we finally find a diagonal (even unit) 
oefficient matrix, and we have the solution with without further computation. 
Crout’s Method — This method is advantageous over Gauss ое 
[Г° sense that it requires less computation. We shall explain this method by 
pking a set of three equations. 
Consider the system 
AX=B 


ад) Х| +алохо +........ TümX, = b 
have been sug; 

3 gested. One of the most im isthe so сай 
algorithm, which is a system; ic eli Rn IER 
System (1) we proceed Stepwise as follows — 

First Step — Eliminagj f 
P - Elimination of X; from the second, third ...- ү 


We assume here that the order ofthe equation and the order ofthe "| 


Р à jl 
In each equations are such that ац #0 the variable x, can then be € т 
4l 


e) 
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а ар 3| |х bi архү+арху + 813Х4-11 Method of Factorization — This method is also called triangularization 
ie а а аз | |х| = |6, |= 821Х| +азәх, +азху shflethod. This method is based оп the fact that а square matrix A can be 
= » » Ё ized i form LU where L is unit lower triangular matrix and U is 
азу as 3331 [Хз] [63] — (231i +азох, Харх, солгой into the gu 


ix of tion (i) i per triangular, if all the principal minors of A are non-singular. 
The augmented matrix of equation (i) is | 


211 212 аз 


а ар аз b, #0, fay, ар аз #0, etc. 


азр 85; а» b, 
L231 432 аз; b3 
Then we consider derived matrix 


if ау #0, 


z 


81) 812 
221 822 


231 289 233 
We shall explain this method by taking a set of three equations, 


9 ах Фатх Разхз =! 
а' а а! b' 
n бр ајз 21 
' ' ' 
221 222 fs bo 
' ' ' 
L231 8355? 854 Ы"; 
which is obtained in order as given below — 


1X1 + a22X2 +аззхз = b; 4) 
3X1 +азохо +аззхз = b3 


Putting system (i) in the form 


| АХ-В 00 
(i) То determine the first column, а' = ац, fori i.e., the first | Ug Up Up 
of the augmented matrix is as the first column of the coefficient тай 1 o 0 -10 ! u u 
Е i Л Let A=LU, whereL=|/,, 1  O|andU- 22 "23 
(1) To determine the first row to the right of the first column, hv Ry 1 0 0 ug 
| 
ay; | . .. 
ат = slog =2,3,b', = by Writing A = LU in equation (ii) we have " 
aji anu LUX-B (ш) 
i.e., the first row except the first element is found by dividing the corre! Substituting UX = Y, the equation (iii) becomes : 
elements of the first row of the matrix (ii) by the first element of ай IY-B EA) 
(iii) To determine the elements of second column except a Equation (iv) is equivalent to the system 
ар = Aig ауз ays i= 2,3 Уус Б, 
| | | NO 
(iv) To determine the elements of second row except ара ^ Буу + У2 = 2 
doo Map cape m ams, YES | зу + haya +Уз = bs 
= j= =-—2—1=—® 
3 8722 422 


The values of Уу» Уз, Уз are found by the forward substitution. 
When we know Y, the system UX = Y gives — 
ШЧ ot uro ғ UjsXg =F) 
U25X2 + МэзХз = У2 
U33X3 = Уз 
By the backward substitution, we get the values of Хү, x; and x;. 


The procedure of computing the matrices L and U is discussed below. 
9m the relation A — LU, we have 


09) To determine the elements of third column except ар a 
ӨР” 
833 7833 — а, 52-21 аз | 


(vi) 


(vi) To determine the remaining elements of third row 
by = b3 —b'2 а' Ьа? 
"m 
The solution is Biven by ч 


- = EL 
Hence the el Xs = Ба, dl b5- a хз, X = b', — аз Хз 1 0 011: що шз aj aj аз 
ee : : E 2 
аис с of the derived matrix are found as follows- Бү od ollo ug ga |= [ам аю аз 
Irst column, t еп Ё а a 
first column, After this cor hen elements of the first row to th m hi. hj 1110 0 u33 аз аз 433 


Ompute elements of second column below 
Tow and then elements of the Second row to the right of second со! 
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On multiplying the matrices on the left hand side and then equat 
corresponding elements on both sides, we get 
uj = 211; що — ару; Шз 7 815 
=а = у а/а 
= азр > Зу = а31/ ац 


This process is repeated till the difference between two consecutive 
pproximations is negligible. 
Gauss-Seidel Method — It is a simple modification of Jacobi’s method. As 
before, we start with initial approximations Хо, Ур» Zo (each = 0) forx, y, z 
espectively. Substituting y = yo, z = 20 in the first of the equation (ii), we get 
x, =k, 
Then putting x = хі, 2 = Zp in the second of the equation (ii), we get 
y; = ky = hx, — шэйр 
Next substituting x = x), y = уу, in the third of the equation (ii), we get 
zı = k; — Ax, — 32| 
This process of iteration is continued till convergency to the desired degree 
f accuracy is obtained. 
Relaxation Method — 
Consider the equations, 
ax ay taz = 
b,x + by + bz = 4, 
сүх + су + oz = d, 
We define the residuals Re Ry R, by the relations, 
R, =d; -aix-a;y-asz 
Ry =d, -b,x- b;y-bsz 440) 
К, 2d,-eix-c;y-cgz 
To Start With we assume x = у=== 0 and calculate the initial residuals. Then 
pe residuals are reduced Step by step, by giving increments to the variables, 
DW We construct the following operation table. 


bun 
lug 
ущо + чуу) = аз = Мур = ân — (ay/ а) a12 
из + 53 = азз = шз = 853 — (821/ 841) аз 
a32 — (831/811) 812 


Био + 62022 = 835 > [32 üz 


and [из + 45202; + U33 = ауз, which gives изз. 
Hence in a systematic way the elements of L and U can be found, 
Suppose the lower and upper triangular matrices are denoted by Li 
respectively, then we have 
IA- USL!LA-L'!U- A-L-dU 
But L7 is also a lower triangular matrix, we can obtain a factorizatiy 
as the product of опе L-matrix and one R-matrix. Replacing Іг! by Lj 
LU = A. Conveniently, we choose diagonal elements of one as 1. T 
System Ax — y is resolved into two simplar system. 
Lz=y, Ux=z 
Jacobi’s Iteration Method — 
Consider the equations, 
aX+a,y+a3;z=d, 
bix+b,y+b3z=d, 
@х+с>у+с:2 = d; 


i Ifa), b», °з are large as compared to other coefficients, then sol 
Ог X, у, 2 respectively, the system can be written in the form 


Le note from the equations (i) that if x is increased by equation (i) (keeping 
2 Constants), К R, and К, decrease by ау, Бү, c, respectively. This is 


| 2 “озу, i; 
mations X, ур, 2 (each = 0) 000 e piven їе above table alongwith the effects on the residuals when y and z 
Sven unit increments, 


f ^ Z, i 
ОГХ, у, z, Putting these values on the right Sides, we get the first appro™ dui о айпоз Тего 
3 At 1 
Sach step, the numerically largest residuals is reduced to almost zero. 


Xy Ky) =k, 21 = К 
: 3 Y 
Putting these On the right sid | io qd а particular residual, the value of the corresponding variable is 
| ged; e.g. to reduce К, by p, x should be increased Бу р/а. 
2 all the residuals have been reduced to almost zero, the increments in 
te added Separately to give the desired solution. 


©s of equation (ii), we get the second appro 


X% =k 
25k hy, - mz 
32 
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Q.1. Write the procedure of Gauss-elimination method foy P 
(R.GPY, Dog 


system of simultaneous linear equations. 
Ans. Refer to the matter given on page 88. 


MERICAL PROBLEM 


ste 


Prob.30. Apply Gauss elimination method to solve the equation 


2х+у+ = 10 
3x+2y+3z= 18 
х +4у+9р= 16 


Sol. We write the equation, first, has unity as coefficient of x ойн 


divide the equation by the coefficient of x to make it unity. Thus 
X + Ay + 9z= 16 
2x+y+z=10 
3x + 2у + 32= 18 


To eliminate x, subtract suitable multiples of first equation fro 


remaining equation, and we get 
X + 4у + 92 = 16 


-7у-172--22 00-18) 


-10у-242--30 (vi) Г 
The coefficient of y is made unity in none of the resulting equation 
x t 4y+9z= 16 
4 1, 222 
ий ан. 
Sy + 122 = 15 
To eliminate y, from (ix), operate (ix) — 5 (viii), we get 
Xt 4y +92 = 16 
y+ 19 - 22 
^ * 
— 2 _ © 
Start from bottom and substitute 7 
iy hein 
7 == 73 or z= 
y +85 _ 22 
7 7 
22 83-07 cal 
y 7 7 
х+4у+92=16 


х+4(-9) +9х5= 16 


Prob.31. Solve the following system of. 
ethod the equations are 


Sol. We write the equation, first, has unity as coe: 
de the equation by the coefficient of x to make it 
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х-36-45-16 
х+9= 16 
х=7 


Непсех-7,у--9,2-5 


2х+у+ #12 
3х-62у-32-18 
х+4у +9 = 16 


Ans. 


equations by Gauss elimination 


(В.СРИ, Dec. 2016) 


х+4у+ 92 = 16 
2х +у+д= 12 
3x + 2y + 32 = 18. 


fficient of x, otherwise 
unity. Thus 


440) 
400) 
48) 


To eliminate x, subtract suitable multiples of first equation from the 


emaining equation, and we get 


wiv) 


(v) [(ii) — 24] 
(мї) [(iii) — 3(i)] 


(vii) 


(viii) 


X + 4у + 9z- 16 
— Ty - 17z 2 - 20 
- 10у - 24z - — 30 
The coefficient of y is made unity in none of the resulting equation, we have 

х+4у+ 92 = 16 
y 12,20 
7 7 
5у + 122-15 


To eliminate y, from (ix), operate (ix) — 5 (viii), we get 
х+4у+92= 16 


yall, 20 
7 7 
1 5 
-——— 
7 7 
Start from bottom and substitute 
V, 
7 7 
ze 
y 85 20 
7 7 
_ 20,85 
z xm 


бю) 
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у= 15 

x+4y+9z= 16 
х+4х 15 +9 х (—5) = 16 
х- 60 - 45 = 16 

х-+ 15 = 16 

х= 1 
Непсех-1,у-15,2--5 


Prob.32. Using Gauss elimination method solve 


2x-y+3z= 9 
x+y+z= 6 
x-ytz-2 


| 
Sol. We write the equation, first, which has unity as coefficient 
otherwise divide the equation by the coefficient of x to make it unity, 1 
x+y+z=6 1 

2x-y+3z=9 

х-У+2= 2 
То eliminate x, subtract suitable multiples of first equation 

remaining equation, and we get 


Xtytz-6 Я 
-3ytz--3 (у) (007 
-2y- -4 (vi) ГО] 
Start from bottom and Substitute 1 
-2у--4 
ог y=2 
Sy Xe.5 
=6+ш= 43 
2= 3 
х+у+д= 6 
х+2+3= 6 
Х+5= 6 
х= | 
Hence x1, y 2-3 


Prob.33. Solve the Jollowi, 


" System h "NE MAA 
Ox + 3y + 27 = 6 У Gauss elimination 


6x + dy + 37 = 0 
20х + 15y + 12, .. 0 


(R.G.BV. №" 
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Sol. Given equations are i 
бх + Зу + 22= 6 _@ 


бх + 4y + 3z= 0 ...(ii) 
20х + 15у + 122= 0 эб (ан) 
To eliminate x, we are operating (ii) — (1), (iii) Bir (i), we obtain 
бх +3у+22=6 | ~(i) 
yrz=-6 -4У) 
16 
зу Зе =-20 (v) 
To eliminate y, we are operating (v) — 5 (iv), we get | 
бх +3Зу + 22= 6 ~(i) 
У+2= –6 -40У) 
1 H 
=Z = T 
3 10 (vi) 


From equation (vi), we get z = 30 
Putting z = 30 in equation (iv), we get 
У+30 = —6 


Putting y = —36,z = 30 т equation (i), we obtain 
6х + 3(- 36) + 2(30) = 6 
бх – 108 + 60=6 
6x — 6+ 108-60 
бх = 54 
х= 9 


Hence x = 9, у =— 36, z= 30 Ans. 


Prob.34. Solve by Gauss elimination method — 
10х +у+2 = 13 
3х + 10y+z2= 14 
2x + Зу + 10z= 15 


5 " (В.СРИ, June 2002, 2015) 
01. Given equation are 


10х + y + 2z = 13 3440) 
3х-10у-2-14 (ii) 
2x + 3y 102 = 15 ...(Ш) 


To eliminate X; we are operating (ii) — Žo, (iii) -i (1), we obtain 


10x + y - 2z— 13 BRO) 


(у) 


98 Mathematics - Ш 


к . Р " a Numerical Methods-2 99 
3 54775 Prob.36. Solve the equations 10x + y + z= 12, 2х + 10у + z= 13 and 


+y+5c=7 by Gauss-Jordan method. [R.GP. V, May 2019 (IV-Sem)] 
Or 
Apply Gauss-Jordan method to find the solution of the following system 
equations- 10x + y +z = 12, 2x + 10у +z=13,x+y+5z=7, 


2:197 : 
To eliminate y, we are operating =) —14(iv), we get 


10x + y + 2z= 13 


yea = D (В.СИ, Dec. 2014) 
10 | The gi system is equivalent t 
460z = 460 шан 3 Р 


: АХ-В 
From equation (vi), we get z = 1 wri 18 
Е peg eae х 
Putting 2 = 1 in equation (iv), we get 2 10 :1||у|-113 
1 1 51172 7 


97,,2 101 97 97 


+= = — —y = — = 
| 10 T 51.18" 19 979 The augmented matrix is 
Putting y = 1, z = 1 in equation (i), we obtain 
10x+1+2= 13 ID E ja 
- x-1 ЫН-|2, ов 
Непсе х=1,у=1,2= 1 1 1 517, 


Prob.35. Apply Gauss-Jordan method to solve the equations- 
10х Ку + =9,х+10у+=12,х+у+10д=12 
(В.СРИ, Junel 


Operating R, > 5R, - Ry, В; — 108. - R, 
ro 0-1 1112 
[АВ] -10 4 415 


Sol. We have 
х+у+ 102 = 12 0 9 49 | 58 
x+ 10у+2= 12 Operating К, > 9R, — R}, В, > 498, – 4R, 
sedan 90 0  -40| 50 


To eliminate x fro 


m ti Р хас зүс (ry 4001 
100), we have equations (ii) and (iii), operate (ii) — (i) ап 


[AB]=|0 2365 0 |2365 
0 9 49 | 58 


xX+y+10z= 12 
9y-9z-0 : 9 
-9у--992--11 Бал ME a 


90 о -40| 50 
[ABB] - | 0 2365 0 | 2365 


To eliminate yfrome 


ions б " яа! 
* (V), we have ations (iv) and (vi), operate (iv) -7% | 


x+ П2= 12 0 0 49 | 49 
Ын 92=0 df Operating К, > 49R, + 40R, 
—1082 = 11 
To eliminate 2 from equat; $ ин 4410 0 0 | 4410 
(ui 9 quations (vii) ang (viii), operate (vii) * 108 Ч [AB]- | 0 2365 0 | 2365 
~ 108 (ix), we have 0 0 49:| 49 
al 
= 25 999 Орегай ей 1, В. 9—8; . 
X yer perating В, > — —R,. К, — —— Ё, and Кз 3 
‚9у= Е = ifi g Ri ь 52 2 49 
Hence the solution is x 108 108” 1082 4410 2365 


-7, y = 1.0278, z = 1.0278. 


ics - IIl 
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Ls 7 4 
- 011 Sa dsl c 
ГАВ)-10 ! b, — b} a5, — bj | i G) (5) 1, 5 1 
0 0111 р = = c: 
21 2 аз . E: 5 8 8 
From this, we get х=1,у=1,2= 5 
Prob.37. Apply Crout's method to solve the equations — 3 2 Ч 4 
3х + Dy + 7% =4, 2x +3y + = 5, 3x t dp t z—7. “ы EE 
(В.СЕРИ, Dec. 2004, 2012, Jus) Thus the derived matrix is |2 P d ® = 
Sol. Coefficient matrix is given by M 3 1 
e оз E 3 | 1 Ч - 11 1 9 
82) аә аз |= —— Ra ыыж on EM M (4): 
а ар 8.) 3 4 1 Henes 2 = by a ee ae ( 2) 8) 8" 
The augmented matrix of the coefficient matrix is given by Р 4 7 11 2.9 4 7 18 7 
b' — ауз z- ау у >x Bes 
ЭЭР” р L 1 m 3 3 8) 3 8 3 24 24 8 
а aj? аз dj а 4 1 
абр 823 453 bh 1 Hence, E" 5-5 Ans. 
аз 83) аз: 54 | 
- Prob.38. Solve the following system of equations by Crout's method — 
where, а= ap іемат = 3,25 = 2, a's) = 3 v7 К. ар Г Ue eim 
р. uu ap 7 [R. GP. И, May 2019 (1II-Sem)] 
a айп PY aj3 = pi == Sol. Coefficient matrix is given by 3 
po PLA d ап ајр ag 1 l 1l 
! aj °з 421 422 823|-12 -1 3 
a'y = , 9 5 a31 832 4833 3 1-1 
22 822 тар ауу = ан х2- 3 The augmented matrix of the coefficient matrix is given by 


ЭР” ап ар ар bj 
232 = 832 - al; afi S 4 2.3.5 
3 


— а’ ot 1-— 
ipe = zs А На e. ТИ п Teati = ап, ie. atm 1,25, = 2, а 73 
HA. CILE 
Р Б, 3 5 5 af er Im. га 
W пау 1 
= P2-bias, 5-2 ; аз 1 
Е DU з 15-8 3 7 вай 
а5> 5 тэ Буу ар 1 
1 E 3 5 $ b Ы 3. 
337 a33 — ar ad 3 
3 —853 85, зар аз ayy 1 
di Dee 22 8 a22 = аз — ара е-1-1525-3 
5 Set he Е 952 = аз —a' ya's, = 1-1 3=-2 


€— 
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, B5 781589; 3-152 1 
8237 а! НЫ" 8 The augmented matrix of the coefficient matrix is given by 
by уаз: 16-3x2 10 ар ај ав bj 
Da vw. |. ^ 8 8 abı 85) аз bj 


Е ЯЛ 1. at Gr o 
ау = аз; — 255355 — 813255, аз 8$) аз; bj 


- -44рэ-ынз - ET 14 [here 2' = ац, i.e., a'j; = 10, ау = 2, а: =2 
3 3 7798 Я а12 _ 1 as 1 b 12 6 
Pet m 3 15 = 27,913 = 2, үе -1---2-2 
p, = 23762832 — Маз aj 10 ay, 10 ЗИ: 
a = 1 
1 ао) = аз) – аз азр = 10-түх2-2 
Ce» аа р д. 1 9 
3 аз) = аз — ау a3) = 2-— x2-— 
eJ 14 10 ^ 5 
3 EE: acl) 
so Am-agah _ ig"? 4 5 4 
( ЭН x) a23 а, =——49 a ur ur 
=з =4 52 49 
3 14 Е 
Бал MEE 
3 k = 02— га D ot _ 53 
Thus the derived matrix в |2 -3 -1 _10 abo 49 49 —49 
3 3 5 5 
14 азу = a44 — а! а! " i 
3 -2 тэ 4 33 233 7853 32-01: аз 
Hence, РА =, =4 = 104. Э. 210.36 1, 2365 473 
y = by – az 49 5 10 245 5 245 49 
sll 1 БР 1453,96 
CDs О b = 23 bhasa ац IP зол: 572 
-Ы 833 473 
даа 5 14-277 12 2365 
Hence, х=] yu - = — 24 5 _ 245 | 
рунь, 473 73 
- Solve th : 4 == 
Ios y been equations by Crout’s method — ? ? 
925410) e co 13, 2x% + 2y + 100- il 1 6 
Sol. Coeffici J 10 10 5 
96 Толеп matrix is given by (EGEK: Den 201 ; Thus the derived matrixis|2 42 4 33 
ац ар 5 49 49 
2 9 43 | 
5 49 
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4 
энэ = —а' -—xl= 
Hence, z=b';=1, y=b',—a'y5z 49 40-11 
х= b'j — а'32 — a'j3y 
6 1 1 6 1 1 
эш--т-Х1--05153---6-----ш 1 


— 2х+4у-2:=-1 
—у+25 = 1.5 


[ 0 ЇЕ u2 u3 H -1 | 
Sol Let |b 1 010 пу из =|-2 4 -2| | 
hib, illo 0 
So that, (i) шщ = Lu, =- 1,03 =0 
0) hy) = 231, =-2 
bu =0> у =0 
Gi) ашо + о =4 > ш = 2 
hits + шз =-2 > ц = 2 


бу) 1 


112 + Бо =-1 > Igy = > 


O) Brug + Baug + шз =2 > Чи = 1 
Thus, A=LU 


м 1 9 о[у Ч 
5 - 10 = 
: 1 Mo | =] 
=> 11 Уз 1.5 
Solving this System, we have 
уу=0 
Er У) =-1 ог у) =-1 
5 2+3 =15 ог у; = 
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Hence, the original system becomes 


134 84 


29 х-у-0 
2у-2:--1 
z- 
By back-substitution, we have 1 i | 
ЖУ 2.х- Ans. 


Prob.41. Apply factorization method to solve the equations — 


Sx +2yp+7zZ=4 
2xt3ytz-25 
3x+4y+z=7 


(В.СРИ, Nov/Dec. 2007) 
Sol. Let 


1 0 ощ що шз 3"2 7 
b 1 0|0 uj из = (2 3 1 
by by 1 0 0 133 Зуй: li 


So that, (i) Uui-73,u5 = 2, из 7 7 
(i) hy ш = 2 by = 2/3 
by Шу =35 4, =1 
(й) 5, Ш2 + uz =3 > uy = 5/3 


(фе, А.) 


Би U3 + из =1 > U3 = — 11/3 
Gv) ду Wy + Ip uy = 4 > 13; = 6/5 
(У) В uis + у uz + изз = 1 => ug = — 8/5 


Thus, 


1 0 0113 2 7 
А-12/3 1 ollo s3 з 
1 6/5:111|0 о -85 


Writing Ux = V, the given system becomes 


1 0 о[у 4 
2/3 1 оу |= |5 
1 6/5 I} ly; 7 


Solving this system, we have 
У =4 

2 

МІ tv = 


T 
3 5 оу= = 
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1 


6 
vi + У) +Уз =7 огуз = = 1 
ah UR. уз 755€ 18-323 +25) =—1.0015 


Hence, the original system becomes 
1 
3 2. e 4 23 = 55 (25— 2x2 + 3y2)= 1.0033 
0 53 -113|| у| =| 7/3 Substituting these values in the right side of the equation (i), we get 


0 0 -851| 2 15 


1 
=——(17—уз +223) = 10004 
ie,  3x+2y+7z=4; X4 739 07 7 уд ды) 0: 


5 11 7 1 
Буи 2» =—(-18-3x3 +23) = -1.0000 
37-32 3 Ya 20.) з +73) 
iSo al, тд--1-(25-2х, + 3y3) = 09996 
5 5 20 : 
By back-substitution, we have Substituting these values in the right side of the equation (i), we get 
201 9 7 -4 Ой. = 
pee s andx = ^ х, ze Y4 +224) = 1.0000 


1 
Prob.42. Solve Бу Jacobi’s iteration method, the equations 5 = aua 8-3хд +24) = -1.0001 


20x + у - 2: = 17, 3x + 20y -z =— 18, 2x — Зу + 20 = 


1 
(Е.СРИ, Dec 2; = 55 05- 2x4 +3у4) = 10000 


Sol. -> There is no need of pivoting. Ans; 


Given equations can be written as a Hence, x = 1, у=-1, and z = 1 


Prob.43. Solve by Gauss-Seidel method the equations — 
54x +у+2=110 
2x + 15y 62 =72 


1 
х= 50 7-У+22) " 
—х+6у+27=85 


1 
у = 39 (18 ~ 3x +2) 
(R.G.BV,, June 2013) 


Sol. We solve each equation of the system for the unknown with the 


2 
агвев! coefficient in terms of the remaining unknowns, viz. 


І 


1 
2005 -2х- Зу) | 


Starting wi em 3 
arting With xy = yy = Zo =0, substituting these values in the i i 
of the equation (i), we get | x= mi 10-у-2) 
1 
= — (72-62-2х) 
y^ 150 


Substituti 1 
stituting these values in the right side of the equation (i), 


x1 = 0.85, у= 09, тр-125 А 
wee 

хә = La Hes | 
20 У! +221) = 1.0200 | 


па 1 
= —(85+х- бу) 
z= 57 


Putting y = 2 = 0 in the right side of the equation (i), we get 


1 
yi- Cg. 
2729 18 3x; +21) = — 09650 : np: шй 

x= 2-010-0-0= 34 =? 


Now putting x = 2.037, z = 0 in the equation (ii), we get 
67926 _ 45984 


1 

Ze s 
2 739 05-2x, +3уџ) = 10300 
aod 1 - 
У = үү(72-6х0-2х2037) = 212-4078) 15 


$ s. р 
ubstituting these Values in the right si В D 


Xe 
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Again putting x — 2.037, y — 4.5284 in the equation (iii), we б | 
z, = (85+2.037-6%45284) = 99811 
27 | 27 
Now we proceed to obtain the second approximation. 


1 
= —(110- y, -21) 
х, 549 У1 1 
1 
= — (72-621 – 2х 
У is^ 1 2) 


1 
and z= 5,05 +X — буз) 


Putting values of y, and z, in equation (iv), we have 


103252 _ 
54 — 
Again putting the values of x, and Z, in equation (v), we have | 
5486, 5486 
BU Й 
Now putting x, = 1.912 he Уу = 3.66 in equation (vi), we 71 
64.952 


z,7 5, G5 1912-— 6х366) = — —- 
( x360) = 


1 
----(110-45284-222)- 
№254 ( ) 


- = 15 2- 6x222-2x1912) = 


Now we proceed to dun ds third approximation 
1 
= 10 = 
54( У2 -22) 


so — 625 – 2х3) 


and gx буз) 


in equation (vii), we get 


= Zao- 3.66—2.41) = 1.925 


N 
ow putting "e ofz, ны хз in equation (viii), we get 


Putting values of У, and 8 


5- 6х241-2х1925)-358 — 


Agai 
gain putting dine of " and Y3 in equation (ix), we get 


zi 

735 3505*1925- 6 x 3.58) = 2.424 
Similarly _ 1 

E 54010- Уз - z3) = 1.926 

уус 


1502-62, -2x,) = 3574 


and 
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1 
37 85+ X4 —6y4) = 2425 


These values are mE. close to хз, уз and Z5, respectively. Hence the 


| values 1.926, 3.574, 2.425 can be considered as the solution of the given system 


x = 1.926, у = 3.574, z = 2.425 
Prob.44. Solve the following system by Gauss-Seidel method — 
10x + 2y+z=9 
2х + 20y — 23 =— 44 
2х + Зу + 10z = 22. 


Ans. 


(В.СР.Ү, Dec. 2015) 


Sol. We write the given equations in the form 
1 
=—(9-2y-z 
x= 75 (9-2y-2) 
1 E 
=—(-22-x+z) (i). 
ye ) Gi 


z- mic -2x-3y) (iii) 
Putting y = z = 0 in the right side of the equation (i), we get 
x= a =09 
Putting x = ху, 2 = 0 in equation (ii), we get 
у= +02- хү)--229 
Putting x = Xp y=y, in Зарын (iii), we get 
1002- 2x, — 3y1) = 2707 
For the second iteration, Es have 


1 
шэн 21-21) = 10873, ус = үжин Xp + z1) =- 203808 


2) = m (22-2x; - Зуз) = 259395 

For the third iteration, we have 
Xs “100- -2y; -22)=1.048211, Уз =a (-2- ын 
73 = 2502 — 2x3 —3y3) = 2.603986 


For the fourth iteration, we have 


ш-204447- 
X= (9- 2уз —Z3) = 1.0486866 , ж. x4 +23) 3 
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74 = z (22-2x4 - 3y4) - 2.60360 
For the fifth iteration, we have 


1 1 
хз 715 0 294 = 24) = L0485, ys 725 (722 - x5 24) 2 


5 Б (22-2х5 -3у5) = 2.60365 


These values are sufficiently close to x4, уд and z4 respectively. Heng 
values 1.0485, — 2.04449, 2.60365 can be considered as the solution y 
given system 


X = 1.0485, y = – 2.04449, 2 = 2.60365 
Prob.45. Solve the equations — 
10x + 2y+z=9 
— 2х + Зу + 10z= 22 
х+10у-&=- 22 
By Gauss-Seidel method. 


(В.СРИ, June ЇЇ 
Sol. We have 1 


10x+2y+z=9 
x+ 1l0y—z=-22 
— 2х + 3y + 102 = 22 
We write the given хн in the form 


x= 0- 2y - z) 
y= i5 22-х+® 


z- ox- 3y) 
Putting y= z = 0 in E right side of the equation (i), we get 
9 
yee 
= 0.9 


Putting x = Хр,2= 0 іп equation(ii), we get 


ic2- хр) 2-229 


Puttin; 
BX=X,y= У in equation (iii), we get 


ipea -Зуу)- 3.067 
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For the second iteration, we have 


1 

x,7 ae —zj) = 1.0513 
1 ed 

уул 10022-0 +21) = -19984 


1 
= —(22- 2x5 -3у2) = 3.0098 
27 y P 
For the third iteration, we have 
1 
= — (9 —2y3 – z2) = 09987 
хз = 10-252 — 22 


1 
№ 1827: +22) -19989 


- 1102 +2хз —3y3) = 2.9994 
For the fourth iteration, we have 


x4 = —-(9 - 2ys — 3) = 09998 
10 
1 
= L (—22-х + 23) = -2.0000 
Y4 107 4 +23 


ЭР 1602 42x4 —3y4) = 299996 


For the fifth iteration, we have 


1 
а 190 — 274 = 24) = 10000 
1 
у; = zal 22—xs +24) = 2.0000 


z; = 1002 +2х5 - 3ys) = 30000 
For the sixth iteration, we have 


Xg- to —2ys — z5) = 1.0000 
10 
ус 1622 -xe + z5) = 2.0000 


ЭР 1502+2х6 — 3yg) = 30000 


Тһе Values are same in fifth and sixth iteration. 
ence the solution is x = 1, y=- 2,273 
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"Prob.46. Apply Gauss-Seidel iteration method to solve the 


; Again putting the values of x, and 2, in equation (у), we have 
equa = 

20x +y- 2g =17 
3x +20у-:=- 18 
2x — 3y + 20z = 1.5 


у, = 7-18 - 0.1641- 3 x 08849) = 208188 __ | 0409 
20 20 


Now putting the values of x, and y; in equation (vi), we get 


'R.GP.y, -3. 
(ЕРУ, Jun z = -L[15-2x 0.8849 +3 x (-10409)] = 232925. _ 0.1696 
Sol. We solve each equation of the system for the unknown vii 27 50 20 
largest coefficient in terms of the remaining unknowns, viz. Now we proceed to obtain the third approximation 
1 А 
xu aU -» +22) x7 30017 58 +222) (уй) 
1 a 
y= 55618 *z-3x) Уз = 35 _ ЭШ --(viii) 
H 5 
and 2,= —(15—-2x4 +3 (х) 
апа z= + 15—2x43y) 3 209) 3 +3уз) 
: 20 Putting values of y, and Z, in equation (vii), we get 
Putting y = z = 0 in the right side of the equation (i), we get 1 172017 
17 хз = 5007 - (710409) + 2 x (-0.1696)] = zg 708851 
жу = — = 0.85 Е 
! 20 Now putting values of z, and x, in equation (viii), we get 
Now putting x = 0.85,2= 01 А - i es 
putting z in the equation (ii), we ge уус PEL — 01696 – 3 x 0.8851] = DRE. — 1.0412 
1 —20.55 
57 = 20618 +0-3x 0.85) = --109 Again putting values of хз and y, in equation (ix), we get 
Again putting x = 0.85, y = 1.0275 in the equation (iii), we Ч z= sls —2 x 0.8851 + 3 x (-1.0412)] = 2R T 


1 320 
z= 2045-2 х085-3х (-10275)] =p | 


= - 0.1641 


1 
Хү 3907 + 10412 — 2 x 0.1697) = 0.8851 
Now we proceed to obtain the second approximation, 


1 
1 У4= zo 18701697 — 3 х 08851) = -10412 
% = 50 7-у1+221) _ 1 3 
4= 39 (13 - 2x 0.8851 —3 x 1.0412) = – 0.1697 
Уг” q5C184z — 3x2) These values are same to хз, уз and z, respectively. 
Hence, X= 0.8851, y = — 1.0412, z =— 0.1697 Ап. 


2х Prob. 47) Solve the following system of equations 8х — y : : 2 8: 
== 3; = й Seidel iterative т . 
3; x + 2y — 3z =— 6 using Gauss-Sei (GP, рес. 2014) 


ith the 
liege We scive each equation of the system for the unknown wi 
Coefficient in terms of the remaining unknowns, Viz. 


and 


21 
237 gg 057 2x 4 Зуу) | 
and z, in equation (iv), we have | 

аха 176% 
2 2007 - (10275) + 2(—01641)]= 20 


= 0.8849 E | 
3 


Putting values of y 


X 
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я 
1 


1 
108-у-7) 
a! y 


х 
! 


= 4(8-22--23) 


z- 56 +x+2y) 
Putting y = z = 0 in the right side of the equation (i), we get 


and 


x)= 198+0-0=18 2205 
8 8 
Now putting x = 2.25, z = 0 in the equation (ii), we get 
Уус 342% 0-2х 2.25) 


= 18- 45)=- 12-03 


Again putting x = 2.25, y = — 0.3 in T equation (iii), we get 
EE T 
= 116+225+2х (-03)| = —- = 2.55 
Now we proceed to dies the second PAPE. 


1 

х= 38+: д) 
1 

Ул” 58422 —2х2) 


1 
227 3(6+х2 +2у2) 
Putting values of y z 2, in equation (iv), we have 


х=1018- 03-255) - ёо = 1.8937 


Aj 
gain putting the t. of x; and z; in equation (v), we have 
Уз +@+2 х 2.55—2 x 18937) 


43126 
=25 70.8625 


Now putti - 
putting x, = 1.8937 and У = 0.8625 in equation (vi); we 


9.6187 za 


23 = 566 +18937 +2 508625) - PEE 


For the third iteration, we have 


1 
X= — 
37 =(18 +08625 3.2062) = 1.9570 
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1 
уз = 58 +2х 3.2062 —2 x 1.9570) = 1.0997 


1 


Z3 = AG + 1.9570 + 2 x 1.0997) = 33855 


For the fourth iteration, we have 
x4= 108 + 1.0997 – 3.3855) = 1.9643 
y4= 36 +2 х 3.3855 — 2 x 1.9643) = 1.1685 


z- 46 + 19643 + 2 х 1.1685) = 3.4338 
For the fifth iteration, we have 


xs = 1(18 + 1.1685 — 3.4338) = 1.9668 
8 


у.= 56 + 2 x 3.4338 — 2 х 1.9668) = 1.1868 


гс 46 + 1.9668 + 2 х 1.1868) = 3.4468 


For the sixth iteration, we have 


208 + 1.1868 — 3.4468) = 1.9675 


х= 
yg" io +2 х 3.4468 — 2 x 1.9675) = 1.1917 
Z= ic + 1.9675 + 2 х 1.1917) = 3.4503 


For the seventh iteration, we have 


x= #08 + 1.1917 — 3.4503) = 1.9677 


y= HE 42x 34503 — 2 х 1.9671) = 1.1930 


ЁГГ ic + 1.9677 + 2 х 1.1930) = 3.4512 
Рог їе eighth ма, we have 
ха тав + 1.1930 — 3.4512) = 1.9677 


Ув = 16 +2 х 34512 — 2 х 1.9677) = 1.1934 
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= 3 (6 1.9677 + 2 x 1.1934) = 3.4515 These values are sufficiently close to x,, Y», Z, respectively. 
Hence, the values 2.426, 3.572, 1.926 can be considered as the solution 


in 7 th iterations being practically same 
The values in 7" and 8 gp y |. of the given system. 


Hence the solution is 
x = 1.9677, у = 1.1934, z = 3.4515 

ProbAS. Solve the following system of equations using Gauss-Seidel 

i 27x +бу-5 = 85 

= бх + 15у + 2z = 72 

x+y + 544 = 110 

(В.СРИ, Dec. 2002, June 2008, 2011, Dec. 2011, June 2017, Noy, 
Sol. We solve each equation of the system for the unknown with the 
coefficient in terms of the remaining unknowns, viz. i 


x = 2.426, y =3.573, = 1.926 Ans. 


foit вон the following equations by Gauss-Seidel iteration method — 
Ox +y +2 = 12, х + 10y+z= 12, x +y + 10: = 12. 
[R.GP.V., May 2019 (IV-Sem)] 
Or 
Solve by Gauss-Seidel method the equations 

10х+у+@=12 

х + 10у +@= 12 

x+y+10z=12 
(К.СРИ, Dec. 2016) 


x- gz65- 6y +z) Sol. We write the given equations in the form 


1 
1 x= —(12—y—z) 40) 
y= 15(22-6х-22) 10 
1 m 
1 y= —(12-x- 2) (0) 
2 = 54010-х-») 2 
Putting y = 2 = 0 in the right side of the equation (i), we get ч z= 10 02-х-у) -- (iii) 
pe em Г Putting y = z = 0 in the right side of the equation (i), we get 
175573. 
27 12 
Now putting x = 3.15, z = 0 in the equation (ii), we get | teg 


Putting x = =й? Я - 
1 БХ = X), Z = 0 in equation (ii), we get 
15(72-1890) = 354 1 q Gi), we g 
Again putting x = 3. 15, у= di 54 in the equation (iii), we get у, = 1002 = ху) =1.08 
Puttig x — eens 14 " Эн 
1 £X = ху, у = у, in equation (iii), we get 
^ = 5д (110-315-354) 2191 ан, 
Now we жа to obtain the second approximation к сай. Хн 
Час , Е For the А : 
х, 7 L (85- бу, +21)=243, аф ы. (726% - 241)” зесопа pud. we have 
= —(2-у; -21) = 09948 
= зао X -y;) = 1926 102-71-21 
яах 1 
= — (12-х. — zı) = 1.0033 
ls. : E m 2-4) 
Е 2+2.) =2.426, уз = n- 6x4 -222)4 ; 


1 
and z, 25 = 102-52 = y2) = 1.0002 


al 10~x3~y3)= 1996 
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For the third iteration, we have 


1 
—(12— уз —z5) = 0.9996 
io ya -Z2) 


хз = 
1 

у; = 1002-х3 — 22) = 1.0000 
1 

z= 1002-х3 — Уз) = 1.0000 


For the fourth iteration, we have 


1 

х= т;@2-уз—73) =1 
1 

уус 1002-хд —23)-1 


1 
24= 190274 -У4) =1 
Непсех = 1, y=1,z=1 


Prob.50. Solve the following equation by Gauss-Seidel method- 


20x + y - 2c = 17, 3x + 20y— z= -18, 2x — 3y + 202 = 25, 


(В.СВИ, Dec 


Sol. We write the given equation in the form 
1 
х=— (17— 
m 7-у+22) 


1 
3730 —18—3х+2) 


1 
z= 5 (25—2x+3y) 


Putting y=z=9 in the ri : 
In the right side of the equation (i), we get 


1 
: Хүэ---085 
utting x = -0,i 
BX=x, z= 0, in equation (ii), we get 


1 
У! =— (n Зы Зэн 
а 26 (-18- 3x1) = - 10275 
b Y=y in equation (iii), we obtain 


1 
rE 
1 20 (25-2х, + ЗУ1 ) = 1.01 


L 


and 
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For the second iteration, we have 


1 
X5 7350775 +2z,)=1 


1 
Уг = 55 (718-3x +21) - - 09995 


1 
= (25-2х, +3y,) =1 


For the third iteration, we have 


1 
x3 = 5007 —У2 +225) = 0999975 
1 
уус 200:18-3ха +22) =- 0.99999 


1 
2; = 56025-25 +3y3)=1 
For the fourth iteration, we have 


1 
my 7390775: +2z3)=1 


1 

Y4 739 C18-3x, +23)=-1 
1 

24 = 20025-24 +3y,4)=1 


Hence, Ans. 


х-1,у--1,2-1 
Prob.51. Solve the equations by Gauss-Seidel iteration method. 
10x1 ~ 2x3 -x3 -x4 = 
37x4 =3 
— 2х1 +10х2 — x3 -Хү:)-15 
СХ) -х2 + 10х; = 2x4 =27 
TXI -x3 -2x3 Ж10х,--9 
(R.GBE, June 2004, Dec. 2006, June 2009) 
Sol. Consider X, =X, X; = у, x, =z, x4 =W then, we write the given equation 


in the form 


: : 
= —(3+2у+2+ -0) 

ми цас 

у- ipe aere) siad 

z- ge eee) «qi 


1 
—(-9+х+у+22) 
106 d 
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уу = 0 in the right side of the equation (i, | 


Эрэг Se da Эй чадан 
17 10 *s = 10 da dg P туйлын 


n the right side of the equation (ii), 27 


Substituting y = 2 ^ For the fifth iteration, we have 


Putting x =x,,Z=W=01 


| 
= —(15+2х. +z, +w,)= 1.9996 
а = (5 2x) 7156 Ys = 10 5424 ev, 


р 1 1 
Putting x = ху, у= y; and w = 0 in the right side of the equation (ij) y Zs = g” +x; +y; +2w4)= 2.9997 
21 = 1 
z= бете) =2886 and Ws = pO + х5 +5 +225) = 0.0002 
Putting x = ху, у = у and z = z, in the right side of the equation (ij) Hence, X &1,y-2/2-3andw-0 Aus. 
1 
w= 15€? жх|Жуүж221) =— 0.1368 Prob.52. Solve the equations 10x — 2y — 3z = 205, —2х + 10у — 2с = 154, 


—2х — y + 10: = 120 by Relaxation method. 
1 Sol. The residuals are given by, 
х) = jg +2У1 +21+%1)= 0.887 R, = 205 — 10х+2у+ 3z, 
R,- 154 + 2x — 10y + 2z, 
К„= 120 + 2x + y — 102 
The operation table is — 


For the second iteration, we have 


1 
y = 1005 *2x, +z; +w;)= 1.952 


Z = ux +y, +2w,)= 2.957 


Abi 


1 
and W = 19€ 9 +2 +У2 £225) = – 0.025 


” 3 


For the third iteration, we have 


1 

хз = 103+ 22 +2) + w3) = 0.984 
1 

yj 10° *2x, +7) *w3)- 1.99 


1 
z = 10027 + хз +уз +2%,) = 2.992 
and w, =< 9 oi 
For the oun. 10553 Уз +223) = – 0.0 
е fourth iteration, we have 
1 
X, Sak 
A 150 *2*, +2, T Wa) = 0.997 
21 
Ya T 1005 + 2x4 ez, ew) = 1.998 


ы. 
24 1027 +х4 Жу, +2w3)= 2.999 


1 
W= 1509 +4 +4 *22,)2- 0.0007 
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е 
Непс х-Х8х-32 
y-X6y-26 
z-YX8z-221 


Explanation 


step III similarly the other steps have been carried out. 


— In step I, the largest residual is 205. To reduce it, 
an increment 5х = 20 and the resulting residuals are shown in step Пой 
= 194 is the largest and we give an increment бу = 19 to get the regi 


хэс 
mM 
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(PE TI 
ORDINARY DIFFERENTIAL EQUATIONS — TAYLOR'S SERIES, 
EULER AND MODIFIED EULER’S METHODS, RUNGE-KUTTA 
METHOD OF FOURTH ORDER FOR SOLVING FIRST AND 
SECOND ORDER EQUATIONS, MILNE'S AND ADAM'S 
PREDICTOR-CORRECTOR METHODS 


Solution of Ordinary Differential Equation — The important methods 


of solving ordinary differential equations of first order, numerically are as 
follows — 


(i) Picard’s method 

(1) Taylor's series method 

(iii) Euler's niethod 

(iv) Modified Euler's method 

(v) Runge-Kutta method. 
In case of ordinary differential equations of first order, one arbitrary 
constant quantity comes in the solution and this will be determined by the 
Conditions given to us. 
0) Picard's Method — Consider the following differential equation 

хой Р 240 
x 


iid condition is that y — Yo at X = ҳу 
ntegrating the above equation between the limits хо and x, we get 


y x х 
№ fay $ [еу or у= yo + [еу (i) 

yo хо хо а 
t approximation y; to the solution , we put y = Yo in f(x, y) an 
equation (ii) giving, 


As firs 
Integrate. 


x 
Yi = Yo + [fes yo) dx 


хо 
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For second approximation yz, we put y — y, in f(x, y) and ета Differentiating equation (iv) successively, we get 


(ii), we have x y" = Et, Bh бу), say 
Уз = Yo + еу) dba 
хо a = 962 08 дв, yy’ y") 
ин ч хыг, 306. yy"), say 


Similarly, the third approximation is, 
Proceeding in this way, we have 


x 
= 1 4 
Уз = У + је y2)dx "e Og. 1 p 8n- y S84 у"+....„-©®п-1_ (пау 
хо y х ду dy " "yea 


= в. OG у, у, ....‚ у OD), (say) 
X = хо, у = Yo in the above result, we get 


" (n) 


ча Yo» Уд, Yos ...., yf 
Practically this method is not of much importance because of its need of 
artial derivatives. It also suffers from the serious disadvantages that h should 


х 
; Рийїпр, 
n'approximation — y,— yg + In Yn-1) dx 8 
хо 
Hence, this method gives a sequence of approximations У У» s), 
giving a better result than the preceding one. 


Уз] and y, are sensible the same L8. 
accuracy. 


| | | | . i 7 Let the differential equation be 
Picard’s method is of considerable theoretical value in genera 


unsatisfactory as a practical mean of approximation because of diffi pa ду = (х,у), у(х) =ує 440) 
Which aries in performing the necessary integration. 4 , dx ` А 
Integrating equation (i), we Bet a relation between y and x which can be 


(ii) Taylor's Series Method — We consider the differential а ritten in the form 


(0) 


dy 
VT дэ, Y) - y, 


1 
Let, У = F(x) be a solution of equation (i) such that Ехо) * 
Then expanding it by Taylor’s series about the point xp, we gt 


3 2 
Муу, ахуа, 


Putti =x = i ion 
™ XK =x, Хо + В іп equation (ii), we get АУ = Axtang 


= Ax[ ЧУ 
3) а Ах. (хо, ys) 


" а (sy gives a 
05 70». are known, then equation (ii) BY" og 


Series fi А у, = + 
Or Уу, The Coefficients у, Yl. ... can be found from ed? 1 5 Yo + Ах (х, уу) 


Уу” уул h хо, Yo) 
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i =) = h 
Thi: i imate value of y for x Xj 7 X94 
his y; 18 the approx 


Let ‘h’ be the interval between equidistant values of x. Then the first 


Similarly, the values of y шешш. "эгч increment in y is computed from the M 
3 =x, + h, etc. k 
xcu rh yr = В f(x Yo), kz =hff xp +} y, Ч 
2 yg EO, 0) Кү- h 0, уу, k2 Хо +—»Уо 5 
ХЭ h f (x5, ул) etc. k 
Уус Уул ола _ B saniem 
In general, Yau Yat bfx, у,), 1= 0,1, 2, 2 к= xot 2730175 


Taking h small enough and corresponding in this Way we соц 

i f equation (i) as a set of corresponding values Of xal | 

the integral of eq | | и РГ 4 
(iv) Modified Euler's Method — In each step of this пеший — = 1 +2k, 3 tk, 

first compute the auxiliary value 


k4 =hf (xo +h, yo +k3) 


Then, x; =Xg+h and У =Yotk 
Улы = Yn +h ИХ, Yn) 1 1n a similar manner, the increment in y for the second interval is computed 
and then the new value by means of the formulae. 


h ok 
Kk, =h f(x, ур), k2 = nef uA 4A 


h * 
Ynti = Уз + alfa Yn)+ Ёбам 2 улы] 5 


In fact, we approximate the Y 
solution y by the straight line through 
(хь Yn) with slope (хь Yn) in the 


ks 6 “Бэ +0), К,- (x, +В, yj +Кз) 


к=к, +2К› 2k +k4) 


¥2=y, + k 
and similar for the next intervals. 


Predictor Corrector Methods — In this method, to solve а differential 
equation over a single interval (x; x1), we require, information only at the 
beginning of the interval at x — Xi. Predictor-corrector methods require 
function values at: Xi Хүү, X; 5... for finding the function value at х, A 
[Predictor formula is applied to predict the value of y at x,,, and the corrector 


formula is applied to improve the value of Унд, We now explain two such 
ethods — 


interval | Xn» Хо + апа Шеп ме Slope f(xy, y) 


continue along the Straight line with | slope (xg; yo) 


slope Хы, Ул) ШИШ х reaches 
Хы. (In the fig. 32, п = 0). 


The modified method is a 
predictor method, because in each 
Step we first predict a value by 


equation (i) and then Correct it by 
equation (ії), - На 


(0 Milne's Predictor-Corrector Method — Let us consider the first 
differential equation 


9 Фу 5 ~O 
0) Runge-Kutta Method (Fourth Order) — t is one of the ШЕ dx = № у) у Я 


ах 
d does not involve the derivatives of fs » pend y = Yo When x = x, for finding an approximate value of y for x = x, + nh 
a methods. But the most widely E РУ Milne’s method, We proceed as follows — 3h) b: 
Order and so this method is generally "E. Асу = Yo) so y, = y(x, + В), y, = у(х + 28) and у; = У(ко + 3h) by 
“| 95 or Taylors series method. 
Now we calculate, 
s , fo= Код, Yo), f, = (ху + В, у), 
ЗУ х,у) d / | ite ah, уу) and f, = {ху + ЗВ, y) 


У(хо). = У 


is Runge-Kutta of fourth 
Runge-Kutta method. 


We consider the differential equation, 


With the initia] condition 
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For finding the value of y4 = 


forward interpolation formula. n(n - D) „2 fo + 
fx, y) = fo + nAfo + 2 


Митепса! Methods - 3 
y(x,+ 4h), we now Substitute yy 1 


Now we find the value of 


n(n - D(n-2) ie Y-1 5Y o- h, У), уз =у (xo — 2h, y) and 
6 


Уз =Y (хо -3h, уз) by Taylor's se 
Runge-Kutta method. 


Next we find 


f 


ries or Euler's те thoda 
xo *4h itn.) dy 
intherelation у= Yor [. 


zi Г = К — hy, у), £5 = fx. - 
Sauk pem fy + nAfg + Bin B S -1 = хо = hy y 3) Р, f(x, ~ 2h, уу) 
or У4 = YO Xo 2 and ғ з= ху — 3h, y. 3) 
[put x = хо + nh, then dx We know that Newton’s backward difference interpolation formula is 
4 п(п-1) 2 
= Yor Ч, (r nd NEA f(x,y) = fo t nVfg + met Dye E CELO "M 
20 8,3 : 
= yo хц уа зад CRAS +34 fo... | W i) 
a d diff T. Mai = and {= ку, y) 
i first, second and third differences in tem mE 1 | | 
fui DE ben fourth and higher order derivatives, we Now, if this formula is Substitute in the following equation 
ni 
Я хү 
у, = yo+ 4h (эд, = f2 +2f3) which is called a predi У! = yo Ч, f(x, y)dx E 
3 | We obtai 
Having found y, we find a first approximation f, = f(x, + 4h, y) е obtain 


Х| 
By Simpson's rule, we find the better value of y, аз У, = Yo wr [s * nVfo £D D дон 
0 


[put x = x, + nh, then dx = h dn] 


1 
= Уо + |f пу + CHD 226, | 
0 2 0 


Y47 y2 +106 +463 + f4) , which is called a соте d 
цэ? 
Now an improved value of y4 is computed and again-app 


i : i ated 
corrector to find a still better value of y,. This procedure is repe 
remains unchanged. 


we 
Once y, and f4 is found to desired degree of accuracy, 
У; = y(X, + 5h) by use of predictor as 


_ 15, 592,353, 251 4 | 
= Yothl+-v+—2y2,3y7 ——V" +t... ft 
ш | 2 712 18° #720 ? 


4h 
Уул урж les Mha 214) 


: : mation 10 
+ 5h, ys) is calculated. Then a better арргохїтай0 
У use of corrector as 


Expressing fi 
et 


S, we get ^.» Second and fourth differences in terms of the function 
! 


and f, = f(x, h 
У; is found b У! = yg +54 (65% —59 1 +372 —9f 4) 


This į 
= ys +в +44 +65) his is called Adams-p, 


"T ashforth predictor formula. 
We continue this procedure till у; becomes stationary а 1 mark — 
Proceed to calculate Ус as before. Е im h 
" In this method for greater accuracy of result, we must first! = У! = yor sa 98 +198 — 5f. (482) 
Curacy of the Starting value and after sub-divide the interva" Adams-Moutton Corrector formula 
@) Айат Predictor-corrector Method — Here | 


[Fi = fx + h, ууу] 
Given, 


ду 
de^ f(x, y) and Yo = y (xy) 


ics - Ill 
Mathematics -! 
d ite the working rule of Runge-Kutta шэн OF fourth 
gi Wm ical solution of differential equation. ан Tune y 
for the numer: Or 


nge-Kutta method. (R.GPY, Des y 


i Ви 
Write the steps of ] 
Ans. Refer to the matter given on page 126. 


NUMERICAL PROBLEMS 


То If > = f(x, y) with initial condition у = y, at x =x, 

write first two approximations using Picard's method. (R. GP.V., Dec, 
501, Refer Picard's method, given on page 123. 

Prob.2. Use Picard's method to approximate the value of y, wha 


0.1, 0.2 and 0.3, given that y = 1 at x = 0 and 2 = 1 + xy, correctio 
decimal places. 
Sol. Let f(x, у) = 1 + xy, ху = 0, yo = 1. 
Now, first approximation, 
угт yo+ | буудах 
х х2 
= 1+] (+ x)dx =1+х+-—- 


Second approximation, 


х 
Уут Yor], Fx yiddx 


2 
= а) 


У 


Prob.3. Using Picard’s metho 
[В.СРИ, May 2019 (with У) = 1. 


Sol. Refer to Prob.2. 


Sol, Let f(x, y- 
ow, fi 


ECO) А 
nd PProximation 
5 


Numerical M. 
When x — 0.2, we get Ем 


- (0.2)? 
У! = 140.2402)" _ 1.22 
2 
2 
У2 = 1+0.2 SES" | (027 (0.2)* 9 
2 3 * > = 1.2229 
Hence y = 1.2229 at x = 0.2 à 
When x = 0.3, we get Аш 
Р (0.3)? 
уул 1403 lie, = 1.345 
2 
У, = 1-03 + OD" озу (0.3) 7 
2 =~ S135 
Hence y = 1.355 atx = 0.3 3 т 


Ans. 

d to obtain yjforx- 7 = 
x-01i, = 1x, 
(Е.СРИ, June 2015) 


Jind ап approximate value of y when 
Sx-y andy =7 = 

: » af x = 0, (R. GP, Dec, 2012) 
RP x 

rst approximation, 


х 
=Yo+ Јеоуоах 
хо 


= 0, у = 1. 


х 
2 
о Е 
? 2 


х 
4 Уз = у х 2 
TEE: 2,X 0+ J Их, у, )ах = x? 
ip(e 232 1 1) 1+fx- 175+ | di 
x 0 
c 4 - 
=. — х ЧЕНЕ 
2 3 8 0 dx 
When x = 0.1, we get 5 4 
E 243 4 5 
2 X+ X х 
vis teo CD = 1105 When x = Beg a 
› We 
4 whi ме get ^ 
¥o= 1+ 01+ OD? , (0? ont ue "сн, de 0-9050, y, = 0.9144 
Hence y = 1.1053 "— 2 3 8 0.9144 


Ans. 
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Picard's m 

Prob.5. Use н p Ч 
= 1, when x =0 and e у+х " 
nethod find y for х = 0.1. Given that 


y 


ing Picard's m 5 
Using dy 2 2 ‚ у(0)=1. 
ах у+х 


(В.СРИ, Noy, 1 


y = 0. у =1 
Sol. Let f(x, y) = у+х” хо > Yo 
Now first approximation, 


x 
yi? Yo ha f(x, yo)dx 


х( 1-х 
= — |dx 
= М) 


= 1+[2108(1+х)-х =1-х+ 208+ 


Second approximation, 


x 
уз = Yo * ДЬ f(x, уу)дх 


А Перан и 


0 [1-х + 2108(1+х)]+х 
‚ file Blast e) 2х 4, 
9 1+2108(1+х) 


X 2x dx 
E –  — —— 
ЫГ [ саа 


1+ х хх 
= x E ——— — — 4 
9 1--21og(1-- x) 
tet - 
=1+х-2® © Dat рее! 
0 1421 
2t t e! 
=1+х—2[-©_ аео 


Which is not easily integrable. 
Therefore, We can 
Hence at x = 0.1, 


У-1- 0.1+2 log (1 + 0.1) 
= 0.9 + 2 102(1.1) = 1.09062 


етой to approximate y when x = 0.1 руу, 


(®СРИ, Dec y 


ч 
ч 


12 
get the value of y only by first appro* 
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Prob.6. Perform two iterations of Pica 


rd's method 10 find 
approximate solution of the initial value proble ны. 


2 
F 2, = 
ax Y VO =1, (К.СРИ, June 2008, Dec, 2011) 


dy 5 
——=х+ 
Sol. Неге ах x+y 40) 
У(0) = 1 


Integrating equation (i), with respect to x, b 


etween 0 and X, we have 
у, ug 2 
Тө» [+ )4х 


E 4 
y= f (аа 


2 з а 5 
ы 3х 
Y= ler Æ ,2X х x 


jc. Ans. 
2 3 4 20 


Prop, 7, Usi, 
. ^. Usi, P г) 5 5 р 
ng Picard’ Process of successive approximation, obtain a 


T 
“оп upto the fifth q 


| dy 
| ‘Pproximation of the equation Sly +X, such 
I»; Т 4 pa 
TL wh РЗ 
Ч. Weg A (Е.СРИ, June 2012, Dec. 2016) 
| СОЗГО, We are given that 
dy 


3528) 
ow, р. У+х f(x, у) 


i © х +y, ху = 0,уу=1 
тар @PProximation, 


х f X 
" Gs yo) ак =1+ [| (x+yo) dx 


zs х 2 
1+ ек 
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МИР Numeri. 
Second approximation, . Prob.8. Find by Taylor 3 series method the 7} са! Methods - 3 135 
T [ f(x, y) dx decimal places дыг the differentia] equation а ие у(0.1) Correct to three 
Yo хо & ки, 
ах У VO=I 


(®. СРР, June 2014) 


2 X| х 
х m 
- „еке | "8 в. 


А dy 
Sol. G: — = 
ol. Given that ix хуу 


3 as 2 Е Also y 
[Een cU TUE +x+l X970, у= 1 (i) 
6 0 Уд-0-1--1 


Third approximation, Differentiating equation (i) Successively, we get 
Д el 


x 
ys= yor] 10-2) dx 


х 


3 
= 1+, ЕБЕ EE 


а 3 
x (xà х үх үүн 
- «f [Hee saeco = 343 127 


та | 
Г ж. Ae. И 
Г В =1 
У ху + xy! + x2yn 
= 2y + 4ху + x2y _ уп 
Y  22*1*040. 12] 
УУ = 2y + 4у 
У + 4у + 4ху" + 2xy! + удун _ íi 
= бу' + бху" + х2у" _ у" У 


уд =6 XC Dye pue 
N Cue ess у 
OW by the Taylor's Series, sys have and so on 


= у" 


Fourth approximation, : 
х 3 
у4= yor f(x, y3) dx 

хо 


YO) = уо + (х хо)ув + (x хо)? н. (Х-хо}3 
„Ко ат, ltr e yp SERT ues 
=1+f X+——+— +x +х+1 |х | 3 2 
| км На E хб, 
EGLI at aptae 
1020 12 3 У(х) = 1-x4X 4 X “Teg 


2! 3! 4! 


Hence 
У(0.1) 21.91, (D? (013 7 
Е а дог -— (014+... 


Fifth approximation, 


= x 
У5= yo +], f(x, уд) dx 
0 


" 3! 4! 
р 31-04 : 
4 2 3 b -1 + 0.005 + 0.000 - 
- 1+ | = a Oy? m Prop, о MS Ж uide" 
0 120 12 3 f Solve the given 7 2 
€quation for ya. 1) using Taylor series method — 


55. 3 
- хх x X 2 dx mE, : 
1+ — ss 2 +1 -2 х 

1 (5 Бозо pex | ах У *3e*, ус) = 0, 


‘ol, Given that dy (К.СР.И, Nov. 2018) 


H=145-4% QX ү,Х ру? = 
720 * 60 + 12 + 3 +х dx 2y + 3eX 
6.28 4 3 Улс 
ог 23 х У + Зех 
УХ QX yy axel e i) 


720 60 12 
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1 уб(х) = - 4у"- 2ху" —2у" = бу"_ 2ху", уу Eö 
У) = - бу" — 2xyiv — 2у"--8у".. 2xyiv, 


=0 
Also x 70. Yo 
yl? 732  andsoon 


р 5338072090 3.1 =3 
а i ively, we ge 
| iating equation (i) successively; : 
Differentiating pee ail 
= 


к х 
у" = 2у +3е^, У Непсе 


3 $. 
у(х) =0+х.1+0+ BO +0+® an... 


0 = 
ep =2х9+3х1=21 

y" = 2у"+3е*, yo = 25 *3e 253 4 
114 3e? =2х21+3х1=45 Bh E» 3 Ans. 


iv = 2y" 3e", y0 =2У0 
PF Find by Taylor's series method, the values оу atx — 0.1 and x — 62 


and so on. 
9 а 
five places of decimal from 99.2). 1 (0) — 1. СРИ, Dec. 2013) 


Now by the Taylor's series, we have | | 
о x-Xg)' 4 , (х-х0) и 
(х-хо ! 

У + 3 230 «d 


Й 
= уо +(х- хо)у0 + а 
уб) = Yo Sol. Given that Es - xy -1 


г y'= xly-1 440) 
Also, Ху--0, y = 1 


2 х? xt 45)+..... 
ог у(х) = о+х@)+^-@+--@0)+ 4! м 


21 3 45 4 A. 23 
г убд= 3x42? + Ua? iio Di iati Ч {а өз, 
о! 2 3! Differentiating equation (i) Successively, we get 


У"= 2ху + x2y' уу-0 
у" = 2у + 2ху + 2ху + ху" = 2y + 4ху + xly" 


Sani 
Эу уу? ay (1.1) +... 
Hence y (1.1) = 301.1) + 2009 + a ) л! 


dus 
-33 + 5445 + 4.6585 + 2.7451875 Y = 2х1+0=2 
yv 2у' + 4y' + 4xy" + 2xy" + х2у" 


= 16.1487 (арргох.) = 
= бу + бху" + x2yi" 


iy = 6 *—1+0=~6 and so on 


= дог? 
Prob.10. Solve Сав 1-2ху given that y(0) = 0, by Tay 
dx Now by the Taylor's series, we have 


(R. GPK, Ли 


3 
4 &=%o) Vol" toe 


Or 
3 79 


j = ,  &-x0)? s, 

А 1 dy _ 1-2ху given thd у(х) «yg + (x — xo)yt шингээ 
Using Taylor's series method, solve — y, M : 2 А 
(В.СЕ№ l у(х) = енн 2e (- $4... 


4 


Sol. Given differential equation is 3 
yx) = Tax X XY gu 
d \ 


У 
Z -1-2y 
dx =0. 5 Ё 
” y'=1- 2xy and xo = 0, o 7^ 04)» 1-(олу„ CD (00. 
We have by Taylor series ( хо) 872 : s 
х- yor 71 — 0.1 + 0.000333 — 0.000025 +... 
хо) 
YO) = уо + (x х) Yo + 772 = 0.90031 Ans. 
Now Уф) -1-2ху y, = 1 - 2x59 =! E У(0.2) = 1-02), C2 _ (02) dcn 
| ЧЭ 
УФ = -2у-Оху, у, =—2Уо — Ixy? = 1 ~ 0.2 + 0.002667 - 0.0004 +... 
У" (у= ~2y'— any Oy = 4y = 0.80227 on 
Yo “-4ур-2хуур =-4 я 


ematics = Ш 
ды Euler 's method, compute y(0.04) for the 


Prob.12. Using 


dy = І. Take h = 
equation dx =» »(0) Е 
0=:0:у0= 1 and h = 0.01. 


=-у,х 
Sol. Here, f(x. У) 0 n= 0 +0.01 = 0.01 


x; = X0 
m х=х В = 0.01 + 0.01 = 0.02 
x,7x,*h- 0.02 + 0.01 = 0.03 
а x4= ху + h = 0.03 + 0.01 = 0.04 
аш 


Using Euler's formula, we get 
у= уо + hf(xo. Yo) 
= yo + 1( yo) 
= 1 + 0.01(-1) 
= ] — 0.01 = 0.99 
уз = yy + bfx, у) 
=y; +hC yy) 
= 0.99 + 0.01(- 0.99) 
= 0.99 — 0.0099 
= 0.9801 
уз = Yo + Вх», уз) 
= уз + В(- y2) 
= 0.9801 + 0.01(- 0.9801) 
= 0.9703 
У4 = уз + hf, уз) 
= Уз + hC уз) 
= 0.9703 + 0.01(— 0.9703) 
= 0.9606 
У(0.04) = 0.9606 


Prob.13. Use Euler's method to find y(0.2) from the differ 


Hence 


d ^n 
AE 0) = 1 take h = 01. @.6РЁ, 
Sol Here — f(x, у) = ху, Xo = 0, yo = 1 and В = 0.1. 
"dl кут Xo +h=0+401=0.1 
and 


| Х=ж+Ь= 0.1 +0.1 = 0.2 
Using Euler's formula, we get 
У! = Yo + hf(xo, yo) 

= Yo + (хо yo) 


0.01. [R. GP.V., May 2019 (li 
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=1+0.1 (0х 1) 

=1+0=1 

= y, + hf(x,, yj) 

= у + (хуу) 

=1+0.1 (0.1 x1) 

= 1.01 

y(0.2) = 1.01 


Hence Аж: 


Prob.14. Find y(2.2) using Euler 8 method for the equation LÀ = -ху? 
. dx 
with y(2) = 1. (GP, June 2011, 2016) 
Sol. Here f(x, y) = — xy’, X972, у = 1. 
Taking В = 0.1 
Also x; =x +h=2+ 0.1 =2.1 
xX, =х, +В = 2.1 + 0.1 = 2.2 
Using Euler's formula, we get 
У В + hf (х0, Yo) 
= Yo +h(—xgy@) 
= 1+0.1(-2 х 12) 
=1+0.1 (-2) =1- 0.2 =0.8 
У2 = у, + hf (x, , у) 
= yı + h(-xyy7) 
= 0.8 + 0.1 (C 2.1 x 0.82) 
= 0.8 + 0.1 (— 1.344) 


= 0.8 — 0.1344 = 0.6656 
2) = 0.6656 


nd 


Hence y Q. 


Ans. 
Prob.I5, Usi, В 
When х. Using modified Euler’s method, find an approximate value of 
* 7 0.3, given that 


i rid 
dy = dx C 
ye X51, when x = 0, 
[R.GRY, Nov/Dec. 2007, June 2010, May 2019 (TV-Sem)] 


Usin, ^ Or 
: ation © modified Euler’s method, find the value of y(0.3) from the 


—— 


dx (Е СРИ, June 2014) 


*t» у(0)=1 


Sol, Taki, 
aki > 
ng h = 0.1, the various calculations are arranged as follows — 
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Old y + 0.1 (Mean Slop) 
1.00 + 0.1(1.00) = 110 


1.00 + 0.1(1.1) = 111 


Mean Slop 


xt yay! 
0-1 | 
(141 12 0 12) 


! 1.00 + 0.1(1.105) = 1.1105 
—(1+1.21 
01+111 2) ) 
1.00 + 0.1(1.1052) = 1.1105 
11105 + 0.1(1.2105) = 12316 


1.1105 + 0.1(1.3210) = 12426 


01+ 1.1105 
12105 
0.2 + 1.2316 


11412105) 
2 


0.2 502105 14316) 


02 + 12426 11105 + 0.1(1.3266) = 12432 


302108 + 14426) 
1.1105 + 0.1(1.3268) = 12432 
12432 + 0.014432) = 13875 


12432 + 0.1.5654) = 13997 


02 + 12432 
14432 
03--13875 


2.012105 +14432) 


544432 +16875) 


12432 + 0.11.5715) = 14003 


0.3 + 13997 304432 + 1.6997) 


12432 + 0.1(1.5718) = 14004 


0.3 + 14003 204432 + 1.7003) 


0.3 + 14004 214432 + 1.7004) 


12432 + 0.1(1.5718) = 14004 
= 


Hence, y(0.3) = 1.4004 approximately. 


dy 
Prob.16. Given P =1+ z, y=2 atx= I. Find арргохїта 


Euler s mi 


y at x = 1.4 by taking step size h = 0.2, apply modift А ЕРУ, 
» 


Sol. Here f(x, у) = 1 + Ү, = Е. h=02 
| (s y) 7 1 c xy = l, yo =2 and 

Since xp + 1 = Xp +h = ху = 1.2, x = 14. 

Euler's modified formula is 


= һ А 241] 
Уп-+1 = Yn +210, Уһ) + Ё Хан» Ynt 


* 
where Уп ЗУд *hf(x, Yn) 


From equation (1), for n = 0, we have 


Yi = Yo + hf(xo, yo) 


= 


Numerical Methods . 3 
- 2+2) +2 
=2+02х3=26 


апа = Yor бо, Yo) + fes. уп) 


6082) 


=2 + 0.1(3 + 3.167) = 2.616 
From equation (i), for n = 1, we have id 
уз = yi + hfxy, уу) 
= 26167 + 0.2 128167 

12 


= 2.6167 + 0.6361 = 3.2528 


У = у pem 2 худ + 6,5} ] 
2.6167 


0.2 
= 2.6167 + 1+ 
2 | 12 Jee 


5 = 2.6167 + 0.6504 = 3.2671 
епсе у(1.4) = 3.2671 approximately 


3.2528 
14 


Ans. 


Prob.17. 2 

Given that = logi% + y), у(0) = 1, find y(0.2) using 
es т ho T [В.СВИ, May 2019 (1II-Sem)] 

емна, У) = logio(x + у), хо = 0, yo = 1. 

Since x 


n+] 


=X, thes: x, = 
Euler’s mo Цэн 


= 0.1, x; = 0.2. 
dified Mon is 


Унч GG yn) хал гал 


Yn t hf(x,,y,) 

), for n = 0, we have 
Yo t hf(xo, yo) 

в: + (0.1) 10200 + 1) =1 


Where yi nU 
n+l 
From Бос, 0 


УГ = 


= h 
Yi7 Уо 2 хо,уо) +f y] 


= 0.1 
7 1+ [logi (0+1) + logy (0.1+1)] = 1.0021 
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From equation (i), 
65^» + (рур) 
= 1.0021 + (0.1) 


h f(x5,y5) 
-— y &5 ИУ) (x2 


Numerical Methods -3 1: 
for n = 1, we have ШР f * : M 
and = У2 +2] (x2.y2) + (хз,у3)] 


1 + 1.0021)] = 1.006 02 
[logy o(O.1 » 5 = 14627 + -[(1.4627 - 016) + (17232 - 036)| 


ie, У(0.6) = 1.7293 ё 
Prob.19. Apply Runge-Kutta method to find ап approximate value of y 


= 1.7293 


and 
100214 S logo (0.1. 1.0021) +10810(0.2+1.008] 
Er 2 


: Фу 
= 1.0083 when x — 0.2 given that хх + y and y —1 when x = 0, 


Hence y(0.2) = 1.0083 approximately 


(.СРР, June 201 0, Dec. 2013) 
Prob.18. Use Euler's modified form to obtain у(0.2), Y(0.4) andy 


Sol. We have f(x, y) =x + y, 
Xo = 0, Yo = 1 and h = 0.2 
Then Ку = h хо, yo) 
= 0.2(xo + yo) = 0.2(0 + 1) = 02 


Мы ais +3 +i) - 02 02 
0 3°70 2 0.21 0+ 2 а 


= 0.2(1.2) = 0.24 


dy 0x а 
correct to three decimal places, given that dx y—-X' with initial conii 
(0) -1 (R.GP.V., June 2) 
y! ww qp. 
Sol. Here f(x, y) = y — х2, ху = 0, yo = 1 and h = 0.2 and ху= 0,41 
х= 04, x, = 0.6. 
By Euler's modified formula 
k 


д 


h * 
Улы = Yn fex? * х,у] 


where Ука =Yn + (х,у) 
From equation (i), for n = 0, we have 


Vi =Yo + 02(ур-хд) = 1 020-0) 712 


гс h 
and Уг” yg +5 богуо) * fyd] 


= h k 
= | х +z уон - вз[о+ 2 1, 26) 
2 2 2 


=0.2(0.1 + 1 +0.12) = 0.2(1.22) = 0.244 
k4 =h f(xo + h, yo + ky) 
0.2(0+ 0.2 +1 + 0.244) = 0.2(1.444) = 0.289 


1 
ri + 2k; + 2k, + ky) 


И 


Непсе k= 


1 
= в (0.2 + (2 x 0.24) + (2 x 0244) + 0.289} 
1 


3 6 {0-2 + 0.48 + 0.488 + 0.289} = L {1.457} = 0.243 
mally y(0.2) = 6 


2 
- С -0)+(1.2- 0.04) | 21216 
5 У(0.2)= 1.216 
From equation (i), forn = 1, we have 


ie. 


"a У = yo +k 
Y2 = Уул М(х,у) ” =1+0.243 = 1.243 As 
= 1216+02(1.216- 0.04) = 1.4512 705.20, Use R | 
sind Ч h 1 | ипве-Кина method of fourth order to solve — "a 
» = уу + 01004032) arn 
=] 0.2 ре mo Initiany х= dx VM 
ds = 1216 +[(1.216 —0.04) + (1.4512 -019]- ^ | ^J 72 (take h = 0.1) (В.СИ, June 2017) 


ч У(0.4) = 1.4627 
Tom equation (i 
: quation (i), for n = 2, we have 


Sing Runge. Kutt Or 
2 method Of fourth order solve the differential equation 
typ 
Уз=у> + их уу 


Given " dx X forx = 1.2 
= 1 агу(1) = 
4627 -02014627--046)- 1.7232 (D 7 2 (take h = 0.1) (К.СРИ, Nov. 2018) 
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5 = ху h k 
L Given f(x, У) 2 = ( +5, +41) 
a а= 1, уул 2 B= 01 сайн эг 
к, = hf(xo Yo) 01 02443 
Now = 0.1) KL 2) = (01) Ley 2221424 22986 
-02 E 
= (00) ^ P = (0.1) f (1.15, 2.3436) = (0.1) (1.15 x 2.3436) = 0.269 
n al h k 
k,= wx +770 2 ) k; = hia 62s +2) 
02 
Е от 5 2+? 2 enu 222140 « 02951) 
= (0.1) f (1.05, 2.1) = (0.1) f(1.15, 2.3562) = 0.1 (1.15 x 2.3562) = 0.27096 
= 0.1 (1.05 x 2.1) k,=h f(x, + h, yj + К) i 
= 0.1 (2.205) = (0.1) 1.1 + 0.1, 2.22142 + 0.27096) 
= 0.2205 = (0.1) f(1.2, 2.49238) 
h ks = 0.1 (1.2 х 2.49238) = 0.2991 
к= hio oro 2 1 
2 Thus k= —(k; +205 -2ks +k4) 
01, 02205 6 
-1(01) 1---2- 1 a 
2 | = <(0.24436+2 x 0.26951 +2 x 0.27096 + 02991) = 0.27073 
= (0.1) f (1.05, 2.11025) _ | s that, 
= 0.1 (1.05 x 2.11025) = 0.221576 E У eges +k 
k4= h f (xy + h, yọ + Ку) E = 2.22142 + 0.27073 
= (0.1) f (1 + 0.1, 2 + 0.221576) 3 = 2.49215 
= (0.1) f (1.1, 2.221576) ait Prob.21, Use Runge-Kutta method to approximate the value of y when 
= 0.1 (1.1 x 2.221576) = 0.24437 ЧЕ... dy 4 
7 "1 given that у(0) = ] es Д АРИ, Dec. 2008) 
andfinally к= ЯС 2k; 42k, ka) VO 51 and теги. R ё 
2 Use Run Е 204, 
= 1002 +2 0.2205 + 2 x 0221576 + 024437)7 Se-Kutta method to fourth order to approximate y, when x= б}, 
iv 
у (1.1) = y - yk f "= гах o and T ey (ВВК, Dec. 2016 
= Sol, 
2 + 0.22142 = 2.22142 Here xy = 0, y, = = 
Next Step — hag ы a I and (хо, yo) = 1. 
X= +В =1+0.1 = 1.1 kı = hf(xy, yg = 0.1 x 1 = 0.1 
Уус 2.22142, h = 01 ord 


Now 
s К, = hf (x, yp 
= (0.1) £ (1.1, 222142) 
= (0.1) (1.1 x 2. 22142) — 0.24436 


1 
К = hi{ no +3 h, 222) 


= (0.1) 0 + 0.05, 1 + 0.05) = (0.1) (0.05, 1.05) 
= (0.1) [3(0.05) + (1.05)2] = 0.125 


hematics - III | 
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= hfl „© Pm 1 
k3 = hf| хо 2 Уо 2 k= 5 + 2% + 2k; + k4) 


Thus 
1 21 
= (00 fos шан 5125] S g 025 +2 * 0.278125 + 2 028168 + 03222) 
— (0.1) f(0.05, 1.0625) = 0.28197 
= +k 
= (0.1) [3(0.05) + (1.0625)2] = 0,127 2 У! = Yo 
Кд = hf(xo + В, yo + ks) ог y(0.2) = 0.5 + 0.28197 = 0.78197 
= (0.1) (0 + 0.1, 1 + 0.1279) To find y(0.4) Р 
= (0.1) #041, 1.1279) Неге, x, = 02, y, = 0.78197, в = 0.2 
Ту 1300.1) 4 К! = hix, у) 
= (0.1) [3(0.1) + (1.12792] = 0.1572 Аво 1 r У 
oe M = (0.2) f(0.2, 0.78197) 
= 501 +25 + 2k; + ky) = (0.2) П + (0.781970 = 0.32229 
: = LE 
= 10.1 + 2(0.125) + 200.1279) + 0451 к his У ) 
1 = (0.2) (0.3, 0.943115) 
к уна = (0.2) [1 + (0.943115)2] = 0.37789 
Hence ће value of y at x = 0.1 
y-yo*tk k; = 1523 
яасныг к: = (0.2) 40.3, 0.970915) 
“ДЕ | 5 
Prob.22, Use Runge-Kutta method to solve the equation dx E = (0.2) [1 + (0.970915)?] = 0.388535 
х-=0.2 and x = 0.4 with h = 0.2, given that y(0) = 0.5. (R.GBY, 206 k4 = his + h, у + ks) 
Sol. Given, = (0.2) £(0.4, 1.170505) 
f(x, у) = : + Y) хо = 0, уд = 0.5 and h = 0.2. = (0.2) [1 + (1.170505)?] = 0.474016 
NOW = hf(xo, yo) Thus 1 
= (0.2) £(0, 0.5) = (0.2) [1 + (0.5) = = 045 k= & (kı +26 + 2%; + ky) 
23 X. ч 2 at AJ - 10322942 x 0.37789 +2 x 0.388535 + 0.474016) 
2417 
= (0.2) (0.1, 0.625) = (0.2) 11 + (0.62517 Fg, = 0.38819 
Yap Tk 
к= h h k2 г 1 
| i» ot 2 У(0.4) = 0.78197 + 0.38819 = 1.17016 Ans. 


= (0.2) 0.1, о. 63906) Prop 55. Apply ев method to find an approximate value of y 

= (0.2) [1 + (0.63906)?] = 0.28168 LONE 
К, = ий, hf(x, + h, Yo + k3) 

= (0.2) 0.2, 0.78168) 

= (0.2) [1 + (0.78168)2] = 0.3222 


Бы Steps of 0.1 à y = =x +y’, given that y = 1 when x = 0. 
P GEV, Feb. 2010, June 2011, Dec. 2012) 
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Jy Runge-Kutta method (Fourth order) to find an рргохцнд 
y 


4| 
given that - =х +y and у = 1 when х= à 
(В.СВИ, Dec. 2010, Jing) 


Sol. We have f(x. уу=х+у?, ху = 0, Yo = 1 and h = 011. 
=h ху Yo) = (0.1) КО, 1) = (0.1) [0 + (12 = 


h ky 
к= м| х +3770 +41). (0.1) £(0.05, 1.05) 
= (0.1)[0.05) + (1.05)^] = 0.11525 
k, 
k3 n Нэг не). = (0.1) 80.05, 1.057625) 


= (0.1)[(0.05) + (1.057625)?] = 0.11686 


k4 = М(хо +h,yg + Кз) = (0.1) f(0.1,1.11686) 
= (0.1) (0.1) + (1.11686)?] = 0.1347 


Арр 


of y when x = 0.2, 


Then, 


Now, 


1 
and finally eh +262 +2k3 +k4) * 


21711) Thus, 


- HON 011525 + 2 x 0.11686 + 0.1347) 
У(0.1) = у, = у,+ К = 1 + 0.1165 = 1.1165 
Next step — 
хү= җу+һ = 0.1, y, = 1.1165, = 0.1 
ky = h f(x, уу) = (0.1)(0.1, 1.1165) 
= (0.1) [(0.1) + (1.1165)?] = 0.1347 


h k 
k5 = += У! +) 


= (01)£(015,11838) = (01)[(015) + (11838) 


or 
Now 

ere, 
Also, 


jl 
2| E 08 


k3 = 20 +7, y 23 = (0.0f(0.15, 1194) 
= (0.1) (0.15) + (1.194)2] = 0.1576 
K4 = +h, yj +k3) = (01)((02, 12741) 
Ёл 1702) + (1.27412] = 0.1823 
Thus, mr e E 0.1571 
So that, у(0. 2)- уу 


and 


Thug 


> 


У + К = 1.2736 


when x = 0.1. 1) 


2 
Prob.25. Using Runge-Kutta method of fourth order. solve D = NY 
dx 


with y(0) = 1, at x = 0.2 and 0,4. 


Sol. Given Р A 
f(,3)-3— 
Miss. x 
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шиний pr Runge-Kutta method to find a approximate value of y 


=х+у2 given that y(0) = 1, (В.СРИ, June 2015) 


Sol. Refer to Prob.23. 


2 


yr tx? 
(Ё.СРИ, June 2004, 2008, 2016) 


and х= 0,уу= 1, һ=02 


ay -o 
kı =h хо Yo) = (0.2) 40, 1) = (02) —— — |= 02 
1 0» 70 032-0 
h kı 
k2 =hf| Xo 7. yo +7} = (02) (0.1, 1.1) = 0.19672 
h к 
Кз ZU * 2 illo AR) (0.2) 80.1, 1.09836) = 0.1967 
k4 = h f(xy + h, y; + Ку) = (0.2) К 0.2, 1.1967) = 0.1891 
= (kı +265 + 2k; +k4) 
i ] 
- 80242 x (0.19672) + 2 x (0.1967) + 0.1891]- 0.19599 


Уус уул К 


У(0.2) = 1 + 0.19599 = 1.19599 = 1.196. 
To find 47 3 
H 


702,y;—1.196,h = 0.2 
№ 17 b f(x, уу) = 02 402, 1.196) 


: (on| аө? ш Me 
(1196)? + (02)? 
Ч EIC + У +4). (0.2) (0.3, 1.2906) = 0.1795 


ts ont цэн ы) (0.2) К0.3, 1.2858) = 0.1793 
k4 =he (x, +h, у, +k3)= (0.2) (04, 1.3753) = 0.1688 


1 
К (ky +2, «2k, +k4) 
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= 1 [0.1891 + 2x(0.1795)+2x (0.1793) +.0.168 ET 
= 6 К 


= h ! 
and the corrector, У5 = Уз +5 (8 +414 +65) gives 


у; = 0.4555, f; = 0.7925 
Again using the corrector, ys = 0.4555 a value which is th 
Ише y(1) = 0.4555 


у= У + k 
х04)- 1.196 + 0.1793 = 1.3753 


бо, 
ог 


€ same as before 


Ans. 
Prob.27. Use Milne's predictor-corrector method to find y(0. 3) from 


: = х – y? in the range 0 < x < 1 for the boundary oy 
то (f GP, Dec ta 
hee 


Sol. Using Picard’s method, we have 4-х? + y?, y(0) = 1. Find the initial values ус 0.1), y(0.1) and y(0,2) 


у= у(0) + Г f(x, y) dx, where f(x, y) =x- y? 


To get the first approximation, we put у = 0 in f(x, y), giving 
2 
х X 
=0+| xdx=— 
уус 0 Ї 2 2 


x^. | 
To obtain the second approximation, we put y = — in f(x, у), gi 


4 2 5 

х Эр X х 

= -^ |dx = -— 
Уз р Ї =| х 2 20 


Similarly, the third approximation is 


ne fils 


. ilne's method 
Now let us determine the starting values of the Milne's шей 
equation (i), by choosing h = 0.2 
х= 0.0 


Yo = 0.0 fo 50.0 
x=02 yi = 0.02 f, = 0.1996 
x- 04 уз = 0.0795 £j = 0.3937 
х-06 уз = 0.1762 fi 0.5689 


20) 
Using ће predictor, y, = у 


0 «Ao =f +26), x= 054 
f4 — 0.7070 and the Corrector 


У4 = уз + Зєв +4f; + f4), yields 


У4 = 0.3046, 
rrector 
Which is same as in equation (ii). 
Now, using the Predictor 


f, = 0.7072 


Again using the co; уд = 0.3046, 


4 
Уул yi rios —f, +2f4) 
х= 1.0, у; = 0.4553, f; = 0.7927 


p the Taylor's series method. (В.СРИ, May/June 2006, June 2007) 
Sol. Неге (y) = 1 and у' = x? + у2 (у) = 1 
Differentiating successively and substituting, we get 
у" = 2х + 2уу, (y")o = 2 

y" = 2 + 2yy" + 2у2, "h = 8 

y" = 2yy" + 2уу" + дуу", (убу, = 28 
Putting these values in the Taylor's series — 

2 3 4 


х x i 
У@) = yo AYO 7-y"0) + -у"(0)-2 y" (9... 
en У(х) = 1+х+х2 PE Fu n 
Now, to obtain initial values, put x =— 0.1, 0.1 and 0.2 in above equation, 
we get 


YC- 0.1) = 0.909, y(0.1) = 1.1115 
У(0.2) = 1.2525 
Here f(x) = x2 
^ x=0 


and 


+ y2, choosing h = 0.1 


У =1 ®=1 
х=-0.1 уг = 0.909 Е = 0.8363 
х= 0.1 У2= 1.1115 f = 1.2454 
_*= 02 Уз = 1.2525 фб = 1.6088 
Using the Predictor, 
Ул = yo + Ber, -fz +2f3) 
Mee хэр 3 
” Ya= 14 00 [2 x 08363 — 12454 + 2 х 16088 
" Y4 = 1.4860 
and Using cor X = 0.3, y, = 1.4860, f, = 2.2982 


ector 


У4 yo E +46 + f4) 
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_ 15+ [12454 4 x 1.6088 + 22982] = 1444 
zr 3 


04 
= 00052 —"[1102214) - 03498. 2(04918)] = 0.1487, 


x 203, y = 14441, fa = En y's = 0.6487 


= 1.444, а value which is same. 


le; Ys Уб Ул, yg, Yo. 
Milne’s predictor formula for ys is 


Using the corrector Уд 
Hence y(0.3) = 1.444 


Prob.28. Apply Milne's method to find the solution of 

TOD. 29. 
Ф -x+ y given y(0) = 0 for 0.4 «x 51.0 with = 01, 
dx 


Sol. Given equation is 


Fle 
и 
х 
+ 
< 


Thus, the solution is 


ye* -| xe"dx4C = -хе*-е*+С 


y= -х-1+ Сех 


Initially, x = 0, y = 0 
From equation (i), C = 1 


Xo = 0, 0 = 0, 
Хо.1 = 0.1, | y; = 0.0052, 
Х0.2 = 0.2, у» = 0.0214, 
x03 =0.3, уз = 0.0498, 


By Milne predictor formula 


4h 
Ya Yo + (2у1 - ya +253) 


0. x 18 
= 0+ Spar 052) — (0.2214) + 2(0.3498)] = 0% 


Y47 X4 + y4 = 0.4918 


Уд is the predicted value ofy corresponding to x — 0.4 which is em 


(D = 


h 
Y4 7 Y2 +з[У? * 4y's & y'4] 


= 01 
= 002144 75 (02214 + 4(0.3498) + (04918)] 


Now, we are to find 


Yio 


= аһ, 
+ РУ, -ys +294] 


| 20: 
the values of y corresponding to X ^^^ 


which is corrected by 


hr ЭР” 
y? = уз +503 +474 + y's] 


= 0.0498 + 03498 +4(0.4918) + 0.6487] = 0.1487 


(В.СРИ, Dec, 1| Milne's predictor formula for ус is 


4h 7 Р 
ye =У2 + Руз -y'4 +255] 


=00214+ ФА (03498) — 0.4918 + 2(0.6487)] = 0.22209 
y'g 0.82209 


h ' 
гри САГ ы 2 +4у + y's] 


у. PIS eta 


0.09181-- 91404918 +4(0.6487) + (0.82209)] = 0.2221 


Milne's predictor formula for y7 is 


4h 
уо = У7= уз + 3 By. —у$ +2у%] 
= 0.1052 
» = 0.2214 = 0.0498 + 94020491 8) - 0.6487 + 2(0.82209)] = 031368 
уз = 0.3498 У? = 1.01368 
Соггесїеа уаше оЁ У7 
уд = 


h 
5 5+5 [75 eye ys] 


= 01487 + 91006487 +4(082209) + 1.01368] 0313725 
Milne’s Predictor formula for yg is 


i 


is 4h 
Yg— уд + Ру; -у; +2y'7] 


| = " 
= odii 7 0.09181 + 24200,6487) — 082209 + 2(1.01368)] = 04255 
0 р 3 
T" Y87 1.2255 
ected value of yg 
yy 


= h 
5 Y6 y[vo e ay; + y's] 
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_ 02221+.2 [082209 + 4(1.01368) +12255] = 0.4255. 
= 0. 3 


Sol. Given that 
dy |.» 
a Х (1 + y) and y(1) = 1, y(1.1) = 1233 
y(1.2) = 1.548, y(1.3) = 1.979 
Here, f(x, у) = х2 (1+ y) i) 
Now, let us determine the starting values of the Adams-Bashforth method 
with h = 0.1, are 
x = 1.0, y_3 = 1.000, f , = (1.0)? (1 + 1.000) = 2.000 
x = 1.1, yY_ = 1.233, f, = (1.1? (141233) = 2.702 
x = 1.2, y_, = 1.548, Ғ = (1.2)? (1 + 1.548) = 3.669 
cud х= 1.3, yg = 1.979, f, = (1.3)? (1 + 1.979) = 5.035 
Now using the predictor 


Milne's predictor formula for yo 18 


Alij. mdp ду! 
= [уу Tey 81 
yo =У5 + 3 [ Уб 
= 01487 +o [2(082209) – 1.01368 + 2(1.2255)] = 055 
: 3 
уо= 145957 


Corrected value of yo 


h i 
Dui —[у'- +4уз + 
yP- уг Ут? ys * yo] 


- 0313725 + [101368 +4(12255) + 145957] = 05% 
| 3 


: h 
Milne's predictor formula for уу 15 У; = yo Tha (55 –59# +37 fp -9f_3) (п) 


4hr, , " ] Putting the above values in equation (ii), we have 
= yet—[2y5 - уз *2y'9 и 
у= ye* [2У7 -Ув ] 


y, = 19794 CD 4555035) —59(3.669) 4-37(2.702) – 9(2)} 


0.1 
= 1979: ши (276.925 — 216.471+ 99.974 — 18) 


ог У; = 2.5725 
Putting x = 1.4 and y; = 2.5725 in equation (i), we have 
#=х2 (1+ y) 
= (1.4? (1 + 2.5725) = 7.0021 
Now using the corrector 


dies +02020101368) _ 12255 + 2(145957)] = 


y'1o7 1.7182 E 
Corrected value of уур 


(1) = 


ч 
Yio 1 


by, ЛЭЭ" 
Ув +2078 +479 + упо] 
= 0.7182 
= 04255+ 92255 4-4(145957) + 1.7182] = 8 


Hence, the results is as follows — 


У = Yo +2. (96 +19 —5f_ + £2) NOE 


2 у ex Putting the above values in equation (iii), we have 
iud Eros, iud у, = 1979 + UD 19(7.0021)+19(5035) 53699) + 2.702} 
05 | 01487 0.6487 17 1979-4 197002: 42905 | 
06 | 02221 0.82209 ii У, = 2.57438 
“nee y(1.4) = 2.574 Ans. 
07 | 0313725 1.01368 й 
P, : 1 р 

0.8 0.4255 12255 » 7T0b.30, Using Adams-Bashforth formula determine y(0.4) given the. 

0,5596 145957 тети equation 2 - 2 у and data — 

0.7182 17182 5 


y 
=x? (1 + y) and у) = DIC y 


51.2) = 1.548, у(1.3) = 1.979, Evaluate у(1.4) by  Adams-Bas" 


х:101 01 0.2 0.3 
У: | 1| 1.0025 | 1.0101 | 1.0228 


Prob.29. Given ©. 


E] 
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Ї 
= —ху 
Gol. Here f(x, У) 2 
: i lues of the Адашв-Вас 
ine the starting và Я, 
Now, letus determ 
with В = 0.1, are 


1 
--х0х1-0 
х=0,уз= 1.000, f3 2 


1 
"tg 0025 = 0.05012 
201, y= 10025, £, — 50110 я 


1 
2х02х10101-010101 
x-02, y, 7 10101, {= > 


1 
= — x 0.3 x 1.0228 = 0.15342 
x = 0.3, ур = 1.0228, fy 2 х03х 
Now using the predictor 
h 
= = = 371 4 —9f 4) 
Уу? +54 (55fg - 59f 1+ 2 3 


Putting the above values in equation (ii), we have 


y= 10228+ 020055015342) —59(0.10101) + 37(0.050125:41 
2 i 


Yı = 102284 © (84381 —5.95959 + 1.854625- 0) 


y; = 1.0228 + 0.018055 
= 1.040855 


Я m. 5 
Putting x = 0.4 and y, = 1.040855 in equation(i), we hav 


fi- Las 1 04x 1040855= 0.208171 
2 2 


Now using the corrector 

У = yo +2091 +19 -5£ 4 + f2) 
Putting the above values in equation(iii), we have 
уу = 1.0228 + (01) 


= 25) 
~ 10228 + CD 1873539 «2.91498 -050505 + 0.050! 
= 1.0228 + 0,0180566 


И 


Непсе У(0.4) = 1.04085 


here A, B, C, D, E, F, G are all 
lassified with respect to the sign 


его type. 


XX 
T " | У are the space 
0 уе 
24 (9 x 02081714-19 х 015342 — 5x: 0101077 


1.0408566 } 
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TAL DIFFERENTIAL EQUATIONS — FINITE Dire 
ТОМ, TWO DIMENSIONAL LAPLACE EQUATION ANGE 
POISSON EQUATION, IMPLICIT AND EXPLICIT METHODS 
FOR ONE DIMENSIONAL HEAT EQUATION (BENDER- 
SCHMIDT AND CRANK-NICOLSON METHODS), FINITE 

DIFFERENCE EXPLICIT METHOD Е 


OR WAVE EQUATION | 
Partial Differential Equations — 
A general second-order linear partial differential equation is of the type – 
eu eu Ou би д 
ЫС — -+0- pZ = : 
дк? Ы 0x8y ay! a Pay P7 G O 
hich can be written as 


Айх +Виху + Сиуу + Du, + Euy +Fu=G 


functions of x and y. This equation can be 
of the discriminant 


A, = B?—4AC 
(i) If A, < 0, at 
elliptic type, 


Gi) If A, > 0, ata 


а point in the (x, y) plane, the equation is said to be 


point in the (x, y) plane, the equation is said to be 


(iii) If a, 


= 0, at a point in the (x, y) plane, the equation is said to be 
I Parabolic type. 


We Ё . 
© Now consider the following partial differential equations. 


xx + Uyy- 0 (Laplace's equation) (ii) 


u 


i M za 7 0 (Wave equation) (iti) 


(у) 
Co-ordinates and t is the time co-ordinate. In equation 


Uy, — це 0 (Heat conduction equation) 


A=1,B=0,c=] 


$ — = ve. Hen 's equation is of elliptic type. 
In *Quation (ii) сс Laplace’s equ 


*quagi » We have A, = -+уе. Hence the equation is hyperbolic type. 
аб, We have A, =0. Hence the heat equation is parabolic type. 
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? Approximations of Partial реф, Duae: 189 
To obtain Finite-difference Wath ж Uj, j-1 Lj" "jd + O(k2) 
Y and Uyy k? -- (xii) 
To obtain finite-difference analogues of partial differentia] equation 
_ ou, ди ` 
Laplace's equation ex? ду? =0 (xii) 


u u 
Putting the values of ed and ay from equations (viii) and (xii) in equation 
(xiii), we get 
uia 298 Fist jij - 2u; j +u uq К 
һ к2 =0 
If h =k, we have 


Fig. 3.3 1 

Let the (x, y) plane be divided into a network of rectangles of: йай 

Ay =k by drawing the sets of lines x = ih (i = 0, 1, 2, ...) and у= 

...). The points of intersection of these families of lines are called mesh 
lattice points or grid points, Then we have 


He .— 
Н.Щ; + U; j+ + Uj j - 4, 


= в2[ Zu u) 1. af 
h (a2 “65 Бару "909 NC 


ду?) 6 
(58:28 ни 4 . 
ш 22 = ii olh) = 1р4 
* 0x h " 6^ apr +008) 
uro. Stead of equation Гу: | 
ganl ELi O(h) equation (xiv), one may also use the formula 
| йу зе ИГ 
- "ыгы, O(h?) This бй а-ы + Ин, j-1 + Uiga, ы + шан] (хуй) 


la у, y > 
OWN as the gigo S the functional values at the diagonal-points and hence is 


i oi ress i is 
Yi-1, j 2u; j+ *8onal-five-points Sormula. 


CF 
and и = ee az) 


» Similarly, we have the approximations 
ðu u; Гы Щщ 


9 Solve ү, 2 2 
aplace’s Е ion Ou. 07u ; А 
t uation — — -01 
ù Bounda Бий quation —-. —— = 0 in the Bounded Region R 


м, = — = j 
y ду k + O(k) Places equation eu e? T 
25 Балт ja int р Өх? 3,2 =0, сап be either replaced by standard five- 
7 x  *O LES by the diac. : 
du d : 3 the approxi diagonal five-point formula. Using diagonal five-point 
=j i, j-1 Ximate func 
i 2k + OCk?) 


tion vlaues at the interior mesh points can be easily 
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thus compute Us, U7» Ug. Ш and us in this order as fo, 


ted. We м. в. 
compu Сз Cj Cu с uf? = р Хэд (xx) 


1 (c, + C; +С» +Cy3)3 T 


ЫН ам) үүт) pyan 
| 1 Сз) yhere Ry, j= [PER ont o -4{] 
hz 5 у í : : 
u= ri +15 + Сү 13 This clearly shows that R; j is nothing but the change in the vlaue of u; j 


for Gauss-Seidel iteration. In S.O.R. method a larger change than the above is 
0) 


) and the corresponding iteration formula becomes 


1 с y 
= —(us 4 C; + С +611) 
Ug "i 5 m ” ult 


р (0+1) (п) 
1-1) TUG АР 


(xxi) 
The rate of convergence of the above formula depends upon the choice of 
o, which is called the accelerating factor and lies between 1 and 2. 


u = (С 4 C4 u5 & Cis) 1 (9) роу fue) + 4 
12 1 л 


КЕЛЕ. 


щ= ie +C5 +C7 tus) 


Then we proceed to compute in order, the remaining quantities; vizy 


Ug, U by the standard five-point formula (xiv) and thus we have Solution of Poisson’s Equation — 


1 m 
us = is +g +С +17); u,- niu + +1740} = f(x,y) бй) 


This is an elliptic equation which can be solved numerically at the interior 
mesh points of a square network when the boundary values are known. The 
standard five-point formula for equation (xxii) takes the form 


Sing t Uni; t uui tun -4 u, j^ h? f (ih, jh) (xxiii) 


щ = Но *Cj;-ug-us) ш n +03 + ust 


When once all u,’s (i= 1, 2,..., 9) are calculated their accuracy isin 
by any of the following iterative methods. е 
(i) Point-Jacobi Iterative Method — 

If uf) denotes the nth iterative value of ч; then an iterative p! 4 


‚үз — 4u. . = 0 is given b: 
soveuj,, itu, шэн Aui ; 0 is given by 


+1 1 (n) 
ijr Aqu] eut) ef +] 


for the interior mesh points and is known as point-Jacobi's той 


. By applying equation (xxiii) at each mesh-point, we arrive at linear equations 
ыг “зайн values i, j. These equations can be solved by Gauss-Seidel iteration 
ethod, 
А Bendre-Schmidt Method to Solve Parabolic Equations — Parabolic 
un are connected with some kind of diffusion, for example heat 
uction equation in one dimension, which is 


SENI 


E 


(1) Gauss-Seidel Method — ди o? 
n Ой. 2 u k i 
The method uses the latest iterative values available and сапай? a Qui? Where с? = T (i) 
systematically from left to ri i ‚ The itera! G : x 
y eftto p along successive rows. А А а у Solution u(x, t) of equation (1) is a function of x and temperature 
+H) _ 1Г (ne) , (ду (0-4) , (2) $ boundary and initi iti 
uf Ч Ber cuf + ul) enia kaneis ry itial conditions. 


i ү є | 
This method converges twice as fast as the Jacobi’s sche™ ТА 


es да — u(x,t-k)— u(x,t 
(iii) Successive-over-relaxation Method ($.0.Е.) - By a щ )— u(x,t) 


method, we have e k 
OU wh) — 2.6.0 + u(x—hyt) 


(n1) 2 1 1 1 (n) ] 
ug e abe? хай ieu eia 


= ЛСЭН (ne) cua 
a uj tui + uis; t Uij-l 


ütting th n? 
: e above values in equation (i), we get 
беек) u(x,t) _2 u(x +h,t) —2u(x,t) + u(x —h,t) 
= С 
n2 


ү” 


D 


(n), ^ 
ui. 1. +1 (п+1) JE uj jd 
чу + abe $ uf?) + Uj j-l 
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2 


2 c^k ck . Н а 
c^k = the value of the unknown function at th th 
-u(x +h,t u(x, 0 + — u(x. Р la given : e (i, j + 1) 
or u(xtt*k)- 12 u( ) 12 нэ u(x ht), This n terms of the known functional values and hence is known as 
2 interior P 1 
k : Я " ЭР 
Putting i = 0, above equation becomes explicit formula and remains valid only for 0 « r <—. It is important to note 
= | &u : 
u(x, t+ К) = au(x + h, t) + u(x, t) — 2 au(x, t) + au(x- D t for the approximation of |—7 |, we have used the functional values 
u (x, t+ К) = au(x + h, t) + (1 — 20) u (x, t) + au (x -h y) here tha дх 
траве > equation (ii) becomes along the j'^ row only. In 1947 Crank and Nicolson suggested the method 
eu 
1 1 .,171 вый ТИРАН" 
u(x,t+k) = = u(x + h,t) + 2) u(x — h,t) according to which | 2х2 JS replaced "йи ofits finite-difference 
1 approximation on the j'^ and (j + 1)" rows implying. 
Е Зун 72 нд инь) : дш 1[ш-у—2%у+Чи„р | Wind, jot 720 ja + Ui, jal 
өх? L2 n? h? 


Equation (iii) shows that the value of u at the (i, j + 1)th mesh isthe 
of the values u at (i + 1, j)th mesh and (i — 1, j)th mesh. 


This relation is known as Bendre-Schmidt recurrence relation. 


Crank-Nicolson Method to Solve Parabolic Equations – 
Consider the heat conduction equation, viz. 
ди eu 
ЗЕ = ae where u = u(x, t) 
Let us divide the (x, t) plane into a number of smaller rectanglesby 
of the lines x = 0, x =h, x= 2h (i.e. x = ih; i= 0, 1, 2, ...)andt =O 
(ie. t= jk j=0, 1,2, ...). Then by relation : 


У(хо) = у (хо) = А 


2. 
u . H t 
Now putting this value of ad and en equation (i), we get 
1 


Tm ] 
x un = vij} эһ? [ua 2uj, j + Ui, jt Ui- je 72i jl + Ui jel 


Sj +2); Цагаан = 
к Т7) 
h2 

On the L.H.S. ofthis equation we have three unknowns while on RHS. all 
the three are known. The implicit formula (iii) is known as Crank-Nicolson 
formula and remains convergent for all finite values of r. If in each гоу, we 
have “m” internal mesh points then the above formula gives “m” simultaneous 


> гшщ, -2(1- rui j * is; 


where r= 


and у(х) = y'(x,) = B ons for “m” unknown in terms of known boundary values. On the same 
nes, one can calculate the 1 1 mesh points on all rows. 
X+h)— е internal mesh poini 
pnd У() = Уо mE 2 уб) +O(h) Solution of Wave Equation — 

eu au A) 

А ^u 1 — 852202 

Wer Г ыг  ™ b с 
айу obtain A т sale j-2uij * йн, il at? oe 


Subj — tt-0 ...(ii) 
ai ou "Җ Ubiect to the initial conditions и = f(x), a a(x), 0 х<18 


== зав ап 
= шнш, j € the bounda conditi 
et k гу tions 


Putti : ` ” 
gas these values in equation (i), we get u(0,t) = ф(0) | 1 . ill) 
vua =u; Je d. | Boss u(1t) = y(t) E x direction 
Ч d h? [s -2u, j +u] (| ча Эзэн а rectangular mesh in the x-t plane i но : pus as simply 
о, ц. aay. fas heret i Ng time t directi PES imesh point (x, t) = (Ih. 
j DIST: ш; 25 2u; ; ар uai Р (w "И ме have ection. Denoting a 


When = 
ijt u.c E А 
JEL a үр Їл, - 2u; j +u jl 


чыты 
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ын 2 


апа od k2 
Replacing the derivatives in equation (i) by their above approxima: 
obtains тай, 


2u, + Шэн 
Шр 7 4U; j TU p+ T he (а-а) 
3 2:2. 2 9 
o щру 207 tenu, j tae? (рушы) -uja 
k 
where, = A 


approximation, we get 


2k = a B9 


«en d Ui jel = uii. t 2k g(x)att - 0 
ie. uj; = uj | +2k g(x), forj=0) 
Also initial condition u = f(x) at t = 0, becomes 


— що = f(x) 
ombining equations (v) and (vi), we have 
К m u; 1 = f(x) + К g(x) 
5 50 equation (iii), gives uo, ; = $(t) and uj | = yw. 
бн тэн и explicit form equation (iv) gives the values of ¥, j+! 
Eu. vel when the nodal values at (j 1) th and jth levels are K 
s (vi) and (vii) as shown in following fig. 3.5. 
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ase — The coefficient of uj j in equation (iv) will vanish, if 


A Special € 
[ = i or k- ES 
с с 
Then equation (iv) reduces to the simple form 
Uie] РИ * Uie] j-U, | (уш 


sult provides an explicit scheme for the solution ofthe wave equation 


This re А : 
= 1/c, the solution of equation (iv) is stable and coincide, with 


Obs. (i) For & 


the solution of equation (i). 


For a < 1/с, the solution is stable but inaccurate 


a > Ис, the solution is unstable 


For 
(ii) The equation (iv) coverages for, a < 1, i.e., fork<h. 


NUMERICAL PROBLEMS 


Prob.31. What is the classification of the equation 


2 2 2 
д и, 42 и ya и Ou ou 9. 
Bx" дхду ду? Ox ду 


(В.СРИ, June 2007) 
Sol. The general partial differential is of the form 
au au au ди 
A(x,y) —- + В Е 2 + (х,у)т- 
(x,y) Ба? (х,у) дкду + С(х,у) m + (х,у) 
+ Baya + F(x, y)u+ G(x,y) = 0 


Here, A=1,B=4,C=4,D=— land E=2,F=0,6=0 
Now _ В2-4АС= (42-4 x 1x 4=0 
ence given partial differential equation is parabolic. 
Prob.32, Classify the equation 
On 22 u u т 
Sol. Th = E A 
е general partial differential is of the form 


Ans. 


0 


e 2 2 Qu 
A(x, yy + B(x, ye +С(х, »23 +265) 5х 
Ox дхду ду 


«абс, Конт GG) 79 
uis 1,B--2,C-1,D-0 E-0 F-70679 
p 4АС = (2 -4х1х1= 0 А Ans. 
© given partial differential equation is parabolic. 
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Prob.33. Classify a n 
u n Ou 0 
2u -2—- 
а? ®2 92 
501, The general partial differential is of the form 
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For all x between — 2 and со, x? is positive 
For all y between — 1 and 1, y?<1 
Hence B?- 4AC « 0 : i i 
Hence given partial differential equation is elliptic, 


following partial differential equation 


Prob.36. Solve the partial differential equation o 


2 &u T V 
AGE ву) соу * 005) + Dy) ; 3 
du 3 e EX = 0, for fig. 3.6 given below by (i) Jacobi's o 
pps бу? Ни. Rom (ii) Gauss-Seidel’s method. : 

НєеА-1,8-1,С--2,0-0,Е-0,Е-0,0-0 
| Now В2 -4AC = (2082 -4x 1 x (-2)=9 
ie, В2-4АС>0 


Hence given partial differential equation is hyperbolic. 


Sol. The approximate values of ц, пу, из, и, are 0 


calculated as follows — 


u= [+0404 1) = 0.25, u = 10+0+ 0+1) -025, 
Prob.34. Determine the type of given equation. 


2 22 Ou 2 Pu 
x +y = 
2у дхду ax? 
Sol. The general partial differential is of the form 


1 
u, 20414040) - 05, uy = 40+1+0+0 =05 


и 
2+ 2ху 0 


Let these values be denoted by ul) jus) Ё mol and «9 respectively; so we get 
uj? = 0.25, uf? = 025, uP =0.5, uP =05 
(i) Using formula of Jacobi's method 


1 [a0 
ij = [©] ut, ЕН 


au &u au ди 
А| — E uem a ini 
G5) + Воку) By + COS) + Ру). 


(п) (п) 
аяга tuba 
ЕС) SS + FO yu быз) = 1 i i 

02)-4 a) Dn]. иг 
НеєА-У,8-2х,С-30-0,Е-0,Е-0 6-0 uy alo 99 +0+u®] = 4 (025405) = 0.1875 


Now B?.4AC «f 2 22 
| =(2xy)? -4y?x? =0 w = Ио @] = 1(025.-05) = 0.1875 
Hence given partial differential equation is parabolic. 1 к 4 [ч M | 4 ын йн 
Р Р 
705 35, Determine the type of given equation u2 = 10 eua +1] = 4(054:025-1) = 0.4375 
20*u ә? 
4 ГЭЛОН... 0, — oo << a,-1 « yh uf = ibo +0+% +1] = 1(05+025+1) -04375 
Sol The Te 4 
колеш partial differentia] is of the form uf) = [0+2 +0+100)] = 0.15625 
Ay) 2 By у) au au Qu | T 2 3 . 
2 у) —— EM — з) _ 
x Охду * С(х,уу— + Обу) uf) = zbe 18725177 2] = 0.15625 
du d 9.1 
HER, y) 23, роу yu + Gy) 7? i ni u2) 40). 1 = 0.40625 
Неге А = 2, Бб c ду 4 4 Ї 
N = Уре = = =0 (з) _ 1 
WEBS Mpeg. eee D 0, E=0 RAO m4 = gle? +0+u® +1] = 0.40625 ” 
туаст D 14 
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3 @]= 0.14062 
ul) = [+ ›+0+иў 


lr (3) (9 | = 0.14062 
uf) = ni +0+0+ uf ] 
3) +1] = 0.39062 
up = 0+0 +ч@ + 1] 0.3906 
4 
3 = 
i? = ipe +0+u® +1] = 0.39062 


"p i. u® +0+ uP] = 0.13281 


u = ipee +ul + +i] = = 0.38281 


wW = о +0+щ® +1 = 0.38281 


yO = {о +9 +0+ш9] = 1401 3281 + 038281] =O. 


" 4] _ 
uf? = iif? «0o uf | 0.13281 
+0+0+u®] = 


чө = Ци 


Hotu +u? +] =— З1038281--013281-1 = Ost 


4 Цол 3281 + 0.38281]= 0.1% 


uf = eg 9 +0+ +1] = 3 [038281+0+-01908Н] 


= 0.37891 


© successive iterates by Jacobi's scheme "m 
Б Gauss-Seidel method, the five successive iterates 


These are fiy, 


(ii) Usin 
аз follows — 


mr) MCI 
ной eu. 


= 0461 
uP 7025, uD = 03125, ч@ = 0.5625, 40-05 
(2) — 
arm ils uf) +0+ us? = 0.21875 

О) 1 
ще ibt ) #040440 | = 0.17187 

wW 


1 
210+ uP + що + 1] = 0.42187 
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= ng +0+щ? +1] = 0.398435 

p= ilf P +щ?] = 0.148435 

u = ile x] = 0.13672 

uf 3+ +1] = 03867, 

" ny +59 +1] = 0.38086 


1 = 
«92 Ци? uu — 0.13086, 


4 

щ® - i [49 «e ]- + (013086. 038086) = 0.12793 
ufo abe *uf? +1] = 0.37793 
әс nU +10) +1] = 0.37646 
W= ә +] = 0.12646 
uf) = ilf + | = 0.12573 
uf? = Д +u + | = 0.37573 
ug = ibo +9 +1] = 0.37536 
ul — il 9 +u] =0.12536 
ЧӨ = щ® +щ®] = 0.12518 
u = ile +u(9 +1] = 0.37518 


(6) 1 
Wy? = (6) uf + = 0.37509 
abe +u +] =o. 


Prop, ces equation 
Y 2, 37. Fina the values of u(x, у) satisfying the Lapla 


звон e pivotal оіпіѕ boundary values as 
n ofa re region with bo 
vi in qj p of a square reg. 


the following уз figure — 
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1000 1000 1000 1000 


Fig. 3.7 
(R.GP И, Dec, mi 
Sol. To get the initial values of u}, и), из, Uy we assume u4 = 0. Tha 
u= 4 (10000. 1000 + 2000) = 1000 

(by diagonal fom 

uz = (1000+ 500 +1000 + 0) = 625 
(standard five-point тї 

из = 0000» 0+1000 +500) = 875 


1 
and uy = 4(875+0+ 625+ 0) = 375 
We сапу out the successive iterating, using the formula. 


1 
uf) = a [2000 +103 + 1000 4- ug} 
n 1 
ug? = “Tu +500+1000+ и 


1 
шан) - 4 00 цб) жигд +500] 


1 
and un - ae +04 ибо +0] 


For first iteration — (Put n = 0) 
uD 


1 


1 
a [2000 e ut +.1000+ ЕД 


ог 0.1 
uf? = 4 (2000 + 625 + 10004875) = 1125 
(0.1 
UR = 4125+500+1000+375) = 750 
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1 
ug) = д2000+375+1125+500) = 1000 
1 
W = —(1000+0+750+0)= 
Ре! uy = 16 +0) = 438 
Second iteration — (Put n = 1) 
uP = 100004 750 + 1000 + 1000) = 1188 
и) = A (1188 + 500 +1000+438) «782 
uP = 4 (2000-438 + 118.500) 1032 
and и) = i002 +0+782 +0) «454 


Third iteration — (Put n = 2) 


Э) = 4000 +782 +1000 +1032) = 1204 
uf? = 10204 +500+1000+ 454) = 790 


и) = 4 0000 & 454. 1204 +500) = 1040 


d u® = 100404 0+790+0) «458 


Similarly «(9 41597. uf? = 791, uf = 1041and uf = 458 
5) 

E uf? = 1208, и® = 7915,0)  10415and uf? = шан 

Thus there is no significant difference between the fourth and fifth iteration values. 

Непсе ч = 1208, u, = 792, из = 1042, ш = 458. Ans. 


Pr m Solve the Poisson's equation 

Oru ә? : TOUR 
ax? ө? 10(х* + y 2 + 10) over the square with s 
x= 3= у 


with и (x, у) = 0 on the boundary and mesh length = 1. 


Solve th, 4 or 
v2 е partial differential equation . =0=y, х=З=У 1 
With y y 10 Cx? + y? + 10) over the square with sides х= V, June 2004). 
70 on the boundary and mesh length =1. (ВРК, 
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Hereh = 1 
B standard five-point formula for the given equation {5 


ujt uj jt Uj j+ t Uj j-1 -4uij- -10(х2 +у2 +10) 


becomes 
For и! (i= 1, j = 2), equation (i) 
ий 0 uy +0 + uy — 4uj —— 10 (1+4+ 10) 


ЯГ u + и; — 4u; =- 150 


1 
ог uy = 4 (12 +13 +150) 
For w (i = 2, j = 2), equation (i) gives 
ш+0+0 + ш – 40 =- 10 (4+4 +10) 
> uj + u4 — 40 =- 180 


1 
ог u = ди + U4 +180) 


For u; (1 = 1, j = 1), equation (i) gives 
0 +u +u; +0 405 =- 10 (1+1+10) 
> u4 + uj — 4u; =- 120 


or u = gn + +120) 
Foru (i=2,j= 1), equation (i) gives 
u3 +0 +u, +0- 4u, =- 10 (4+ 1 10) 
= U3 +u — 4u4 =- 150 
1 
OF | Ug = (и +иу+150). 
Equations (ii) and (у) we have 
Ug = щ 


Thus the above equations reduce to 


Ї 
u= 2 (0, +u, +150) 


0) = 1 
2 ШУ ЧА. Т 


= iu, +u +120) = E + 60) 

Now let 

For й Fa Solve ва equations by Gauss-Seidel method. А 
Tation, putting u, = u, = 0 in equation (vi), we obia 


I 150 
чо = “7 2375 
Putting ц = u а) 


uj = 


1 9 z 
n equation (vii), we obtain 


vi 167, 5+90) = 64 
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tingui = “9 in equation (viii), 
Ри 
we obtain 


1 -49 
1) = —(375+ 60) 
щі 2 


For the second iteration, we have 


18.0) (D +150] 
DES +u 
А ) = rib 3 


- (64+ 49 +150) = 66 
4 


1 1 
2 (2) = 
uj?) = Г +90] - 5(66+90) = 78 


1 

Q . ln 0) = —(66+60) = 63 
Us D [u, ^^ +60]= 2 ( ) 

For the third iteration, we have 


1 
uj = i0 +u,2 +150] = 48+63+150) = 73 
0,9) = 9 +90] = 303490) -g 


u, = = it © +60] = 5 (73 +60) = 67 
For the fourth баба we have 


1 = 
uj 4) = 129 uj +150] = Q8 4674150) 775 


uj = 


stu, +90] = g 05499 = 82.5 


1 


uj = Stu 9 +60] = 5075+60) = 615 


For the fifth ава we have 
шщ = <u, +иу® +150] = 10256154 150)= 75 


09) = S14, +90] = 3 05490 -825 


СОР E +60] = 305860) = 675 


Si 
Ince these penes gebe 


are the same as those of fourth iteration, Ans. 
= 75, u, = 82.5, из = 67.5 and ш = 75. 
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Prob.39. Solve the heat conduction equation 


e EX 0<x<1,t20 
а 2 
subject to boundary conditions и = 0 at x — 0 and AT 0 m 


7 2 STX 

and initial condition u(x, 0) = sin 
Using the Crank-Nicolson method, choosing h = 0.1 анак m 
© 


1 
=— in the solution for one time n 
that r y obtain f level and compare it wig 


explicit solution. 
Sol. Crank-Nicolson finite-difference representation of the given 27) 


Шин 1 | 
3 J сүл 20861448 х ТОРРЕС ТЕ 
2К 212 0-4) ын на, + Uj jot Zui, + 
`2 
Е бе а s 
ог (ui i. uii T(Uj_1j И Ш) НН -2ui jq + 


5 


ог =ru jut (2 +20 ц Sr u, j + (2-2) цу 
2 


=ru 


i, jel ie +1 


Initial condition is u(x, 0) — шин 


Boundary conditions are Uo, j= 0 and (2) =0;№=10 
х Ју, 


Replacing L.H.S. by backward difference 
UN-1,j 7 UN, a 


J 


0 
h 
or ra 
"47-41, =0 
or dass s 
or ud _ №] 1 
10, j Ug j 


Putting j = 0 in equation (i), we get 


Uii + (2+ 2г)ц; 1- 
Now putting 1 = | 

21= 1, 2,8, 

unknowns. So with the help of 

The corresponding equ: 


PI $ 
пни = ruio + (2- 20) шо Me Й 
- 9 in equation (iii), we get 9 ЫГ Д 
equation (ii), we have 10 equations 2 


85 ations are 
"= i025 - = 
-025u 4 ae Чы = 1.5 уг 0.25 up, о 025% 
MUI 01-025 us, = 0.25 uj g 15 №0? 
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+2.5 Ug 1 - 0.25 17 = 0.25 №0 + 1.5 u o 0.25 Ч р 
-025 Us) = 0.25 и; + 1.5 40+ 0.25 DM 
-025 ug, 02564155 025 n 
-025ш,д025:,6415 +025 uy 
1025 ш, + 2.5 чуу - 025 шр = 0.25 ugg + 1.5 wg +025 yer 
7025 uj, + 2.5 Ug, 025 бод 7025 wg + 1.5 ugg + 025 цуу 
_ 0.25 ug, + 2:5 491 - 025 шор = 025 ugg + 1.5 ugg + 0.25 thy 


wiv) 20 


_ 0.25 42,1 
_ 0.25 из * 2.5 чад 
— 0.25 щі 7 2.5 Ws 
_ 0.25 us4 + 2.5 Ug 


with the help of equation (ii), the last equation (iv) becomes 
—025 ug; + 225 Ug) = 0.25 ugo + 1.75 ugg 
On solving this system of equation we get values at the first time level as 
ollows — 3 
1-0 
х=0 


1=5 
х-01 


1-4 
x=01 


т=з 
х=01 


1-2 
х-01| х-01 
00082 | 00164 | 00247 | 00329 | 00411 
00082 | 00164 | 00247 | 00329 | 00411 


Comparison between the results obtained by Crank-Nicolson and Explicit 3 
methods — 


1-1 


0.08 


= 
0.07 / 
0.06 
= 0.05 
E 0.04 
0.03 
0.02 
0.01 
i 02 o4 06 08 1 
x p 
Fig. 3.9 E. E 
" Prob, 40, Evaluate the pivotal values of the equation uy 7 1б к ЧА 
F 1 upto ¢ р 25. The boundary conditions are u(0, ) = «5 Ё 
ИХ, 0) = 9 анд u(x, 0) = x*(5 — x). 
Sol The given equation is 
Зүүлт 16 Uy 
or au au 
at? ax? 
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Here С2 = 16 
The difference equation for the given equation is 


2 
шунал 20- 16а? Ju; + 160 (1-1, + щи) чи 


k 
where, «= n 
Taking В = 1, we writ К so that the coefficient of Ч, j Vanishes А 
-1602-0 168, уу 
2 
k 
1-16 =] = 
8) ? 
1-16 =0 ti 
sla 0.25 
4 


We are to find the solution from t = 0 to t = 1.25. Since t — jk, then 
we are to find solution from jk = 0 to jk = 1.25. 
ie. j=Otoj=5 (C к=] 
Now putting 1602 =] in equatiori (i), we get 
шн 7 Ug; + Ugg; — щш, 
TOA ep = 
E | ч, = 0, Us, = 0 for all values of j 
Le., the entries of the first and last columns in the table are zero. 
s u (x, 0) = x? (5 – x) 
чо= (5—1) 
чо=(1)5(5—1)=4 
Ч2,о = (2)? (5—2) = 12 
130 (3) (5 23) = 18 
шо (02 (5 — 4) = 16 
es of the first row in the table. 
ondition ur(x,0) 2 0 gives 


These are the entr 
Finally the initial c 


2u; = що + Шо 
or 1 
uj = (шью + чад) 


for мж 1,2, 3,4 in equation (v), we get 


puttin i 1 
=—(0+12)=6 
шл 2(Зоо F чад) 2 ( ) 


1 
zuo +130) = 5 4+ 18) -11 
1 ыг м. 
= 5 (42.0 +u4,0)= 2 (12416) 2 14 


- ECT ч uso) 5 180) =9 
These are the entries of the second row in the table. 
Putting j = 1 in equation (ii), we get 
u; 2 = Мад t Up Що 
Uy2 Цо + 121 Ш 0+1 -4=7 
шо щу + из 1 шо 6 + 14-12 = 8 
Us. = шу + u41 Ugg = 11+9- 18 =2 
Мир Чад + Us 17 Ugg = 14+0-16=- 2 
These are the entries of the third row in the table. 
Putting j — 2 in equation (ii), we get 
Uy = що + що Uii 
ug7Uy;tu,-uj70*8-6-2 
537u,5,*u,5-u-7-2-11--2 
Шз = ш + ща ш = 8-2 14= 8 
These "eu We Se ae - м йг ие. 
Putting j =3 in : е О row in Я 
equation (ii), we get 
U4 = чыз + "ыз — щ2 


Ui jel Ui | - Ша Мод tu, шщ, =0-2-7=-9 
> d ын -0 34 Шз tu,-u,-2-2-7-2--l 
> nr x зав 2 These "n “зз tus, —u,,7-8 027-6 

Putting; -0 iis 2 p 0 ; Utting д} entries of the fifth row in the table. 
(uation (ii), we get in equation (ii), we get 
8E UNI Чы, — uj 1 ! ын = Bia + Яна з 


и. = ц. 
11 што Жа 0 — ji 


[By gat 


557994 + u, 4- u3 50-14-25-16 
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(у) 
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Uy 5 = шд + щат шз = -9-11-2 --18 
їз = Uz4 0447055 7-14 - 685.5 
Шу = ад щат шз 1l t0 75.4 
These are the entries of the sixth row in the foll owing tap 
e~ 


_ TRANSFORM CALCULUS 


LAPLACE TRANSFORM, PROPERTIES OF LAPLACE 
TRANSFORM, EVALUATION OF INTEGRALS BY 
LAPLACE TRANSFORM, LAPLACE TRANSFORM 

OF PERIODIC FUNCTIONS 


Laplace Transform — The method of Laplace transforms has the 
advantage of directly giving the solution of differential equations with given 
boundary values without the necessity of first finding the general solution and 
then evaluating from it the arbitrary constants. 

Definition — Suppose f(t) is a real valued function defined over the interval 
(- ©, ©) such that f(t) = 0, мї < 0. 

The Laplace transform of f(t), denoted Бу L{f()} is defined as 


LIO = f; e "fco. iu 
We also write 1480) = F(s)= | e ^ f(0dt 


Here L is said to be the Laplace transformation operator. The анн] 
а real or complex number. In general, the parameter $ 15 taken to be a rea 
Positive number. 


If functions are denoted by lower case letters, f(t), g(t), hO- 


Sis 


Шил 
1 ÉL Laplace transforms are denoted by 
I» &(s), h(s),.... respectively or f(p), E(P) h(p).---- ший 
арц ‘place Transform of Elementary Functions (Some Standard Res 
ce Transform) — 
OLM = 1 ss0 
8 
(i)p епу 1! Г(п+ 0) ifs>0,n>-! 
у= gn » 98 QU 4 


(ii) Lee) = 1 ‚ ifs»a 
8-а 
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а : 
(iv) L (sin at) — 2 d ‚ ifs>0 
8 3 
(v) L(cosat) = Xam ifs» 0 
a А 
(vi) І (sinh at) = an ifs >|а| 
5 А 
(vii) І (cosh at) = 5, ifs» |a| 
s^—a 
n! 
(viii) L (е +") = Ї (шу! 
s- ay À 
(х) І (есіп б эш----ш-ш 
у (8- а)? m 
(х) L (e* cos bt) —À 2 
(8-а) +b~ 
099 вв 
(8- a)? —ъ? 
(xii) L (e* cosh bt) = 5 , where in each cases?! 
8- а)? 2 


Properties of Laplace Transform — 


(i) Linear Property - Suppose Е, ($) and F,(s) arè ш 
transforms of f,(t) and f, 2(1) respectively. Then 


ЕКО + e£(0) = e,L(f (0) АБО 
where сү and €; are any constants. 
Proof. Suppose L{f,(Q} = F(s) = Г ет (dt 


and - 
* 1450) = Ев) = fe Ч Ой 
Also suppose c, and Cy are arbitrary constants. We claim 


Lie 56,500) = er (£(0) + eL (£(0) 
Taking L.H s, 


Мед» ef) = б есу (t) + озб 0 


ES E 
- ei fe “ste (даче 5 "f£ 


= ejL(fi(0) + с2450) 


pe-a 
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1 Shifting Property — If ҮАКО) = F(s), then Lfe** f(9) 


(ii) Firs 
of. Suppose 1480) = Fis) = [Гео 
рго 
Lfe 0) = [Ге e Sf (t)dt = С ра 


= fre orent ,whereu-s-a»0 


Then 


ano wu э) Proved 
(iii) Second Shifting Property — 
Їй-а), t>a 
и 140) = F(s) and g(t) = { пору 
then L(g() =e as F(s) or Líf(t— а) h(t – a)} = e7 * F(s). 


and 


Proof. Suppose 
L(f)) = F(s) 


- a ae a), 


i 2-8 -st 
14200} = р e S'g(t)dt = Е e *'g(t)dt + fe S g(t)dt 
- foe sat + |» e 3f(t -a)dt =0+ [rer -adt 


Put t— a = p, so that dt = dp 
Ift=a, then p=t—a=a—a=0 
If t= со, then p= co — a — co 


t>a 


t<a 


L(g(9) = [eS р)ар 
= e758 freto) dp-e Е) Proved 
(iv) Change of Scale Property - 
и Lio = F(s), then L(f(at)) = lf: з) 
Proof. Suppose L {O} = F(s), then 
Шар) = jn c^* f (at)dt, 
(Put, at = х) 


= RES 
a 
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1 
EN 1 e "^ ro)dx = аа 
а 


= 1 [*e-P'f(Odt 
uk f(t) 


1 1 8 
5 aF) = не 


Laplace Transform of Derivatives — 
G) Iff'(t) be continuous and L{f(t)} = F(s), 
146 (0) = sF() — KO) 
Proof. Since 
rof e? f'(t)dt === О]! 4 (se у 


Lim je. 


then 


Now assuming f(t) to be such that 


Thus L[f'(t)] = —£(0) + | 
0 


(i) If f'(t)and its first (n — 1) derivatives be continuos E 


© 


e? .f(t)dt = sF(s) — Кб) 


© 
а 


п-2 


' Е 1 
Ч "=F — s! (0) — s"? £ (0).....-st"2)-f^ 
Laplace Transform of Integrals — 


If 1460) = ЕС), then L { [reo ax} = FFO: 


Proof. Let, g(t) = [ £09 dxand L [e0] -69 then 
8() = f(t) and g (0) = 0 
L{g'()} = sG (s) – g (0) or G(s) = 3160) 


. t 

ie, uff f(x) ax) ЭШ; 
8 

Multiplication Бу (t?) — 

If LERO} = F(s) then, 


Це wje Ero] when 821 
5 


Р i со 
roof. Since мор f e^ f(t)dt- F(s) 


ich shows that the theorem is true for n = m + 1. Hence by math 
ction, the theorem is true for all positive integers п. 


Transform Calculus 183 


pifferentiating both и wink. We have 
O sl =—F 
Ae 
4840 d 
д -st =— F(s 
Ze 09, (5) 


(by Leibnitz’s rule) 


0 
EET 


d 
("tjus 459 


цы LF) 


It shows that the theorem is true for n = 1 
Now let the theorem be true for n = m, so that 


шалт ©} =(-1)™ ңө 


© -strm = m d". 
|, e? [t f(0]dt = (-1) == F(s) 
Differentiating both sides w.r.t. S, we have 
qm 
F(s) 
ав?" 


Sete na -(- 


[чече] =(-1)™ i 


Ї e^ m+1 m-l am 
б ОЛ f(0)at = (-1) di 


Division by «e — 


If : integral exists. 
L O} =FG) then, L (но)-Г F(s)ds provided the integ? 


P [^ e^ f(0dt 
roof. By definition of Laplace transform, F(s) =f iio 


Integrat; 20 ave 
grating both sides w.r.t, s between the limits 5 10 55 weh 


со Р 
© . i tegration) 
| к [ [н e* гоа (changing the order ofi 
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-st |o 
© of po a ШЭГ 
Ї F(s)ds- 1 В е «ков = f E | М. 
s 


= Г ERO] dt 9) 
0 t t 
г-но 


Evaluation of Integrals by Laplace Transform — 
- : 99 st ” : 1 
Let, LIRO] = F(s), іе, ("e^*'r() dt = F(s), taking the lin ti 
s — 0, we have 
со 
f(t) dt = F(0) , provided the integral is Convergent 
Initial Value Theorem — 
To prove that юм Ко = Lim œSF(s) . 
Proof. We know that, L[f'(t)] = sF(s) — £(0) 
= 
ог Í e™f'(t)dt = sF(s) — f(0) 
Taking limit s —> co, on both sides, we get 


Lim 


зэс, e "(tdt = - E [sF(s) — £(0)} 


om Е) = f(0 + | ( (Em, e-*) гда 
Ж ун sF(s) = 8(0)- fe 0.P(t) = д0) + 0= RO) = ifl 
Hence 


Lim sF(s) = Lim f(t) 
5-0 t 
Final Value Theorem — 
To prove that, rm = Tim sF(s) 
Proof. We know that, L([f'(0)- sF(s) – (0) 
or Í € “(а = sF(s) — Ко) 
Taking limit s y 0, on both sides, we get 
Lim F(s) — f(0) = SM Є бү = ЇР (ще e? )rod 


= {ava = [0 а = [rr 


7 Lim f(t) — £(0) or Lim sF(s) = s 0 


5-» 


ГА 


Since 


pup or 
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Transform of the Laplace Transform — 
Jace 


pe ико = F(s) ог МК] = fre 7 so dt 


LIL{f()} = 3 ст) = i “р oals 


of integration being the whole positive quadrant. Now changing 
a 


The area t 
the order of integration, we ge № ep 
цид) |, Ad f" etas = ioa us 
0 
f(t) 
dt Proved 
Hence LIL(f(9)] = № hn е 


Laplace Transform of some Special Functions — 
(i) The Error ый - 


ex - 1 
If ert Vt j-2 dx , then L[ertJt] т 
vt = 
Proof. We have ег (М t)- Ehe dx 
6 
AN Sia дыз ыг 
х ^0 2 3! 
Л 
TUN can PUN 
т 3 52! 73! b 
32 э (72 : 
"Rem. mes] о 
Ут 3 52! 73 


Taking Laplace transform of both sides of equation (i), we eet 


5/2 72 
eie 2 [es m Ae] 
Ул 


3 52! 73 
L [ere i i.-2[r» rs», гю _ дун ve | 

Vals 359? 521672 7318 E 

1 2 

T 12141300593 1, Ja 

8802 | Ya: 2468 
Ence 1 Proved 
Ч өн c] = 7 "D 
8 
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(ii) Dirac-delta Function — 


T -sx z 2 
If F, (0 is Dirac-delta function defined by “зт р e f(x) dx Ге fix + rT) = Қ) for, r=1, 2, 3] 
| "A -2sT T 
23 «tz 5 -sT 5 ES st 1 
Е, (05467 Vets » Show that LiF, (0) mI 7 "iod +e +e +. ~) $ 5 поа) 
0 1>= s (he, 4 
Proof. We have Ts yf e f(t) dt Proved 


sform of Bessel Functions J,(x) and Ј (х) – The Bessel 


ЦЕ (0) = [е-е ty dt = (^st o 
8 1 20 fe F(t) dt Ч 5 "E kind of orders zero and one which are denoted by J,(x) 


lace Tran 
ол of the first 


т -st E functi ively are given by 
- [е s Їр + f Odt = = and J (9 respectively а 2 x^ x$ 3 
Е = E ————.e ane 
“рээ 10) =15 n 243 34g () 
- 1 NN 3 И мж 
Hence 14Е,(0} = PE (1 e ) Pn x x LG) 


x 
-12--т--85 
3007 27224 246 
From relations (i) and (ii), we see that 
©) =- J (x) and J,(0) = 1 


al J,(0) = 0. 
5 000) 


(iii) Heaviside's Unit Step Function — 
Suppose H(t — a) is Heaviside's unit step function defined by 


H(t—a) = * fea then prove that L{H а 19 

а hi t -ау--- 
0, t<a’ t L{H(t - 3) 5 

Proof. We have 


L(H(t- a)) = рене -а) dt 


12! 1 4! 1 6 
аи от 
sog 2242 22458 s 


(o fe*Ba-a at + [Pe Hea) dt 
0 а 


aT 
= (2-9 09 st _ ы. dts 2 
[е "od f eiat =0+ [e 4 


-s Ч 
Hence — L(H(t-a)) 2874 p" 
8 


1 
1- 
ч 
_ 
+ 
|- 
! 
E 
N 
| 


Laplace Transform of Periodic Function — К gioi 
Fundamental Theorem — Let ft) be a periodic function ve 
f(t+rT)= f(t), forr-1,2, 3; .- 
then prove that L{f(} =(1 2 em f(t) e? dt 
0 
Proof. By definition of Laplace transform 


HE) = fera =D ГЭ" etos 
г=0 


З-10600) = -[sL.O9 -I 0] 
== “= 5 (у) 


aba 
vs? +1 


à © acts for a short time, then the product of 
Бе ће impulse in applied mechanics. The uni 
function. . 


the force 


xt? t impulse 


e T 
= M ето к, туйу (put, t= 
г=0 
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1 
seo fe 
0, 


The value of the function (height of the strip in 
the fig. 4.1) infinite as e — 0 and the area of the rectangle 
is unity. 


a<t<ate 


otherwise 


The Unit Impulse Function — The unit impulse 
function is defined as follows — 


виа) = o, fort =a 
0, fort#a 


and [Р &(t-a)dt-1 ё 


area of strip = 


Laplace Transform of Unit Impulse Function — 


© _ pate 1 1 
i f(t) 8(t—a) dt = Ї f(0.—dt = (ае а) =) 
wherea cr <а+ е (by mean value theorem for integ 
Property 1 : i f(t) 8(t—a) dt = f(a), ase > 0 
Note. Let f(t) = е and L [6(t — a)] = е 
со 
Property II : j f(t) 8'(t- a) dt = —f'(a) 
--00 
Proof. Since 
со со " 2 ) 
I f(t) 8'(t a) dt = [f(t).8(t - а) — n rs 
-0-0-Ё(а)-- f'(a) 


Q.1. Write three properties of Laplace e dg 
[R.G. 


Ans. Refer to the matter given on page 180, ile same he 


у, May 2019 14 
ading 


UMERICAL PROBLEMS 
Prob.1. Find the Laplace transform of 
JO =Ë et 


Sol. Since L(e35 = 


+3 


prob.2. Fin 
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1 
pires = CD (5) |: LEO) = 0) 


(-1)3! 6 
(s+3)* 6+3) NUR 


d Laplace transform of f(t) = te”, 


sti 


= — 
Sol. Since Ме 27 $43 


4 „1 Р. 
ate) = СУ £s) | Век} - co ieu 


! 24 
=1 С y T Ans. 
(6+3) ET +3)5 
Prob.3. Find 1.42 sin t cos tj. 
Sol, L(2sin t cos t) = L(sin 2t) 
- 2 »820 Ans. 


s? 44 
Prob4. Find L{sin t + 3cos 2t + В + 87 3e?! — ef, 
[Е.СРИ, May 2019 (TV-Sem)] 
Sol. L{sin t + 3cos 2t + B+ 32 + 3e2t e 


= L (sin t} + 3L(cos 29 + L(8) 4148) 
+ 3L(e? - Ще} 


gx s 
" Soo. >-1:8>-2 84 3>3 


Ф 
+ 5572 5+2 8-3 


52 +1 3+4 s 
- n че 387 -3---р Am. 
“5. Find р Зе — м Е 5 ын ia йг "n | 
ol, v 6 28 + 4e — 2 sin 5t + 3 cos 20. 
~ 28 + gest 


2 sin 5t + 3 cos 2t} 
ЗИ} — 2148} +443 - 2L (sin St} + 31005 28 
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4! 3! 1 5 nd the Laplace transform of — 


-3-т:-2 4-2. 9, Ей 
sS s s+3 HM prob. Ё cos at. 
s> Он > aie ДИ m We know : 
" 72 _ 12, 4 10 3s L{cos at) = > —7 
5 4 643 42425 2,050 52 +a 
S S 8-425 8744 E 


Prob.6. Find Laplace transform of the following Junction- 


Now 242 8 
()28-6б +5 (i) 28! — et, ЦЕ cos а} = c» Az Ж? 


Sol. (i) 1028 — 6t + 5) = 2108) — 6L(t) + 5141) [From propery а (62 +а2)1- =] 1 22 | 
| В 228 -18- дрели 
= ane s} i рх (82 +a’)? ds | (s? +а2)2 
5 
S. E + a2)? (29) - 6? -DA +12) 
» 12 6 5 2\4 
sg gF ,5>0 Ans. (s? +a‘) 


8 8 
(ii) L(2e3* — e) = 2Ще3) — Це) mals OCIO - (a? -s)4s 


Р Ll 4 (s +а2)3 
rm 1 
E а шаа хадэхай мз. a RE] m 
_ 2s+6-st+3 _ 5 m (52 "OS (57 +а2)3 
(8-3Х8-3) 5°—9 ; 
Prob.10. Find the Laplace transform of — 
1- = 
Prob.7. Find the Laplace transform of 2 f= 1-cos2t 
t 
1 1 Sol. Н a 
Sol. Here, L (1 — е) = L{1} - L(e = 57573 "Нее, 141 — cos 2t) = L(1) -L(cos 29 = 572,4 
. 11-50321) рә 1 
igl ofl i 5 ‚ LSS) | (+= ) | ec “| 
Еск M jig P E IM m 4 —1 = | |+- ds = [1085-2108 (° 
Ч t H Ё E [oss с i Lt 84 ай. 


-1 

joo Ab 

5 = log 

= | loz—— -10-25 = 208-27 
СЕЗЕ - [o us а 


‚т 
1 ә 2:2 P1 8 

ы = 4l = -logs 
liess log (s^ + Л 9872 +4] 


2 
А 2 
1 52 
т|0-10 
| у 


Prob.8. Find the Laplace transform of € e ^ sin 3. Ж 1 CILE Ans. 


' Sol. Let, А ==“ sin 317 
Taking Laplace transform on both sides, we have 


E 2+4 


0,11, 1 —cost 
ЦА) = Це“ sin 3t) ee " Find the Laplace transform of —; ~: 
37 ` а Неге, 1 
T gay ЭР pase (1 -cos t) = L (1) -L (cos 9 
1 5 
9B L(A) = s 52+] 


s? +85+25 
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2 > 
Г e к 
2 ud 
$ 1 
= -|log————.| = 1 

zm т) 2 е 1 

= 1+— 

L 8-2, я 


: 1-со81 1 52 1 ro я 
Again Ч ]- = 1 ds= — 1 | 
i^ zh 8-1 й zh oF 24 

Is 


Integrating by parts, taking ‘1’ as a second function, we have 


1— cost 52 2 ша 
(= 1 -1 ER sf 3 © №: 2 
$2 +1] "E +1) (s^ +1) 
1 (52 :H k 
81 48 
“| EE zip J 7 | 


1 52 1 
=——| slo; -2 

| = Ry 

1 т 2 
gan 0-2. ES. S 

| B nod 


28.8 
(sg? +1) 


: 


- 2 2 
= cot 15+ юр 8 
2 8241 


"а So" 
a = de я 
5 


prob. 12. 


во. Since SID ХЕ ar rm 


t 


eat 


= [96-е 2 
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Find the Laplace transform of sin Ar. 
Lam х? х! 


ЭМИЗ. (СИА 
ЦУ eS 5! g. aT 
PNE Ай, 
Е "атал 
“14-5 цан 1.@%)у- уау... 
г(3/2) IRONIA 1T9/2 | 
UD 3! 92 s y2 7 E 
WR die Ня а НН 
2 6% 120 % 540 % 77 
"1-526 3)" 
z| Ms) 21045) 345) 77 EU 
Ans. 
Prob.13. If f = < "3 M find the Laplace transform of fü. 
Sol. Here, = t — cos bt шт _ cos bt 
t t 
We know, 


1 8 
L(e*! — cos bt) = ( - ) 
) 5-а 52 +62 


ls à 
s [тг 53) : 


5 


210 


81 i 
2 [ое =a)? —1ов(82 + e?" 5) 


2 


р шин 


s-a)? 
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© 


а 2 
un 1 
5 = |0 


Prob.14. Find the L.T. of 


051541 


© m-f; С 0G) fü P sin 


А 2 is 
Sol. (i) 1480) = Г» st f(t) dt = he tdt fea 


ЕЕ 


1 
-8 —st 
о}: | -io-«*] 
8 81-81),| 5 


ll 


Әт? by ug е $ 1 1-6 дв 
2-—--—(ej-10)4——---—ce-Db-— 
S 26 ) 8 2" 8 


ны 2 
(i) Since L(sin 2t) = 5——- 
s? +22 


2 
Now L ( sin 20) = c»? Al 2 23 | LEO) = P 
Sg n 


2 d| —; 
CEDE ar ue spina) dtd 


(82 +22)2 


_4|@ +4" 12526 маш 
(s? +4)“ 

-4 ъв +4- en 
(s? 44)* 

ds zu. 


(s? +4)3 


«wo 
(s? "nm 


Cita a JM 
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e Laplace transform of 
4, Pee 


SO 71,-2, 2st 


ро. P ind th 


[R. GP, May 2019 (Il-Sem)] 
= a - "ны 
”Т Жэ» fe ла fea 


(6 


est 
Pe 96 of ] 
5 -8), 


-l(e5. js 
8 5 


И 1. атр =.) se (1- -9+ Ans. 
s S s 
Prob.16. Find the Laplace transform of f), 
2 O<t<2 
where f= 1-1, 25143 
7 1-3 


2 | Е 
50140) = рет 2at + Ї реа - pdt + Је St 7dt 
3 
—st —st et 
ы реа E 2 
38 -8 7$ 5 
3 -3s E 
em |= fe] 
2 —5 
5 2 3 


Мег? 5 
-1 ~3 E 5 -3s 
Ma ы. us 2s pate е 


3 - 
8 8 


«26725 . 
+2 -2е-38 , -2 Be -28 
+е-25 E 38267) 
T De 1d 


1868 ^ 8 


~es € 1 
+2)- ze E: e725) 
s 
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Prob.17. Find the Laplace transform of te^? sin ү, 
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Gi) Since, 


1 
7 аа 
801. Ѕіпсе L(sin t) d. 


{#)- o ds 
t 5 s? +] 


j л E 
fe (y = 2 tm 8 
(By definition of Laplace transform) 


Now, taking limits on both sides as s — 1, we get 


1 2s 
“a (1-9 (hey 
Now using the first shifting property, we get 
L(e?*t sin t) = ны № т = 26 +2) 
[05+ 2) +1] (52 +45+5)2 
Prob.18. Evaluate Lfte* sin at}. 


a 
Sol. Here, L(sin at) = >> 


L(t sin t) — 


зета" _tf sint T = тл л 
dt = ——tan (1) = =-=- = 
Я а а 2аз fe ЕЗ! 2 0) 2 4 4 Ans. 
therefore, L(t sin at) = —— Ps 735 022 
ds\s* +a (s? +a?) NA 
Now using the first shifting property, we get Prob.21. Find 2 : } : [В.СВИ, May 2019 (TV-Sem)] 
2a(s- 1) 2a(s +1) 


L(e*t sin at) = 


2 Sol. Refer to Prob.20 (ii). 


[6407 «aT 7 (825+2в+а2 +1) 


л 
20 -=) m 
Prob.19. Find the Laplace transform of te sin ЗЕ Prob.22. Find LEO} if f) = 3 : Й 
Sol. Неге, —L(sin3t)- 0, i 
s +9 Sol Let, ft) = sin t 
therefore, L(t sin 3t) = 44 x к 65 1 — 
dsis?49) (52 49)? L(F(t) = L(sin t = T Pr ida (5), say 


Now using the first shifting property, we get ` Using second shifting property, 
66 2 6818 
[(s +4)? +9] 6? + 8s +25) 


Prob.20. Evaluate by using Laplace transform — 


Lett sin 3t) = 


КО} = Дд F(s) = е 49 ag Ans. 


Prop.) 
3. Find the Laplace transform of - 


t 
© k te sintdt (i) |; b Ru 7 Ll 
А : 0 u | 
Sol. (i) Here, 1, (sin t) = ." 14 Let, . ain 
) 87 510) ii SH du 
therefore, L (t sin t) d (= 1 2s Now ни ЖЭ | 
UE : sinu, [_ ‘Sint dt 
ds\s? 41/7 (s.p? 1480) = “| u 8-4 t 
со 
| te sinta _2х4___ 8 -— = i 


L(sin t) = 


87027 06:12:07) 
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sint eo =] т 
2— | = ds = Пап — e'sint 
Then | Д ) f= 21 | | > m ls prob.25. Find the Laplace transform of ==" — — dt. 
t sint lija -1 1 4 
Hence L| — а = Е 152 8 : sint Wigi ds Е Еа Р о 
1 ! i 4 8 sol. Since, Ц. Ї Su [tan s| = 77 tan sccot!s 
sinu, E 
or = = Pas ie р sint -Tä | » T 
ле (= = со (8-1) | (> by first shifting property) 


Prob.24. Ета the followings — 


(0 Læ sinag (i) ц [е созш Непсе, 
(R.GB,, Nov, t sint 1 
Sol. (i) We know that сын L Í “| “ү-/2Г = geot 6-1) (by transform of integral) 
л а 
L (sinat) = ve Ans. 
Prob.26. Prove that [^ di жы er 
Now  L (sinat) = (-1)? “ls а 3 р ee, 1 a= logs 
ds? (s? +a? 
1 со 
d" Sol. a a Rigal eat 
Ї Цех) cun ў he Зуу I 5 
"NN = Lim, |l| Lim|1 
= 14| (57 +а7)0-а25) 4, d] $ sol'"|i| so3|t 
ds| (52 +а2)2 ds | (62 40°) 
= Lim(?la. Lim [91 
| АТ +2252? жин! 8-1| 598—553] 5 
244 А Е 
G^ +a”) h = Lim pog go — Lim пор gj 
= ale? +а2)(52 +a? —4s 1 = log co — log 1 – log o + log 3 
(s? зад)! = log 3 Proved 
2 
Sea cs 248233 F827. Show that [особ -00:4 pg, 
23 
(s? +a?) (s +a") Sol Let, др) = t 2 


COS 6t — cos 4t 
L(f(t) = L(cos 6t — cos 4} 
= L{cos 6t) — L (cos 4t) 


(1) We know that e transform of integral 
Ц [ ода) = 1) 
5 


Ч et 1 
б costdt | — 15 cost) | 
1 CE ВИНЕ: Ї L{cosat} = 5—7 
= ЕГА" Sgegig bg 
2 
$ (s+1)* +1 M = F(s), say 
8-1 5+1 Now 


= БЭХ “ 
sS +2в+1у+] в@ 82852) "Фа - | £09 dx, where 1480) = FO) 


atics - Ш 
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«| cos шини 1 х х 
2500-0010 = ———— Since; 
E ——— i) 
ГЇ t 1 x? +6? ze ан sint -Ї = “| агч = 71 = cot! 
= | <log(x? +62) -  log(2 1421 А 
2 2 8-4) v E = cot !(s + 1) (^7 By first shifting property) 
2 со 4 { 
ad log х +36 if -e Sint) ae | = scot 1(s+1) 
2 x^ +16 |, Hence, L р ? Ut s 
1 А (By transform of integral) Ans, 
= Lin{ oe = us. Іор 36 ссе Шод Sil Зэр 
хоно +16 16 (ii) Since, L[co 213 
2 1.(8 +32) 25.5 
zd Lim, log 1+ G6/x?) E . ЦЕ cos 345 serta | 
2 | x00 8146/3) 4 d (52 +32)? 
i 301 1 r -4| 9-2 |. -2s(s? +9)? -(s? +9)28(9-52) 
= Г; logi -teq(3) | = 219-25) ds] (s? +9)? (s? +9)4 
зай ыг к. _6 Әри +9)-449-82)] 
= -log2 = log 
2 3 (82 +9)“ 
Prob.28. Find the Laplace transform of (t — 12 u(t 1). Е 252 — 18s — 365-455 "à — 54s Ань 
(s? +9) NDA 


Sol. Here, 
Lt -D^ut- 0] =f eit- 02а 20 


f © -step D) Ht 
=f e *a- n20dt« fe 0-7 


Prob.30, Find the Laplace transform of sin at sin М. 


Sol Let, L (sin at + sin bt) = 210 sin at sin bt} 


(s? +(a- b) 22 


нь." 1 
5 s Le] +2 | ne = 5 L(cos(a - b) - cos (a + 6) 
Ч =] i С | 
Р 1 8 = 
Е ERES - 2 
+ 4 RM (t-D | 48 F 2 1 (a-b)? 52 du 
uma и - sfs # sory? +65] 
3 2092. - ae 2| (s? +(a-b) ape «iav Э 
5 83 8 2 b 2 4 2ab 
8| s? +a? xb. MEE Eg cs 
x 2 (a b) 2} 


Prob.29. Find the Laplace transform of — 


(0 fg-[eQ sint 
Л [е Mat ин Ans. 


(9 fO =? e?! cos 3t. (s? + (a – b) ?ys? 
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Prob.31. Ета the Laplace transform of — 
cos at — cos bt 


1 


ind Laplace transform of the 


‚ 33. Fi 
prob _ [3% 0<t<2 fib h . 
SO = 6 26. as a period 4. 


f(t) isa periodic function with period T — 4. 
2 р? 4-0 
те "(04 _ | е “+ f 6.e dt 


s 
Sol. Since, L[cos at — cos bt] = 2—5 ---5-- 
57 +а 52 +2 


Sol. Heres 


cos at — cos =] Д 8 8 ) 1 3 2 [ 
L = за LO = Jo 57 LU 
| t sis +а2 sep? 2 log 7 ar f a 
ЗЭ Fst st ы 
2 1 F FC 1 [ве 
2 8 = Зь Bi — |23 5 Шинээ 
dd Ж” -8 8 1-679| -s 
1 Lim sS) quit 0 А 
= log = log 23 -2s -48 
DS 909 21 2983 3 1 6 25 3e 3 6€5 6 4 
s? Tye SCED = Na =e -—3-*3- +—е 
s? 1-9 s 8 8 Сан 
-28 As 
за? 1, 8241 1 -28 4. 3-36 7 – бѕе 
— = = -3 +3- бѕе =— 
0 z 2 2 2! уг Ав о! e ] 20-65) 
Ans. 


I een SCOR E d& 
| FINDING INVERSE LAPLACE TRANSFORM BY DIFFERENT | 
| METHODS, CONVOLUTION THEOREM, SOLVING ODEs BY 

= LAPLACE TRANSFORM METHOD ipe 


Prob.32. Find the L.T. of the triangular wave function of peril 
given by — ^ 
t, «t«k 
(1) = 
iid кый k«t«2k 
Sol. Here, f(t) is a periodic function with period T = 2k. 


ХК} = Ё £u х 
1-е: 


Inverse Laplace Transform — 
CM Чоп — If the Laplace transform of a function f(t) is F(s) or 
€» L [R] = F(s), then f(t) is said to be an inverse Laplace transform of F(s). 
ae alto write О = L7 {F(s)} or L-! (F(p)), L! is said to be the inverse 


-— festre ats езда] 


1—e72ks | Jo Lap, 
1 Га é о : Nan "ansformation operator. 
КЕЗЕ | р e? tdt Ї e * Qk-t) а) $ Function — Let N(t) be a function of t such that 
A to 
2a | eses" es х ЇГ моё-0 махо 
месть. > 269006) 22 Then Му 
ЭЖ (-3) 5 5 ( И i Lewer called a Null function. . cios 
^ EU h Very др corem — Let L(f(t)) = F(s). Let f(t) be piecewise continu 
- сан Ї ke7ks E ks Ea; “или 2 inverse paa terval 0 < t < a and of exponential order for t > а, then the 
l-e s Я s EC » wer, form КО of F(s) is unique. 
ks + 
sl [2% 1 e2 1 E» — ton © 2 Inverse Laplace Transform — — 
1-е 2 ub oum i 82 7 тсе (1 ха 50 эрс ei operty — If F,(s) and F,(s) are Laplace transfo 
ws) FT y “эреспүе!у, then 
Lek 2 h Ll zl 
мо EU зар рав mo | S e, ang EIFI) + о,Ев)} = eL EG) + OL) 


c 
2 аге any constants, 
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(ii) First Shifting Property — 
If L“!{F(s)} = f(t then 
ЦЕ — a)}= e® f(t). 


Transform Calculus 205 


t 
proof. SUPPOSE wp = | f(u)g(t — ш) du 


wi) 
ing Laplace transform on both sides и 
(iii) Second Shifting Property — m (i, we have 
e qud Е f equ 
If 171 (F(s)) = f(t), then 0 © t | 
-st| | f(u).g(t — u) du |dt - 
Ll {eS F(s)} = g(t), where mo = 1 е їр (и). 8( ) u=t 
f(t-—a), t>a =u 
g(t) = { _ f° ['e-*f(u).g(t-u)dudt 0) t>o 
0, t<a = fhe (ш) Mond of 
T is double integral, the domain o t 
iv) Change of Scale Property — If F(s) = L [f(t)] denot For this 4 А u=0 
RS the function f(t), prove that яаах iaegation is fie авс area lying between the Fig. 42 
lines и = 0 and u =. М , 
L[F(a) = E (5) а»0, On changing the order of integration, we get 
a (a 
5 имо [7 fe f(u).e(t - v) dtdu 
Proof. | Е(5)- [en (tdt, ~. Flas) = р e ?* f(t)dt 2 i 2 
put, at=x -| чау ева =w a 
= (бех 319 а Р 
> Ї et (Е | e ч өнө ас а) du [Putt—u = v, so that dt = dv] 
ET Ч 1,(t “Эр 
pet (Їр sje (ye - A "ий - Ї сти) du so] = F9.G() 
Inverse Laplace Transform of Derivative — “оын L'[F(s).G(s)] = w(t) 
Го LFO} 0) ence from equation (i), we get 
= t 
then L^(F *s)) = C1)? t? КО. L[F(s).G(s)] = 1 f(u).g(t — u) du Proved 
Proof. By the Laplace transform, we know that 


Ще f(9) = С 1)^ Fs) 
Pf) -L((-1»FX*Xs)-C 
1:1 (Ецвур- (-1y? m £t = C 1)" t" 0 
Division by s — If L-! (F(s)) = f(t), then 


-1| F(s) t 
Е (8). | года 


Convolution Theorem — 


or 


suppose 
L^ (F(s))- f(t) апа L- {6(8)} = 80 
Then L~!{F(s).G(s)} = I —u) du 


1» Id (Fo) E 


ions 0 
Statement — Suppose f(t) and g(t) are two functions 


meat оГ Finding Inverse Laplace Transform by Partial Fractions - 
de algebraic function is said to bea proper fraction if degree of numerator 
Bree of denominator, 
© US consider а fraction I 
" First of all 


g(x 
"^ fraction ы Shall divide f(x) by g(x), if possible, in order to change the 


action į 
into a proper fraction and let 
f(x) 
/ fw _ (х) 
TL ue 5 


ex! à 
i. *Step is to resolve 
Sin, 
Some lest те. 
al В і 
“ш ficto иж вене factors will be either linear or quadratic and 
ay be repeated. 


23 into partial fractions. We first factorise g(x) 
g(x 
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. сн Е 
(i) Suppose g(x) = (х — а)" (х? + ах + b)", We resolve fiy. 
partial fraction as follows — ui à 
f(x) а + аз 4 \ 
i: +— bay 

клад"? «ax eb)" хта (x-a)? 7 (каут 704 
box со A а 

+ 2 2 +...+ nxte 

Аи mm 


In order to determine the constants а, a», ... bi, by, ... 

We multiply both sides by g(x) and then equate the equations for, 
see by, 65,---› Cys Су. + ph 
(1) Suppose g(x) = (x — a) (x — b) (x — c) (x — d). In this cas 10 
is resolved as follows — eh) 
fic) а pa N 
g(x) x-a x-b х-с x-d 
For determining the constants a}, 25, ..., We follow the method of case() 
However these constants can also be determined in very simple ways 


a3 


+ + 


follows — 
_ f(a) - fO __ 
^7 (a-b)(a-c)(a-d)' ?^ (b—a)(b—c)(b—4) 
fi(c) fi(d) 


857 (c-a)(c- b)(c- d)" bi (d—a)(d-b)(d-O' 
Application to Differential Equations — The Laplace Sw 
of solving differential equations gives particular solution without E "m 
of first finding the general solution and then solving linear differential e? 
With constant coefficients. 
Working Procedure To solve a linear differential equatio! 
coefficient by transform method — най 
: (1) Take the Laplace transform of both sides of the @ 
equation and using the given initial conditions. 1 
Gi) Transpose the terms with minus signs to the SER ction 
(iii) Divide by the coefficient of y , getting У as a know? mu 
P (iv) Resolve this function of s into partial fractions б jaa 
Inverse transforms of both sides, This gives y as a function s 
desired solution satisfied the given condition. 


Some Important Result for Inverse Laplace Transforms 


G) (1) (ii) al 1 Jeet 
5 8-а 


n with const 


Transform Calculus 207 


-1 п-1 
411 JN хэл if n is positive integer. Otherwise = = 
(Gi) L (p) (8-1) (п) 
Р гай... Ё eatyn 
(iv) L =)” (n— 1)! 
1 |-Їана 
orga 
- b - t 
(vi) L (=z) ou 
1 - 
(уй) L 1 E 2) Qm a 
eim 5 } cosh at 
-a 
1 1 ага 
F =—e™ sin bt 
E =] b 
(х) 17! m 5 = e* cos bt 
(s-a) +b 
i) I 8 mE uS 
Gi) L em tin at 
бш) e > : =—| (sin at -atcosat) - 
(82 +22)? ] 2а? 
NUMERICAL PROBLEMS 
Pb34, Evaluate zi 1 | 
9s? +25 
Sol, [>I 1 
ий bs: р 15 - 17 1 
8 
Билл C 
13.5 ji. Ans 
= —.—sin-t = —sin-t 
9 5:13 15 
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Prob.35. Evaluate Г! | 2 
28 


Е 1.2 1 
Sol ril 5 | ett a % 
22-1] 2 21) 2° шр 
sme 2 G ? 
1 1 8 
= —.cosh——t 
2 У Ay, 
Prob.36. Evaluate 17 z 
6-3? J 
Sol. coL — EET wie 1 | en 
(8-3) (2-1) (s-a)') (0-H) 


Ans, 


Prob.37. Compute the inverse Laplace transform of log m 
( 


h БЭ? eu 
+4) ). then (150) = Г ^H 8-2 


-1 4 
=~ DUS үү, | ү:114. -1) di 2) 
Ч КР ogs} Ë mer Е m, Ч 
ТЕЕ 
8 8-1 52 +4 
1 
f(t) = -— [+e 2 cos 2} 


Prob.38. сэр the inverse L.T. of tee 14-5 E 
s? 
52+ 


Sol. Let, f(t) = L! log SSF) ын 
(52 


= —et+2 cost 


or Е 


Sol. Let, f(t) = 1-1 ere z) Е 2) 

s? Ls ЕН] 

мй е Ее ree] 

jp тэрг 2-2 ат 
52 +1 


then 


(0) = 1- E 


ll 
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quate? 


2-2cost 
Hence f(t) = Ф >. 
"m Find inverse M ТАЖ” of functions 
p 
р OP 
[7 я-а) враз" 
к -1 f(t 
sol. 0) Let L m а2)2 a Ч 
9 4 pdp _1[° 2рф 
Then t р (р2 -а2)2 24р(рд-а2) 
= 2 2| 2|... 
2 р а р р-а 
HOME lia j 1 = | = 4 їйа 
t 2 р“ -a а 
f(t) = ЕЕ sinh at 
2a 
Hence т P| E ti h at A 
ler] 5, а ns 
(ii) Here p! р+1 = т! нэ 
р? +6p +25 (p +3)? +(4) 
= т p*3 =l 1 | 
—_ 20 о 
Б tan] [55 e 


І 


e^ cost — эле” sint 


Pr 
05.40, Ета гі | 


So 
We can expres, 


et [eos 4t- Ísin «| 


s+) | 
6—1)? + 2)? 
5 


2 
Cu. liG*«27-G-n?| 1 1 . 1 | 
ЗЭ (8-12 8422 | 316-0? (8+2)? 
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M 


(8-1) 1 1 


1 


н 
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1 
ERES 9=-271А>А= 53) 


E 
4L гр! ings 
[жо 3 (8- =] fc] "di _21=3D>D=-7 
putting f s? and s? on both sides, 
1 а ‘ficients o 
= je 15 Ый?) gquating се 0= A+B>B=13 
$ 5 = – 6А -3В +С 
| (By first shifting ppg C= 5+6A+3B 
= pie ens H = ie аг i C= 5E2ST-4 
2 d р 

1 1 ^ Therefore, from equation (i), we have 

= =t(e'- et = 1 1 ! 

3 4 ) № i а Aves + 6-2) 
Prob.41. Evaluate 171465 + 22s 16. | 2 4 

s? +6572 + 115+6 L | Бар ЯГ us 
2 idi | i 
Sol. Here, _65 +225+16 __ 652 +228 +16 i | 1 
53 +652 +115+6 (8+1)(5+2)(8+3) = -e7 +50 eae. Зр se 4 
E 
tet 65? +22s+16 A B С р t 
(s+1(s+2\(s+3) 841 842 5+3 4 = -iem +202 sae (1) de "El 


682 + 22s + 16 = A(s + 2) (s + 3) + B(s 1) (s + 3) + Qs 6 


Putting s =-1,0=2А A -0 
РийпЕ8--2,-4--8-28-4 
Putting s =-3,4=2C > C=2 
Putting the values of A, B, C in equation (i), we get 
652 +225+16 


nw 
n ae = = 
(5 +1(5+2)(з +3) Eo 3 
-1)_652+22 1 
11-88 +226 | Th 3 
5 Sb ar 
резне. E 5+2 Ы 5+3 
= det + 26-31 


Prob.42. Find г 55? — 155-1 
6+1)-2)5 } 

Let, ŠIS- А. A B Cc. 
(s+1)(s—2)3 6+0 1 (8-2) 2 * (s- G-2) 
-Ds-112AG-2) +B (5+ 1) (5— 27+с6+06-2* 


Sol. 


+—5 
76-2) 
552 5 


Ans. 


Il 


(1-а-26) 
3 2 


" pmi $ = 1 
Prob.43. Find the inverse Laplace transform of L tg "Я 
5 


2 
Sol, Let, F(s) = log (s^ —1) 
52 
Е($) = log (s? —1) – log s? 
F(s)= log (8-1) + log (s + 1) -2 logs 
1 2 


=== 


8 


А 
F's) = 
(s) "em 
LU (FG) =e et. 2 


Mar = ot ач 2 


} 
4 DMRS} = 14 Q2- e- et) 
1 -1|5 2(е! +e7') 
t -2 
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4 52-1 2 t 
аг 


Prob.44. Find the inverse Г.Т; of F(s) = log — шин 
+3" 


inverse Laplace transform of F(s) = : 
а the inver: їр ЕО 


том idi 
1 
5 
sol. Here, F(s)= 53(82 41) ў 
. e Laplace transform, we have 
raking invers 


t : 
Е "m - р В [р sint 2 «| dt 
-| ү в (-сов 5 а dt = [| | | сов d dt 
0 


t ын n [t P 
= $ [t - sint], dt = 1 (t —sint) dt 


Sol. Given, F(s) = log? = = log(s + 2) — log(s +3) 


р 1 
mE m 5+2 5+3 


Taking 17! of both sides 


-F'O 17 Эр та 
сааса 


ог (1) 175) = e% — e3 2 боо 
(By inverse transformation of derivati - B * cost = > +cos t- 1 Ans. 
-2t 2-3 -3t _ 22 0 12 
L{F(s)} = ———— Prob.47, Find the inverse Laplace transform of the tan T 
-1 t 
-12 
эд 2 stm |— 
o E Чөв | 2 Let Q3 u| 54186, Ер) = ta (3) 


Prob.45. Evaluate — ы Е(р) = 


rn 


2 + 22 
Taking L of both sides 


Sol. Let, F(s)= jap EED = log(s + 1) - logs - D L"(F(p) = 171 -2 : 
(8-1 р? +2 D. 
010 1 Чп (F(p)) =— sin 2t (By inverse transformation of derivatives) 
ын fole 8-1 b 


17 iB _ sin2t Ans. 
р) t 


Taking 17! of both sides 


1 
-l fpr -1 -L -Ч P 
Dro "Ч cu г lei ; "mi 10548, Fing zl pis. 
(1) LH (Б) = e-t — et (By inverse transformation P? (p+3) 1 
$, Š 
{Му 1 y Р (р+3) р2(р+3) p Р | 
tiog (8-0| 2sinht Эр, 11.4 em 40) 
88-07 "t 72 р2(р+3) 
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For first term 


ajil t. 
"(eu 


For second term 


Ex 5 1 
За (52 +аѕ+а2 


1 
LH——cb-eR- f(t) sa: 
y 
рз ate = -. ч кє ба EE 
3a “зад 


al 1 1 
L es - | бох 


Не] 


5 
Prob.50. Find 17! 2+] [В.СРИ, May 2019 (IV-Sem)] 
s* +54 +1 


t 
1 gn 1 ё | Sol, Here, 
= –|х- =-|1{+ -= 
3 тэ Нм, 5 р 8 
H 2 2 2. 
Hence from equation (i), we have Bu Corb ce» 
Suppose 
8 _ Аз+В " Cs+D 


4,2 z 
95241 524541 s?-s41 


Multiplying (s? + s + 1) (s2 — s + 1) both sides, we get 
57 (As В) (s? — s + 1) + (Cs + D) (s2 + s + 1) 
EIN 
i + Bs? — As? — Вз+ Аз В+ Cs! Cs? +Cs+ Ds? 40840 
ing the coefficients of 53, 52, s and 80, we have 


E +2 ни 
ui? зээ poi 
p^(p*3) З| 3:3 


1 Up № 
——(e 
n 


Prob.49. Find the inverse Laplace transform of x, = 
| 1 A+C=0 40) 
Sol. Since, A3 В? = (A В) (A2+ AB + B?) ТА+в+С+р=0 N- 
s-a? = (s-a)(s? +asta”) SERERE ili 
Usi +D=0 NC 
1 А Bs+C Sg equations /: 

Let, 3 5 m а 2 ‘ations (i) and (iv) in equations (ii) and (iii), we get 
S —a" S-a 54 +аѕ+а 2C=05C=0 КУ 
1-A (s? +as +a?) + Bs(s- a) CG- 9) А -0 (vi) 


Оп solyi 
"8 equations (ii), (iii) = (iv), we get 


On solving equation (i), we get A= ar B- За 1 
a 

melisma? = and B= -— 

2 2 


d s 

xu 1 1 | ЖЕ 1 | 
8 2 ж ра! 1 

+7 +1 51 2 жор 3a 


+s+1 
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1—2. 8.152. 43 
= -x.e 2 —sin—t+—.e? sin 

2 18 2013 aX 
_ 2 anh зы 

3 2 


Prob.51. Find — 
L 1 8-2 
(s? + 45+ 5)? 
Sol. Here, 


rf 1 ) =p 1 |- e? sint 
52 14s 5 (6*2? +1 


By shifting property II, we have 


СЇ 2-4) = (- 1).te? sint 
5 (52 44545 


ie. p! see = - te% sint 
(s^ + 45+ 5)? 

= ет t 

2 


or p 5+2 
(82 + 45+ 5)? 


m 
Prob.52. Find inverse Laplace transform of the followin’ 


-45 1 
(s- 2)* a) s? —65+18° 


3 1,3,2 
Sol. (i) p. |. о = A e 
G-25|- 54 3! 


0) 
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cond shifting theorem, we get 


by 5° 
Then E l (t- а)3е2@-®, 154 
rt ——4 =16 
(8-2) 0, 1<4 
= 6-4 ед nga, 
1-4) в the Heaviside unit step function. Ans. 


di E мн на — = 
(iy Here |2 65418 (s-3) +9 


E n lesa] = 163 sin3t Ans. 


Prob.53. Find inverse Laplace transform of the following functions — 


3 
бит (ИВ 09 “(85 Ji 
Sol, (i) Let, F(B) = tan (ИВ) 


27 1 1 21 
Then ЕВ = Co ME 


>. 
1 
1 каз 
50) 
Taking 17! of both sides 
ЧЕ) }= НТ = sint 
149? 


CDt L- (F(B)) = — sin t 


Limp = St AM 
(ii) Let, F E. (B +3) 
(B)= los P 


F(B) = log(B + 3) – log (В + 2) 


en 1 1 


Ley 11:11:14 на 
(8) = г ва L le 


L (Ry = e?t E 
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Prob.54. Find the inverse Laplace transform of 


s? 46 
(2+1) (2+4) 
5° +6 _ Аз-8 Сар 
ажээ. (5° +1) ( +4) E 5? +1 + FI 


Multiplying both sides by (s? + 1) (82 + 4) , we get 


2 = 
s?+6 = (As+B) (S? + 4) + (Cs + D) (24 
or 8246 = AS +44 2 у 
| $ + Bs *4B + СЗ + ipa 
Equating the coefficients of 53, 52, s, and 50, we get Ч 
0 = А+С 
1 = B+D Ч 
0 = 4А-С А 
апі 6 = 4B+D i 


On solving above equations, we get A= C-0andB- 3 D-- 
= 1 2 -1 1 | 
Е { 2 } - 3 L bs 
8° +1 st 


- Е sin $m sin 2t 
3 3 


826 5 


в: (s +1) (s? +4) i 3 


-1 s?46 
(7 +1 (7 +4) 


Р Е 06.55. Applying convolution theorem find the inverse tranf) 
s 


а 
(5 +а? )2 


Sot Here, T4. ү4| s Зиа! 
(s? +а2)2 (52 +а2) (52 +2) 


Si -1 5 
nce, L 75| = cos at 
Sta 


Hence, by Convolution theorem 


" | 2 
>: —— 
(5? +а2)2 


= 


t 
- |, cos аи. соза(# — и) du 


и 


1 rt 
> ГЦевв at + cos(2au – at)] du 
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i t 
cos at + —sin(2au — 
E 55 sin(2au a] 


Nl 


0 


1 А. 1 

—| tcos at  —sin at - 0 — — sin (- 
| с A al ршщ a] 
1 


\ 


tcosat+ М. аї 
> a 


= тон cos at + sin at] Ans. 
a 


prob. 56. Using convolution theorem to evaluate — 


Е. 5 
Sol Since, L ( 5 
5 +a 


By convolution theorem, we get 
4 1 t 

L (E - Í cos a(t — u) 
s? + a? 52 + a? 0 


t 
x: x [еп at + sin(2au — at)]du 


sinau 
du 


1 


t 

E usinat — 4 cos(2au - 2 

2а 2а 0 
1 

= 4. tsinat-Leosat- 05 1 cos(-a) 

2a 2a 2a 


Hence үл | 5 Апз. 


1 
eee: ЗЭ х... i 
А (82 а 2a tsin at 
Tob, 57. 
Apply Convolution theorem to evaluate — 


гі | 1 | 
2 . 
Sol. Since (5° +9) (5+3) 


"ы peas af 1 l5 
8 +9] 3 1131 and Г (+3) = 
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By convolution theorem, we get 


|- [sin su ett ay 
03 


_1_-3t зы 
EC [е sin Зи du 


1 
-1 ей 
5 le +9) (s+3) 


І x e?" : ! 
есе холин! 
0 
a3, UE bx ах = eX n 
те sin bx Be» WT (a sin tai 
= ge^ [e* (sin 3t — cos3t) + ] 


= gl 3t + sin 3t — cos 3t in 


0658. Using convolution theorem find 171 leal 


(В.СРИ, Nov, ЇЇ) 
-1 1 mE 1 | 
яаж Бы Е (ois 


Since, 2 1 } =e! Іг! 1 еа 
(8-1) : (5+2) 


Hence, by convolution theorem 


= t2 k 280 Зи 
} = flere (“Wan = e fe du 


al 1 
(s—1)(s+2) 
зи 1! Le 7) А 
ӨВЧ Е ie? etn - 6 е 
0 


3 


n thearell 


Prob.59. Find ri 1 } using convolutio 


(8-148-2) 


Sol. el syf i i sil 
(s- )(s- 2) (s-D 58-2) 


Ѕіпсе, et. сүл) 1-1 oz 
се, 8-0) ет 6-2 е 


pence, 
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olution theorem 


= fret. au 
0 


by conv! 
56-5 


2 eT 
21 f! -u Ее 
=е he du S| 


= – eet — 1) = et et Ans. 


I 
7 to find DT — — — |. 
Prob.60. Use convolution theorem, to fin | ни = >} 


afl d 
52(52 +1) 87 (57+ 1) 


| 


2 1 
zs ҮЭ 
Р Б D (s? +1) 


` By convolution theorem, we have 


1 tu? 
174-4---1 - —.sin(t — u) du 
53(82 + 3 р 2 


в t 
= l| of —cos(t— u) T —cos(t — u) 
1" | CD ) J af CD Jel 
t 
= Ця in(t — u) sin(t — и) 
ажин ors ааа 
р 


t 
u? cos(t — u) + 2usin(t — u) — (ces) 
0 


L (1) 
242 

= 5[u Cos(t — и) + 2usin(t — u) — 2costi- w], 
«lp 

З 6950 + 24510 2со50-0 0+ 2cost] 
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Prob.61. Using convolution theorem, find the ; 
transform of invers 


Fj- і 
5 DG? +1) 
Sol. L^ - -pu olo d 
($+ D (s^ +1) (8+1) (ip 


: -1 1 ИНЭЭЖ: 1 | 
Since, L 5] =е L [e] 


Hence, by convolution theorem 


-1 1 à 
г сэ) ч f, sina u)du 
Let, 


t 
Le 1 e " sin(t— и) аи 


= [e cos(t — у], + [s cos(t — u) du 


- [e cos(t — у], +[e™ sin(t — wD] -fe sin(t—u)d 


t t 
or I= [e cos(t — w) -Е" sin(t — D -I 
ш [From equation (il 
or 21 = (et — cos t) — (0 — sin t) А 
РЕ? 
bed I = > (e! —cost+sint) 


From equation (i) 
et T 1 “4 -t : 
ры А (ef “cos t+ зіп t) 
051151) 2 ae 7 90 
Prob.62: Using the convolution theorem, find — 


oft 5у 
6? «n6? «4]- 


: As+B Cs+D 


Sol. Here, 
(s? +1) te (52 +4) 


725—2 
(57 +1) (s? +4) 
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1) (52 + 4) both sides, we get 
rans e р) (2+ 1) 


^ в 
^ s 
Met inp үн ae ih 


E +4As + 
oe coefficients of 53, 52, 8 and s°, we get | 
сийн А+С=0 NO] 
в+р=0 41) 
4А+С=1 (iii) 
4B+D=0 (iv) 
: = -1 adD-0 
ations, we get A= 3° B=0,C= 3 and D=0. 


On solving above equ 


ol ИШ 
551 +1у(87 +4) 


81-4сов21 - 160в6- соѕ 2) Ans. 


1 5 220 8 | 
3L = 3 s? +4 
o 

3 


Prob.63. Using convolution theorem, evaluate — 


p! euam 
(s? +a?) (s? +b”) 


52 "E A 
(s +a?) (s DA 


(82 +a?) (s? +b?) 
" cos bt 
^ Ву Convolution theorem, we БЭ 


и жЕ E 5 ( 5 ` | 
6° +а?уь2 +b?) хэ a) 52 +62) 


-| Ши — u)cos bu du 
- J,eosa(t - u) cos budu = zhet и) с 


Sol. Here, 177 oro 


ӨР 
8 Ба? = соз at and 17! 


E 3 feos ta — (a — b)u} + cos(at — (a + b)u}] du 
sin (at — (a + bal] 
'— (a+b) 
 sin(at — (b+a)t} -sin “| 
b+a 


= ® sin {at — (a – b)u) л 
2| 4-5) 
2 A b-a 
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_ l|sinbt — sinat 
2 


4 Sin bt + sinat 
b-a 


b+a 


= А5 zm (2b sin bt — 2a sin at) 


1 
sin bt — a sin at 
b?-3? (b п at) 


hy 
Prob.64. Using convolution theorem find the inverse Laplace tr 
1 E 20 
Е + а? ) : 
1 2 
Sol. Here, 17! ox зал | а LR 
dial. (s^ a?) (52 +a?) 
= 1 sin at 
Since, L | } 2 
s? +a? а 
Hence Бу convolution theorem 
2 
л 1 t sinau 1 
pae —sin a(t — и) du 
ЇЕ | 1 a a net-u) 
-+ | ' 2sinau sin(at — au)du 
2a? 40 
t 
= =] [cos(au — at + au) — cos(au + at – аи)]4и 
t 
^73 a Ї [cos(2au — at) — cos at] du 
a 
t 
1 i = 
7242 Е - cosat. 1 
m ч ° j^ 
1 fsi ЭЭР” 
EE -t cate sinat | as [i at-a 
2a*| 2a 2a E " 
Jace trar 


Prob.65. Solve the simultaneous equations using Lap! 


dx t dy = 0) = 4. 
ei me age : 0, 1, y% 
it ye, 7 +x=sint, given х(0) 


dx 
Sol. Gi Iam 
iven, ар Yee 


dy 1 
dt +x=sint 


КІ 
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арїасе transform on both sides of equations (i) and (ii) 


[where L(x) = x] 


ях = * x(0)=1 NT 
$%-У = 2 [v х(0)=1] ..(8) 
e+ x}= L{sin tj 
dt 1 
sy-y(0)+ 2.1 e 
x г. .. = З 
ѕу+х = E 1 [> y(0) = 0] ...(iv) 
Onsolving equations (iii) and (iv), we get 
s* +52 +5—1 = s! -s? 42s 
= add У = 4 a 
(s +1)?(s—1) (8417 (8-0) 
Now __ sits? +s—1 _ As+B (Сэр), E N^ 
x 


7 (е2 +) @ y (s-1) 
(by partial fraction) 
2 


21153 _ (As B) (s? +1)(s— 1) + (Ce DYG- D+E( «1? 
e «ien (82 +1)? (8-1) 


б + 7 (As + В) (52 + 1) 8- D«Gr*D)6-D*EG + 


(8241) (8-1) 


B 
У equating the Coefficient of various power of s, we get 


A =B= E= 3C- 0,0-1 


Puttin, 
В these values į In equation (v), we get 


1 

=8+— 

== 2, 2 наан kane! т 

S *1 (5541) 28-1 

Laplace transform, we get 
Хар 1; mE 
26231 2541 


Taking ; 
aking inverse 


21 
(82 +)2 28-1 
” ао ] 


sd 
B [ов 26181 teost +e") 
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N эх -83--82-028 
ow У үд Т 


Taking R.H.S. 

-g +s? -2s As+B Cs+D E 
(5241) (8-1) 5+1 (82+1)2 (5-1) К 
(by partial fri) 


or =s +52 25 = (Аз + B) (s? + 1) (s — 1) + (Cs + D) (s DE. 
On equating coefficient of various powers of s, we get , 


1 


1 
>, B=->,C=1,D=0,E=-1 
2 


1 
2 27 
Putting these values in equation (vii), we get 
1 4 


А = 


-88-82-28 02» 2 8 1-1 
2-52 i DCN шарта 
(8241)2(8-1) | (8241) (2+9)? 2 (8-1) 
1 1 
“УТ ai ee em НА. 
н Y (ep Gap 26-1, 
Taking inverse Laplace transform, we have i 


1 s 1 о s 


11 | 
-ARAZ 2 E 
di fot 20841) («p 26-9 


1 , Р t 
=-— - t t-e 
y 2 (eost sin t+ tsin } 
Thus, x = Teos t+ 2sin t — t cos t+e'] 


and y= ales t—sin t+ tsint е 1 


dx 202 LI UA 
Prob.66. Solve the simultaneous equations yk +5х- y= 
given x = y = 0 when t = 0. Баг 
Sol. Taking i- D, the given equations becomes, 


(+5) х-2у=Е 
2х+(0 + 1)y-0 
Taking ће Laplace transforms of the given € 


t 
quations, we E 


1 
ЇВХ-х(01--5Х-2У--2 
5 
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: 


= [+ x(0) = 0] 
( s? 
" g-y0*2x*y =0 
yi 2x +(5+ Dy 70 Г y(0) - 0]- ...(i) 
it : tions, we get 
equa ь 
шарагчин”, “шин 
37 узу} 28 98? 27843) 95:37 
ng the value of X in equation (ii), we get 
Putting _ Д d : ? ; 
3-736543) 27s 952 27843) 96437 
Ontaking inverse Laplace transform, we get 
1,t 1.-x -3t 
—--—-—e" ->te 
х= 779 27 9 
4 2t 4 x 2, и A 
Г Мо zte ns. 
„ Г 5 > 9 


Prob.67. Solve the following differential equation m 
у" — Зуд + 2y(Q = 4t + e, when y(0) = 1 and y'(0) =- 1. (By 
laplace transformation). (Е СРИ, May 2019 (1V-Sem)] 
Sol. Given, y" — 3y' + 2y = 4t + e?! 
Taking Laplace transform on both sides, we get 
H 


ӯ -ву(0) - y (0) - 3sy –у(0)]+27 = xt ти 


s$ G-3423-s41432 4 
s 


s-3 
Э (9-352) y ape +(s—4) 
8 8-3 
d E 2-2 1 -—-— 
MICE $—2)($=3) (s—1)(s-2) 


У48-1(8-2), (8—1 


Oni inversion, we get 
ys Фе 2t t 3(t-u)/ 2u Su rp! 2825 
0o jaja pe (е -е )du+ ghle 
aft t м 
^4 ae E t 2t 
[| 2 -e dt et f'e™du—e" f e 2940 +3.е' -2e 


0 
x at 24 t 
4| 18 t -2u 2t 
= 1 pu е +-2е 
© e! — - +1 lata edt е е3 21 +3е 
2 -1 0 o 


atics - IlI 
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t 
2t t 4 ЕЛ be written as 
Ale 523 2- - ап 
ша! -4Е| += +e Е |е кеа. gquation () c '+ бу = 5e! 
2| 2 о 2 2 “23-р у езу 
0 k те Laplace transform of both sides, we get 
Ta ini 1 


3t 


_ (22t_1)_afet — —e?t le ola 
= (e -1) 4(е 1) +2 e+e us ее! д 529-570) - y'(0) -5[sy – y(0)]-- бу = 5.—— 


8-1 
5 


l st a lt 
a eet a= 3 - 
2° 2е 2° +3+2 (s+ 58+ 09 — (8+ 5)2- Ta 


Any, 
Prob.68. Solve the differential equation (D? + 2D +1 ) y = 3te* 
subject to the conditions y = 4, Dy = 2 when t = 0. эе 


Sol. Given equation is 
(D? + 2D + 1) y = 3te* А 


9 5 
(2 +58+6)у- (28+10+1=— 


9 
(в+2)(8 +302 – "p (Q1 


ad У0)-4,у(0)-2 " 5 EUN 
Pay t yc л GG GEMOEE 
_ 5+(25+11) (8-0 _ 252 +9s— 


Taking Laplace transform on both sides, we get 


s'y -sy(0) -y'(O) + 2] - v0] = 32-467) "6 DG знн) 7 GGG 
S 


Ол solving by partial fraction, we get 
5H 1 4 16 1 15 `1 


4 
> (82-28-1)Уу-48-2-2х(-4) = =) 


E-— : г 
: 12(s-1 3 (8-2) 4 s43 
> ($+12?у= 45+10+ on" D Taking inverse Laplace transform, we get 
V 46+0+6 3 5 t, 16 15 
m = et 16 -2t _ 15 з 
УЛ аа ер d ue d x P 
4 6 3 2 
= P 
1070. Solve the equation d z- 2 ex 4e”, у@=-3,у@-=5 
dt 


7 Gel Gr? GM 


Taking inverse Laplace transform, we get 
e) "E T 


Win 
8 Laplace transform, 


МПа, Sol, : « 
Here given differential equation is 


= 4e7t ышы 
у- 4 Me ow ir а | 42у dy 2 i 
h Ww _ (нв KONEI а2 хал ES 
= 4е "+66 Бе o »У(0)-5 


д Ё 
“Зай, (1) сап be written 88 


y" — Зу + 2y = 4e?! 
orm of both sides, we get 


Laplace тту" 


Prob.69. Solve the following differential equation by king s Laplaco transfo, 
ns: 


а?у dy 
шор. 52. 6 (0) = 1. Фу. 
а? у= Se", given у(0) = 2, y'O YO-YO - 3s y — y(0)]+29 -4. 21 
Sol. Here, шаа ны equation is (3.4 Ёс 
35+ 
2У-(в-3)-3)- s- 


d?y dy 
53.59), 
FOR M d 


53 
and y(0) = 2, y(0) = 1 у 9- 9-2 Ч 
-2 
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ol Taking Laplace transform of both sides, we get 
50 


А y'"'(0)] + 2[52у – sy(0) - У(01-У-0 
P. ;* 28 2 +1)у-— (5° + 25)у(0)- (52 У га) У"(0)-0 
у(0) = 0, y'(0) = 1, У"(0) = 2, and у"(0) = 
+252 4 Dy -0- (s? -2)1-s243-0 


(5—1) (s- DI= 2 j 9-9 


Й (38-14) 


У (8-2) (8-1) (8-1(8-2) 


miting Y 


E (3s-14)(5-2) -38 +205- -4 (5° 
G-2'6-D) ^ G-2 82 28-1) ui Ue 2 
On solving by partial fraction, we get yen (5 +252 +1) (s? +1) 
ME y 4 7 Tq WE. > ORE 2 
6-2 (8-2)2 (8-1) У 2. зог oU +1 (52 +17 (52 +1)2 


Taking 171 of both sides 


РЕ -! 1 L! 2s ан 2 
д E \ [г = т (s? +12 


Taking inverse Laplace transform, we get 
y = 4e?! + 4te?! — 7et 


> (9 +28? -s-2)y-s!-4s-5-0 


= 4е2* (1 + t) – 7et An 
Prob.71. Using Laplace transform, solve — y=sint+t sin t — (sin t t cos t) 
d'y, 2d MX № ыш 0 у t(sin t + cos t) Ans. 
aj d? 4 Prob.73. Solve the equation — 
given that 
di a? ж уйе, ыз e *sin t, 
у=1, 9-27 -2 att=0. dt 
dt dt х(0) = 0, x'(0) = 1, using Laplace transform. 
Sol. Taking Laplace transform of both sides, we get d?x 
мийн )-y(9]-[v-(9]-77 Si Here, а дар нх өт tint 
sy-s -8 y"(0)|-- 2/|s^y —sy(0) - y 5 
Е ў ий aur (0)] a M Taking the Laplace transform of both sides, we get 
alid Pindar — [7X ~ sx(0) - х(0)] + 2 [sx —x(0)] + 5X = Це sin 0 
or 
[?x = sx(0) = aea tlie i 
= х'(0)] + = + 5% = (i) 
(0) + 2[sx — x(0)] + 5x (81241 


45 
= EE On putti 
> (8-1) (5+1) (6+2) у =s% 48+5 2 Y^ (s- je Putting the values of х(0) and х'(0) in equation (i), we get 


1 


А : 2- 
On solving by partial fraction, we get (2х - 1) +25 +5х = 5 
= 5 M 1 ` 1 1 : 8 а? 
22. “Ыы — as Р " 
y 3 (8-1) 8-1 3 (8-2) X t2sx +5х = += 
Taking inverse Laplace transform, we get n or (Gu 5 s^ +25+2 Д 
5 t_ t 1 -2t | 2585) g a SŽ +2543 _ s?42s43 
y=—e-e +—e i A. ит Or Жо 2 2 
2 : sing МР Solvin; S +25+2 (s? +2s+5) (s? +2s+2) 
ý © К.Н.$. into partial fraction, we get 


Prob.72. Solve the ordinary differential equation ! 
transform method (D4 + 2D? + 1) y = 0. 


ты 2 

xsl 1 

pM ied lada. 1 
where y(0) — 0, y'(0) — 1, у"(0) = 2 and y (0) = 


2 ЕР 
@ +255) 3(5242842) 
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On inversion, we get 


2.41 1 1 1 
x= 4L — L 
3 5 *2s*5) 3 (s +25+2) 

1 2 +1 1 
А 5. 
3 Эл: 2.22 3 Ga 


l= I 
= —e'sin 2t4—e sin t 
of х3 3 
Prob.74. Solve the equation — 


42 4 
52 +2 +у = sin t, у(0) = 1, y'(0) 20 


ад а 
using Laplace transform. 
Sol. Taking Laplace transform, we have 


= = ыг 1 
у -5У(0)- y) + 2[sy - y(0)] ЖУз-ү-- 
s +1 
Using given conditions, we get 


(2У-4)-2(87-1)-У = = 


+1 
ог (62+ 25+1) У -5-2= -z 
s“ +1 4 
А _ 1 (42) 15632087) 
у= + 
(2 +1)(s+1)" (8-1) (8417 ($? +) 
2o 834252 +5+3 
ог y- 


(+1)? (? * 1) 


3 1 Bis 1 Tes (by pario i 


E 2 Ч 
У 2 (6+1) 264p 24441 
On inversion, we get LÀ 
D e = 
ув зе (jest 


Цар 
Prob.75. Solve (D? + 9) y = 18t, у(0) = 0, (=) ге 
Sol. Taking Laplace transform of both sides of given © 


1 
8 У-зу(0)-у(0)-9У = 187 
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18 
(«9-80 —У'(0) = нэ 


А e y( is not given, let y(0) = 
sinc 


18 
(499-57 3 
18 

(2 + 7 = 2:45 


EN 2. 2. 
У = 52052 +9) 8249 


y Mis ї(3- 1 Js 
9\52 5^+9/] 4249 


_М2 _ 2 2, A 
y 52 EN +9 52+9 
ч ne: 
ye ge s?49 


On inversion, we get 
y= 21+(А- 2.2513 


But we are given that (5) =1 


1 = 43 Jra- 2). 102") 


= п+(А -2iCD 


1 
3(А-2) = п-1 
А-2 =3п-3 
A=3n-1 


Therefore, E 1 
Y = 21+ (3л — 3).—sin3t 
3 Ans. 


= 2t + (n — 1) sin 3t 
-*2D*Dy-ft 


Prop, 
б, . 76. Usi, 
that yep, "8 Laplace transfor Ive equation (D^ 
no sform, solve eq (R.G Ри, Nov. 2018) 


et YD) =~1, 
"8 Laplace transform of both sides of given equation, 


“ЗУО)-у(0):2БУ-9(01-7 


So т 
we have 
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ог 


ог 


ог 


ог 


or 


or 
or 
or 


" 7 1 
(s? 28-1)У-(8--2)у(0)-у(0)--2 
5 
Since у'(0) is not given, let y'(0) =A 
1 
(62 +28 +1) ¥-(8+2)(-3)-A=—> 
5 


1 
(P галуу ~ DA 


= 1 3(5 +2) 4 A 
НИЯ E 2 
8-(8-428-1) (82 +25+1) (5 +25+1) 
1 (84141) | А 


УГ 2+1? Grd? G+? 


а ME 1 
»-[ + + 


1 1 
-3 
842 («D Ч lest 
(By partial fraction) 


2 1 1 А-2 


фэн 


+—- -—— 
s s? (8+1) (5+1)2 
On inversion, we get 


у= -24t-et «(A-2fte* 


But we are given that y(1) = — 1 
-]2-241-e-4 (А-2).1.е7! 
e!-(A-2)e 

А-2-1 
А-3 


--24t-et« (3-22)tet 


=-2+t-et+tet 


Therefore, 


Prob.77. Solve the equation by the transform method - 


42 
Жо. 2 +х= е! 
dt? dt 
x(0) = 2, x'(0) = —1. 
2 
Sol. Here, Sx oc! 
dt 
Taking the Laplace transform of both sides, we get 1 


— 


[529 -sx(0) - x (0)] - 2[x – х(0)1+ = 51 


Using the given conditions, it reduces to 


1 2s? 754 6 
(82 -25+1)х = Pe = pru M 
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25)-7546 2 3 el 
X^ (-n 8-1 812 Gy "00 
of (on braking into partial fraction) 


inverse Laplace transform on both sides of equation (ii), we get 
8 


Takin vC) b аа 
к 20 (6: (8-1)? 8-1) 


\ 

N 

© 
| 


1 
x = 2ef — 3tef + P 


prob.78. Solve (D? — 3D? + 3D — I) у = е, 
given that у(0) = 1, y'(0) = 0, y"(0) =- 2 using Laplace transform. 
Sol. Taking Laplace transform of both sides of given equation, we have 
[s'y - s?y(0) — sy'(0) – y" (0)]- 3[827 - sy(0) - y (0] 


2 
+ 3[5у -y(0]- Y —— 
[sy — y(0)] G-D 
Putting y(0) = 1, y(0) = 0, у"(0) = — 2 in equation (i), we get 
2 


99-52 -042-3s y 4354 04 35y-3-y = G-» 


wi) 


(53 — 352 -1)уу-52 == 
+35—1)у—5° +35—1 (5—17 


8-17у = 52—35+1+ 5 
(5—1) 


] ус шэн, 2 
On -D° 68-17 
ай, 
Solving the В.Н.5. into partial fraction, we get 
2 


— S Sere ee 
У =) (8-1 (8-1) 61’ 


On inves: 
"version, we obtain 


Yeg а 4 
Cm rr 


Es 1,5 

Уе лав 1 1 ( 1.3.54 

УА: Sot. = 1-t--t + 
286558 2960 
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FOURIER TRANSFORMS =z, 
4 
Fourier Transforms — — 


Definition — The Fourier transform of f(x 
defined as follows — 
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ax = t and dx = dt/a in equation (ii) E 
putting 


__ [° авиа dt ] (o i 
„а^. = еа 


1 
| = —F(s/a) (From equation (0) Proved 
) is denoted by FG) ang: i | 
3 wii " Shifting Property — If the complex Fourier transform of f(x) i 
F(s) =f fit) edt then Í | 
К) Ех = а)} = е F(s) 


and the inverse Fourier p of F(s) is given below and is denoted 27 Proof — We know that ' 
f(x) = gale. Е(8)е” Хав F(s) = L., e'™ f(x) dx Eo) 
Properties of Fourier Transform — The basic properties of Буу [ister 2. 3 
transform are as follows — БАГ” F{f(x — a)} Ге f(x —a) dx -® 


(0  Linearity/Linear Property — If complex Fourier transfom i 
two functions f(x) and g(x) are F(s) and G(s) respectively then 
Е{а f(x) + b g(x)) =a F(s) + b G(s) E 
Here a and b are constants. 
Proof — We know that 


F(s)- | Сэгс) ах 


Putting (x — а) = t and dx = dt in equation (ii) 
F(fix — a)} = f^ ei) ro at 
оо 


ED. ist = pisa(™ ist 
= [еее [ека 7 


= є""Е(8) {From equation (i)} Proved 


. (iv Modulation Theorem — If the complex Fourier transform of 
and G(s) ш ежаю) dx 9) is Е), then 


1 
Taking R.H.S. of equation (i) F(f(x) cos ах} = 2 (F(s-- a) + F(s—a)} 


=. O ii Proof — We kn 

a F(s) +b G(s) = af” e**fG) dx +b fe aeo d © know that 

Е F(s) -[^ е f(x) dx 

= fe fa f(x) + b eC} d : = 
—0 pn" 


Then F(f(x) cos ах} = Г е f(x)cos ax dx 
= Е{а f(x) + b g(x)) = LBS. rier transh и 


(1) Change of Scale Property — 1f ће complex Fou! = [оер (x) еіах „е^ dx 
of f(x) is F(s), then NCC 2 
ls MT 1 9 ils f(x) 
F{fi = Hs ou i(sta)x dx«—| e : 
(о) = 13) azo 2 ero ace [^ 


Proof — We know that 
F(s) = Г. Єхуе dx 


iR a) +5 FG- a) 


1 
Е{Ках)} as. e'5* (ах) dx - gU G2) «FG 2) 
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Fourier Sine Transform — The Fourier sine transfo; 
Е. ($) and is defined т interval (0, oo) as follows — 


F,5) = | бод sin sx dx 


rm 


and the inverse Fourier sine transform of F,(s) is denoted by f(x) is d 
e 


follows — 2 уа 
f(x) = Ji F, (s) sin sx ds 


Fourier Cosine Transform — The Fourier cosine transfo 
denoted by F,(s) and is defined in the interval (0, со) as follows — 
F,(s) = DL f(x) cos sx dx 
and the inverse Fourier cosine transform of F,(s) is denoted Бу fi) is defined; 
2 
f(x) = => Е, ($) соѕ вх 48 
л 0 


тт of fy 


Finite Fourier Sine Transform — This transform is used in bout 
value problem in which at least two boundaries are separated by a finite dista. 
The finite Fourier sine transform in the interval (0, c) is defined as 


F,(n) = &(п) = ио) зп dx 


Here n is an integer and the inverse finite Fourier sine transform 8 


defined as 22 x 
f(x)- = DA (a)sin—— 
п=1 


: : di 
Finite Fourier Cosine Transform - This transform I5 ener 
boundary value problem in which at least two boundaries are separa 
finite distance. 
The finite Fourier cosine transform in 


Е. (п) = È (п) = D cos dx 


" : . ; те 
Here n is an integer and the inverse finite Fourier cosin 


defined as [154 
i 


> 20 
Fn) = Бо) 60) +60097 
с = : 
^uis of eral 
onally 0 


i 5 
the interval (0, c) 8 defined 


transfo™ } 


"LL 
Finite Fourier Sine and Cosine Transforms ©’. jn 
Function — Let f(x) and f (x) be continuous and f '(x) be sec 
over the interval 0 < x < c. Then 


6 R(fG)--"RG) 


G) E(f'G))- -D"f(9) - #0) + TRO 


is deo 


fined 


Met, G(s) = 


is, p 


р, 
Ч) 
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п2д2 nt | 

эт Eo) = - Б F,(n) “Т o-c»«) | 

п2л2 
(9) R (£09) 77 2 


Е. (n) + (-D" f (c) - f'(0) 


on — The convolution of two functions f(x) and g(x) over the | 
) 15 defined as p | 
f(x) * g(x) = (f*gx- [tm g(x- u) du | 


ution Theorem on Fourier Transform — The Fourier transform of. | 
n of f(x) and g(x) is the product of their Fourier transform i.e., 


F(f(x) * gG)) = F(fG).F(g69) = F(s).G(s) 
Proof - We know that, 

fx) * во) = f(a) g(x- v) du ET 
Taking Fourier transform of both sides of equation (i), we have : 


F(fíx) * 869) = | ‘ie f(u).g(x- od) 


“ГА, ш) w(x 


= Ї f(u) adf g(x- wean} 4 
—со -0 1 
(on changing the order of integration) 


a E, к. g(x- wean} edu 


= E, f(u) очат goear} 
[on putting x- u =t, $ 
= E, f(u) edu.G(s), 


Те) = F(gQ)) 
ШЫ = F(s).G(s), where F(s) = F(ft)) = F) 
о 7 FG8).G(s) = F(fG9)-F(gG)) 


convoluti 


© 
шаг! ам 


Convol 
te convolutio 


о that dx = dt 


Fl 
evap {F(S).G(s)} = f(x) * g(x) = Е {Е} Е1{С($)} 


$ " n 
ЫГ entity for Fourier Transforms — If the Fourier 
F(s) and G(s) respectively, then 


а 
transfor 
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the partial differential equation can easily be transformed into 
erential equation by applying а suitable transform, The required 


кР рт Н ^ . 
10024 к= obtained by solving this equation and inverting by means of 
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8 1 eo = _{° RÀ 
O „—[„®-б@= J, £00 водах 
where G(s) is the complex conjugate of G(s) and g(x ; nd in 
conjugate of g(x). (х) is the Cu, | ll M osa or by any other method. In two dimensional problems, it is 
347 ? p 2 ри $ required to apply the transforms twice and the desired solution is 
(ii) z LIF ds = [год 4х soi double inversion. 


gained 
NUMERICAL PROBLEMS 


ах 


Proof. (i) We have F(s) = Ё f(x) ебХах and f(x) = T Р Rey 
п/е 


[овоа [Е Г, Give ai HM 


prob. 79. Find the Fourier transform of e" 


b. 
sol. Let, f(x) = е ** ч 
Here we have, by definition, 


ңу= F(fG9) = [^ fG9.e ах 


он ах 9o ах2-46х 
"Te" ca = Ге 4х 
-с0 


i-e ond 


ЕЛА 


БТ. 9 isx 
E: self, Е(х)е Хах |ds 
(on changing the order of integration) 


=I. G(s).F(s)ds 


4a 0 
1 оо = оо гж 
ie, [| F(s).G(s)ds=[~ f(x) хуйх : 
2n Ls Is = с5а) Г e» dy [on putting (x -2) = y, so that dx = J 
(i) Putting g(x) = f(x) we get La js 


1 po = со = 
ша. F(s).F(s)ds= f^ f(x) F(x)dx 


-g 2 
P мл e a] [e e is even function of y] 
1 л 
мрт fe [pes El 
a | 2Va 


(2 
E fecto | | Ans. 


hy 
lih the chan : в. i t 
8° of variable y =x— — is used. The above result is correct. 
n Ans. 


prod 


! 


1 peo 2, [9 2 
«оо ГӘР as- fT IoP ax 
Parseval's Identity for Cosine and Sine Transforms — 
Cosine Transform — 


O ZIP 9.6, (ds - [409.8004 


2 po 2 со Prob, go. Fi 
Gi) zh [Rc] ds- р гоо ах "d the Fourier transform of 


: 1, 1 ва 
Sine Transform — / _ 
Зэв Ж 2 "re fé" fi у A Six) = E нг 
0) = |. E(3.G,(s)ds- Ї (х), е(х)ах (ii) = Í ЇЕ ort 7) tce fing Жерд = Г И, 
ving ms ve 5 Given that 0 x 


у Applications of Fourier Transform in So! solve ар 
Differential Equation — Some integral equations can es ms nb Ji 
with the help of Fourier transforms. Different Fourier ха віри 


in different initial and boundary value problems. In one Aeon 


f(x) = Ч —а<х<а 
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The Fourier transform of f(x) is given as 


F(fo9) = f^ e5* f(x) dx 


e 
386 . zi дел 
= [5 оф-| elt | dcs "i * = v + 2 ) is 2 
—a a 4 
R В 1 1.4 -isa 
isx 7а —isa , * paisa _ 
ЗГ ei** ах = Ё | = a +е 1+5 [е-е] 
-a is 
E Bi 
isa _ ва К _ 2а [cos as] + 5 [sin as] Ans. 
е-е 2. m 8 
= в = sina, s x0 Ы j-tu 
By inversion formulae m$. Find Fourier sine transform of fit 4 
— 1 рә ет that 
Қ) = F^ (F()) = — (^ Fejes Sol, We know d 
в 2n -о F, [t КО] = — qa Fel FO 
1 [9 2sinsa i 5 
х) = = I. PT e ds Given f(t) = е: then 
= dt 
i i п, |х|<а Е, [f] = f(t) cosst 
| 038 о ds = r f(x) = |А Еі (By def offi] p? Л La- 
-0 s , [>а A Ї е-# cosst dt = 2,2 
Putting x = 0, a= 1, we get f(0) = 1 0 
[° sins а Now, we have 4 
= t 
=æ s F, [te] = F, [t0] = — ГВК Ш 
со sins п. osinx, _® АВ 
1 — 4 = — ie. ——dx = 288 
о s 2 0 x 2 d a =—— 
ЗЭ | Saa] (+82) 
Prob.81. Find the Fourier transform of ish i 8 5 dac Ans. 
: — © ; 
1 for|x|«a ‚РИ, May 2019 (ли! * required Fourier sine transform 
f9-1, for|x|»a [GEM "1M. Find the Fourier sine transform of 
Sol. Refer to Prob.80. Р ЇР х, 0<х<а 
X) = 
Prob.82. Find the Fourier transform of á о) 0, х>а ” 
bran 
fo | 4 |t|<a » 9 The Fourier sine transform F.(s) of f(x) is give 
- T 
0, |r|2a ЫГ F(s) = [КӨК sx dx 
Sol. Given that hg ss 0 
f(t) = ы astar Гео Sin sx ах + fte sin sx dx 
0, t2aandts-a a 


is 


The Fourier transform of f(t) is 


Е] 
ds -tting given values 0 
E 4l [sinx sin sx dx + L Osin sx dx [Substituting gi 
i a ist = |t ta 
F(f(t)) = P 'f(t)dt = [= аа | EU 


lja 1+ хх 
И 1 (a — gx — cos 
2 Їр Sinx sin sx dx = 21 [cos - 9* 
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юм! sin(1—s)x sin(1--s)x 
2| (1—5) (1+5) 


sin{a(1 -3) 
(1-5) 


7 Ї = | 
o 2 
Prob.85. Find the Fourier cosine transform of 
JO) = e?* + 4e, 
Sol. The Fourier cosine transform F,(s) of f(x) is 
со 
F,{f(x)} = Ед) = Ї f(x) cos sx dx 
Putting the value of f(x), we get 


T “ид, 
E 
А, 
given by 


Ес ($) sfe” + 4e ?*) cos sx dx 


O оо 
= р e ?* cos sx dx + 4|, € Ó* cos sx dx 


| fem cos bx dx = 
3 
х («xd 


2 
0+ +4/0+ = 
| m | "73 
212-х 144 


Prob.86. Find the Fourier sine transform of fix) ic 
x 


d 


-2х 


е 


4+5 


ОО 
Ё ex 
(—2cossx--ssinsx)| +4 2 
0 9+5 


х 
2 (-3со8 ssi 


e?* 
a? +b? 
2 5 12 
8244 5-9 


(a cos bx + b sinbi) 


Ав. 


Sol. The Fourier sine transform of f(x) is given by 
ВХ} = F(s) = h f(x).sinsx dx 
1 2 ü insx dX 
F(s) =f, f(x) sinsx dx +] f(x)sinsx dx +f f(x)sins® 


| 2 А MT d 
= [,x-sinsx xaf @=x)sinsx dx + [; 0.sinsx 


[Substituting given Và 
Р, | 
= | 
ЕЕЕ 


х 
[ues of 


—COSSX 


дейш) dx 
s 


+ [е Р (285) ве 


5 


5 
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Eus ? 
S". di 


4 1 
Sin sx 

0 Ч 2 | Че 
5 Jo 

ins coss 81128 sins 

ты 2 шин 

5 5 5 

2sins—2sinscoss 


82 


Эв 5 
ани» 
5 


-| “Хир 


—coss 
goi. 


8 
28118 sin2s | 
25 5 82 = 
52 8 
2 ѕіп s(1— cos 8) 
25$ = зш 


82 
p.87. Find the Fourier cosine transform of 
x 0<х<1 
238, 122 <2 
0 x>2 


Sol. The Fourier cosine transform of f(x) is given by 
F.{f(x)} = Es) = 14 Ї(х) сов вх ах 


F(s) =f f(x) cos sx dx + j f(x) cossx «| f(x) cos sx dx 


Prol 


Se) = 


1 2 
F(s) “| X.cos SX dx + Í (2 — x).cos sx dx + Ё 0.сов х dx 
[Substituting given values of f()] 


5 $ 2 
‘= [ph SX , COS Sx ! " (2-x)sinsx cos =] 
8 82 0 8 52 i 


si 
-f ns „coss 


1 со828 sins , coss 
8 2 st о 


s? S 5 8 


- 2со88-со828-1 2coss- (2cos^ s- 1)-1 
5 = 20S 


S 


S E 
Fi 2e055-2cos?g _ 260$ $(1- cos s) Ans 
5 gs SOUS ae pum 
Prop, 3 
88, Е 5 ё 5 
54, С; "4 the fi unction whose sine transform is ——* 
Given, 5 


=g 
F(s) = 25 
ЦЭЭР 8 
о . 
"mula for Fourier transform is given by 


f(x) 2 fo 
SUR = Е, ($) sin sx ds 
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ime | 


Кх) = 
: Р Я Ч) 
Differentiate w.r.t. х, on both sides, we get 
di е) " «| es) : 
— = sin sx 
dx пйх п -2| |, E" 
= ар Е “зө sx)ds = ар e 8 cos sx ds 
2 es i 
= [x mm ш COS SX + X sin “| 
ae a 
А Їе cos bx dx = EO (a cos bb 
2 1 
- 2( 1) - 1+9 
T\1+x 
d 2( 1 
dx t\i+x? 
Integrating both sides, w.r.t. x, we get 
1- 2 un^ х+с A 
п 
For the initial condition, putting x = 0 then c = 0 
From equation (ii), we get 
222251 
= —tan x 
п 
From equation (i), we get m 
f(x) = Зил, и 
т | 
с-дейа fun’ 


Prob.89. Find the Fourier transform of Dira 
& — a). 
Sol. The Dirac-delta function 8(t — a) is defined as 
$(t— a)= lim I(h, t-a) 
h>0 


a<t<ath 


1 
where, — (ht-a)- 4i 
0: t<aandt>ath 


” 
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- transform of f(t) is given as 
ouri 


qhe ЁО r(f)- E, ТООЖ! 


_ са Е 
р{б@— 2) йн Pid 
1 р 
= lim “tal f° elt + 8 eltdt + Гог" 
os nim (өө = m (Da 
T al TOM 
Р lim me = lim 15(а+ 
hooh is |. h>0 al 2 
й eish =i с 5 
- 15а ү; = еа, lim =! 
= е E ish eM x30 Х 
= еа 
Hence F(8(t —8)) = eisa Ans 
| А 1-x?, |451 
Prob.90. Find the Fourier transform of f(x) = 0, 141 
Hence evaluate 
[= сда, 
= 2 
Sol Given, f(x) e 117 X». [М1 
0, |x|>1 


The Fourier transform of f(x) is given as 

F{f(x)} = Г. f(x)e!*dx = F(s), say 
_ fe ї 1 24 5х. ISX dy 
= JE Oeax a xheacs [7 Oe 


- Г а- х2 уе Хах 


[| 
Stating by parts, we get 
Ну. езх в1 
= (1-42 15Х 
5 ›^—- C23)—- z+ “СЭ 
) (s J_y 
зайг. ЭР -is 
2 is is? 
“аз е з) ын See te”) 
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or 


or 


or 


= -Z coss) «Qi sins) - 
8 18 


= (se 
= ‘OS S- sin А 
53 8) (À) - 
Now by inversion formula, we have ý 


1 ре —isx 
f(x) = 5 [7 Fe as 
From equation (i), we get (i 


1 po 4 . . 
f(x) = Tox op 3 (505 s= sin sje “Ха, 


i 2 
-2-Г 4 (coss sin уе” 4 = 1-х7, |ХЕ1 
ийн 0, kei 


1 
Putting x = >> we obtain 
1 4 25. жа 
-т-| -—(scoss-sins)e 2 ds- — 
2n Шел. ss—sins)e 2 ds 3 
© (scoss— sin s) Зд 
Í ео соѕ5 —isin= ijan 
x 53 2 2 8 
Г (scoss-sins) з __3т 
s 2 8 


fo Eeoa «ши Айс =~ (ore ail Mag) 
x 2 16 `^ 4 


Prob.91. Find the Fourier transform of f(x) defined by 


1, 
Јо) = 0, 


E 
Hence evaluate | Sins cos, 


—о 5 


"q«i 
|x|> 1 


Sol. Given, f(x) = M `` 5 “Ч А, 


The Fourier transform of f(x) is given as 
F(f(x)) = (^ сэх 
{£09} Ге f(x) dx 


эже[ 4 1 А © -isk f(x)” 
"fe isx f(x) dx+ | e f(x) atj e ( 


Li 1-1 © _isx (dx 
= isy К f 
fie f(-y) (-dy)+ f e ix dx | e 


[i 


len 
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0 i Don: 
“| e! f(-y) dy+ f e 4+0 


Р 1 
-15Х 
= f e ову + Е 
1 -is ! 


2sin 
F{f(x)} = 5 
Let,  F{f(x)} = F(s) 


We know that if F(s) = F(f(x)) = [^ (о) ei dx 


fo) = FAR} = E [Fes 


-i 2m, Ч х! 
Е іѕх gy — Е 
Lp core Is if|xp1 
But F(s) = 2sins 
$ 


2n, if|x|«1 
0, if|x»1 


M 2sins 
© 


© sins.cossx | рә sins.sinsx п, | «1 
а] L————ds- 1 
= 8 o s 0, |> 


3 (cos sx + isinsx)dx = Р 


*auating the real parts on both sides, we get 


sins cos sx m, |х|<1 
— ds = 1 
xs 0, Ix» 


uz Find the Fourier sine transform oo 
ot The Fourier sine transform F,(s) 080) Б given by 


F, {f(x)} = F(s) = f f(x).sinsx dx 


Е. (5) = [ 2 «Хэв 


[by definition of f(x)] 


Ans. 
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Differentiating both sides with respect to s, we have 


92-15 ах 


eX 
а? +52 


eX 
By using f ех cosbx dx =— 
a crt 


| X COSSX dx 


оо 


(-acossx + ѕѕіп ғ) 
0 


z (acosbx + 


a 


а? +52 


Integrating with respect to s, we get 
a 
F(s) = ds 
ý ! а? +52 


F,(s) = tan! (3) +c 
a 


But, from equation (i), we note that F,(s) = 0 when s = 0 
Hence c = 0 


d 
a RO = 


F,(s) = Ех) = (2) 


со 
155 
7 COS sx фу 


bsinty) 


40) 


4) 


Ав. 


Prob.93. Find Fourier sine and cosine transform of f(x) = € "n 


Sol. The Fourier sine transform of f(x) is given by 


F,(fG)) = Es) = Јо sin dx 
Putting the value of f(x), we get 


-ах 


а +s 


F(s) = | e~** sin sx dx = | Ё 


b. 
; -b 
ч fe™sin bx dx = E g (a sin bx 
a^ +b 
s 
з04-25-р- 
а? +52 а?+$? 


The Fourier cosine transform is 


Ех) = F(s) = [о cos sx dx 


La sin sx 860889) 
"A 0 


jm 


cos 2 


Ав 
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e value of f(x), we get 


putting th 
= [е-#* cos sx dx 
ЕД5) = 1 EM 
e Ü 
= > (—a cos sx + $ sin sx) 
a? +s ^ 
e? 
s e°™ cos bx dx = — (a cos bx + b sin bx) 
a* +b 
a a 
= |0+ = Ans. 
| а? Е] а? +52 


and hence 


1 
Prob.94. Find the Fourier cosine transform of f(x) = pe 
х 


fd Fourier sine transform of ф(х) = х 
1 


2 
ЕЭ 
501, The Fourier cosine transform of f(x) is given by 
Е,{х)) = [т=з MIC 1, say -@ 
а _ SM .. (ii) 
ds Jo 14x? 
2 А 
—]|sinsx 
и di EN x? sinsx 422 үймээн, 
ds — Jo x12 x?) 0 x(14 x^) 
Li di sin Sx y. sin sx 
ds “гт, “цай 0 xx!) 
* d mx Эрэн sin sx И) 
ds 6 х(1+х 2 
Now ФІ 5 З XCOSSX a. 
ds? 0 х(1+х2) 
П 2 
41 _ (790% = 4х=1 
| 482 0 pex 
t 
2 
£i. 
t ds 


d 
(02 — 1yr = 0, where D = gs 
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Its solution is 
I= суе + сое? 


dI 
a = cye® — сзе 5 


When 8-0, equations (1) and (iv) give 


со 
ан Р 
01+х? 


т 
ог Әр 


ui) 
Also when s = 0, equations (iii) and (v) give 
"NX 
о 73 440) 
Solving equations (vi) and (vii), we get 

c;,70, о = 2 
1 $2 2 

Hence from equations (i) and (iv), we have 
T -s 


засгын 2° Ans, 

агт sins X 
1+х 

"^ [From equation (i) 

ds 

- Tes, from equation (v), with c; = 0,052 

Ans 

4 a 


Prob.95. Evaluate [г dre cm n by using Parseval^ 5 
жа у(х + 


Sor Fourier cosine transform. 
Sol. Let, f(x) = ех and ын = eX, then 


F,(s) = 
s? +a? 


z and G,(s)= pom 
By Parseval's identity for cosine r. d 


= F,(s).G.(s)ds= [едва 


2 со ab 


90 _ах —bx 
- ds= [ е “е "dx 
770 (52 +а2у52 +52) Ї 


or Ø 
e] 


€ 
" [ете ах = Ka ) 


= 
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2ab ро ds zg: il 
т 50 (s? +а2)(52 +b?) a+b 
ЇЕ 4х - л 
Непсе 0 (x? +а2)(х2 +b?) 2ab(a +b) Ans, 
prob.96. Using Parseval’s identity, prove that 
22 х л 
de = > 
n (к2 +1)? 4 
x 
Sol Let, f(x) = 1’ 
л З 
(s) 5* Ч 
Now using Parseval's identity for sine transform, we have 
2 2 со 
“| ко аз = | оо ах 
2 
2(nj| (9 -25 
d еэ o 
со 
Proved 


Prob.97. Using Parseval's identity, show that 


=? 
{г sinax _л l-e 
0 x(a? +x?) 2. а? 


1, 0«х«а М 
Sol. Let, f(x) = ex and g(x) = ( х>а 


sin as 
z and G(-—- 


Then F(s) = 
Зур a 
arseval’s шар for cosine сим 
2 ОО со 4 
tj, RGG.G ds= |, £9 800 ® 


Fe E 


2 ^ asinas 


T sa? +52) 
2а гә sinas l-e” 
m = 
n s(a? +52) a 
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: 2 
© sina’ -e? 
Hence Ї alg ax =) dx = ын 5, x dfa- x)—— ain жар + ay Be 
o dx 8 Pro 
Prob.98. Evaluate | —— — —— by using Р, X IIo, 1 
b (x? +1? у using Рагзеуа! $ identity fop Four; = 2|0+)90%55*| | _ of 1—coss 
cosine transform. € | 52 0 2 52 
Sol. Let, f(x) = е*, then | эд : 
i | Using Parseval's identity, we get 
F(s) = | 2 й 
“шингээ | x xf. “ | цэ) ds = f? IOP at 
Now using Parseval's identity for cosine transform, we have t= 
TM 2 - 88) з = ача 
zl, [F.(s)] ds = Ь ОО dx 2r 1—0 
2 
2 1 1 | со со in? — 
or =| ds- (ех ах = [ека 1-1+25іп“ = 
БА. " 1 
270 | (14-52) 1 | 22% — 25-8-| (1+х2 - 2x)dx (odd function) 
| ex T 15 } T° 8 -1 
= = ье in 
E 2-5 "E j 
ян [s 1 "PES Е aj 2 2 а6- 2а + х2)ах 
— гд гын 
‘Gey 4 1 48 
16 (o sin* 3 sin = 
Hence Ге ex Ans. " — 2 ds= 2) x+% =) on [2205 
0 (х2 +1)2 4 т 31, 3 до 5 3 
Prob.99. Find the Fourier transform of . Putting аы 7 X, we get 
1-4, iflx1 
Дх) = | : 16 po sin* x 8 «яах, 4 Ans. 
6  for|xi»1 zT "ELE orf xc dicm 
"EVI Ит 
Hence eyahidte ШТ 3 А. ай Prob.100. Using finite Fourier transform, solve 
t 
Sol. Given that в Mi . | ЕЕ ou ы — given u(0, 4) = 0 and u(4, 0 = ш 
“з | 
со, ү! coo 0 | gm = 2c where 0 «x «4, t7 0. -— 
Th А : 0, [х>1 snp tron Sol. Since u(0, t) given, take finite Fourier sine transform. 
e Fourier transform of f(x) is : TM Ме. рё Үс m dka 12 шэн sin DTX ax 
F{f(x)} = Г, дев Хах = f dx (coss +i 
4 ит oe a. + tuto, 07 CD "ий, 9| 
а ^ pre ра 
| -xeos sx dx + ар, ( ла function t ax 16 
functi = 
(even function) ЭР nr? мн” 1) = 0, u(4, t) = 0] 
= 2|,0-х)сог sx dx +0 16 ! 
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СЭР 
= Us 16 
Integrating 
log и; = iL 
=- 
16 
n?n? 
п=Ае 16 


or 
Since u(x, 0) = 2x 


из (п, 0) = [о мп), 


м. (п, 0) = РА ii 
à 4 ne EP 
Using equation (ii) in equation (i), we get 
м; (п,0) =A= -S2 inns 
пл 


Substituting in equation (i), we get 


22 
ч, = -—( 1)"e 16 
By inversion theorem, 
2,2 
2 со 32 пл d 
ux у= Y 24 .pnmHgQ 16 gj 
inr? CE CL 
n-l 
16 > -p+ t 
bx D e in Ans 
Tan n 4 
e? 


A 


Concépt of Probability — The concept of probability is extremely 
important, It has found a very extensive application in the development of all 
fiysical sciences. The chance of happening of an event when expressed 
quantitatively is called probability. 

Theorem of Total Probability or Addition Law of Probability — 

If the probability of an event happening as a result of a trial is Р(А) and 

Probability of a mutually exclusive event B happening is P(B), then the 
mbability of either of the events happening as a result of the trial is 

P(A + В) or P(A U B) = P(A) + P(B) 
fy Proof. Let n be de koki т 2 М; equally likely cases and Ч mi be 
ү ii to the event A and my be favourable to the event B. Then 

er of cases favourable to A or B is my + m. 


Hence the probability of A or B happening as a result of the trial 
mtm, Ён 72 — p(A)  P(B) 
n n 


n 
мы the events A and B are not mutually exclusive, then, 
ки Which favour both A and В. If ту be their number, 

| In both шү and m | 
2. i. 
“nce the total number of outcomes favouring either A or B or both is 
m; + m- m3 ВогВой 
Thus the Probability P(A + B) or P (A Y B) of occurrence of A and B or 


there are some 
then these are 


т; 
_ m+m-m = PL, arm 
or = ax UNA 
їр P(A + В) = P(A) + P(B)- PAD) 4 


Phe, P(A UB) = P(A) + P(B) - _ Б 
Ч H B) = 0 and we have 
Ааш B are mutually exclusive P(A A B) or P(AB) Proved 


P(A +В) or P(A U B) = P(A) + Р(В) 
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Particular Cases — 
G) IfA and B are defined on the sample space S, then 
n(A UB) = n(A) + n(B) 
P(AUB)- P(A) + P(B) 
(ii) Since S and ф аге mutually exclusive events and S 2 115) 
Р(8 о ф) = Р(8) 
P(S) + Р(ф) = P(S) 
Р(ф)= 0 
(iii) Let A and А be complementary events. Then A and A ar 
mutually exclusive by definition. Hence 
P(AU A)= P(S) 


P(A) + P(A) =1 [> P(S)=1] 
Р(А)-1-Р(А) 
ог Р(А)-1-Р(А) 


(iv) We know that 
A= (ANB)U(ANB) 
That A is the union of two mutually exclusive events 
P(A)= Р(АПВ)+Р(АПВ) 
Р(АсҮВ) = Р(А)-Р(АПВ) 
ог Р(А В) = Р(А)-Р(АПВ) 
Similarly, 
Р(АСв) = Р(В)-Р(АПВ) 
(v) IfBc A, then 
(а) P(A nB) -Р(А)-Р(В) 
(5) Р(В) < Р(А). 

Probability Function — In terms of symbols 
of a variable X can assume discrete set of values 
Xj, Xp, ....., Xy with respective probabilities ру, P2 
«+: Pk Where p; + р +..... + py = 1, we say that a 
discrete probability distribution for X has been 


or 


defined. The function P(X) which has the respective Fig. 51 

values ру, р», ..... for X = Xj, X», ....., X is called 

the probability function or frequency function of X. "d 
d statist do 


Probability Mass Function — In probability theory an 
probability mass function (p.m.f.) is a function that gives th prove н 
a discrete random variable is exactly equal to some value. p вай 
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рийн, and such functions exist for either scalar ог mult 
ин” given that the distribution is discrete. 
ППВ ajs 5 : 
ү А probability mass function differs from a probability density function 
af) in that the latter is associated with continuous rather than discrete 
fic dom variables; the values of the latter are not probabilities as such гар. 
tbe integrated over an interval to yield a probability. 
Distribution Function — The distribution function F(x) of the discrete 
variate X is defined by : 
F(x) = P(X < x)= Эрх) where х is any integer. 
1-1 
F(x) is called the cumulative distribution function of X or simply the 
distributive function. 
The cumulative distribution function has the following properties — 


ivariate random 


gn 
| gus 


(i) F(x)= E F(x) = f(x) > 0, so that F(x) is a non-decreasing function. 


This means that dF(x) = f(x) dx. This is called probability differential of X. 
Gi) F(= œ) = 0 
(iii) Е(со) = 1 
(v)P(a < x < b) = р fG)dx = È f()dx - Ј одак = КЪ) Ка) 


1 Probability Density Function — The range of possible values is uncountably 

ifinite for continuous random variables. So in this case, the distribution is defined 

the probability density function f(x) for the given range of random variable X. 

| The Probability density function f(x), is a function whi ich, when integrated 

ind b, gives the probability that the random variable will assume a value 
een a and b, 

The function f(x) is said to be probability density function, 

0 f(x) > 0, for every value of x. 


© | £(x)dx=1.. Gi) fri) dx=P(a<x<b)- 


if 


ОЛ. Define the following terms — 


Probabil; : ВА ion and probability density 
finction, ability function, probability mass function p а РИ, Јипе 2012) 
Define м 
the following — 
© Е 


9 Probability function 
їй) Probability mass function 


(їй) Probability density function. (Е.СВИ, June 2016) 


mass function is often the prima: f defining a discre цаг Ans, 9. 
primary means of defining Refer to the matter given on page 258 and 25 


ics - Il 
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Q.2. What do you mean by pr. obability density function > x 100 i 
[R-GPK, May 2019 qi, = -L| 20.200] . 200 к 
Ans. Refer to the matter given on page 259. 2 200 200 -1 
0 
LE РОН = -1(e95 — 1) = 1605 
NUMERICAL PROBLEMS ( ) id Ans. 
асана — 600 ] -> 
: (i) P(400 < x < 600) = joo son 200 dx 
Prob.1. Given A and B two events with P(A U B) = P(A B) Ti 200 м 
m 29 + | = 600 400 
and P(AQNB = Find P(A) and P(B). (В.СРИ, Dec. 204) | - = e 200(-200)| = A 200 = 
7 1 400 
е юс шж =. 5 
Sol. Given, P(A U B) 87 Р(АПВ) 4 and P(A &B) ss | = Че 2) 26263 Хар 
We know that ! | Prob.3. Thirteen cards are drawn simultaneously from a deck of 52. If 
P(A) + P(B) = P(A U B) + P(A ^ B) 40) | aces count 1, face card 10 and others according to denomination, find the 
ani P(AAB)=P(A) - P(A ^ B) 48) apectation of the total score on the 13 cards, ^" 
. е : А : " Sol. Let x; be the number corresponding to the і® cards, then x; takes 
Putting the given values in equations (i) and (ii), we get tevalue 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 10, 10, 10, each having the probability 
Р(А)+Р(В)-7+1-7+2 _9 S pajat | 1 
(A) + P( Лаан 8 8 and 8. 4 jj Hence X = Number of the cards, P(X) = үү fori = 1,2, 3, 4, 5, 6, 7, 
5.1 542 7 13,10, 10, 10, 10. | 
ог я == TU 1 "E Saut " 1 М 1 10+ 1 TUE 10+] 10 
"Wr = ——.] + — | Зер... 4 . SNO Eie T 337 
CRT OM ““БОЁН MMC 


P(A) + P(B) = 


85 
2=131+2+3+.....+9+ 10+ 10+10+10) = 1 Ап. 


Р(в)-?_Р(А) = 2—7 _ 224.200 
8 8 8 8 8 4 fie Prob.4, T] he Probability density function p(x) of a random variable is 


Ans. "by p) = Yoel, — co <x < од Find the value of yo. 


^ Sol. 1, а = 
x variable et us find th that e "dx =1 
Prob.2. The life time of a certain kind of battery is a random ын “ithe е value of yo, so уо] 


‚ Since e~ №; 
which as ап exponential distribution with a mean of 200 hrs. last a) © is an even function, we have 


7 1 
Непсе Р(А) = g and P(B) = 7- 


probability that such a battery will last. (i) At most 100 hrs and (0085 |, = _ Е 
where from 400 to 600 юэ к“ (В.СВИ, Dec 2 i уу |, e*dx=1, а5 0 <х<%, d-X 
3 ies then 3 
Sol. If the random variable X denotes the life time of batteries | 2yo = 1 or yo= 1. Ans 
follows exponential distribution with parameter, o = 200 hrs. Em 5 2 ble X is given by 
Probability density function, >. The Probability mass function of a variable X is 8 
E Ns к dfx-0 
y= Les а 109 | с se 
o 200 x PX = x)= 2 А s 
x 100 —500 | 3k ifx= 
; мор ў -= 1 200 dx | : 
@ Р(Х < 100) = 1, 5° лонх zx 9 | 0, otherwise 


The 
n 
d find к апа also evaluate P(X < 2). 
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Sol. Since Р(х) > 0 for i 0, 1, 2, we have k < 0 


2 
Further since > psi) -1, we have 


1-0 
k+2k+3k=1 1 
or 6k= 1 or к= 
Р(Х < 2) = P(x = 0) + P(x = 1) 
=k+2k 
-3к-3х1-1 
6 2 


Prob.6. The probability density function of a variate X is 


516 


х: 1011121314 
Р(Х): | k | 3k | sk | Ж |! 


9k | 11k | 13 


(i) Find Р(Х 4), P(X 5), PG« X 50) 


Ans, 


Ans, 


(ii) What will be the minimum value of k so that P(X 52) » 03. 


Sol. (i) If X is a random variable, then 


6 
Ур(х;) =1 
і=0 
ie. К+ ЗК + 5К + 7k + 9k + 11k + 13k = 1 
ог ic 
49 M 
Р(Х <4)=k+3k+ 5k + 7k = 16k = 28 
24 
Р(Х > 5) = ИК+ 13k = 24k = 79 


33 
PB «X < 6) = + 11k + 13k = 33k = 49 
(ii) Р(Х < 2) =k + 3k - 5k = 9k > 03 
1 
ог — 
к> 30 


Thus minimum value ofk = E 
30 


Prob.7. Prove that the given function — 


o Pr 0<х<1 
0, otherwise 


is a valid density function, Also, find the probability that 3 


Ans. 


1 1 


<=. 
<х 2 


Ans. 


Ans. 


Ans 
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gol. For а density function, 


|] = 


o Hence function defined is a density function. 


Proved 


" V2. 5 
Required probability = © 3x^ dx 


, DISCRETE DISTRIBUTION — BINOMIAL, PO | 
Discrete Distribution — Ifa real variable X be associated with the outcome 
n tandom experiment then since the values which X takes depend on chance 
"I5 said to be a random variable or a stochastic variable or variate. | 
Ifa random variable takes a finite set of values, it is called a discrete 
фот variable, and if it assumes an infinite number of uncountable values, 
1 is led a continuous random variable. 
Momial Distribution P(r) = ^C, р" q7" - . А 
To obtain the probability zi the happening ofan event once, рва ыы 
мын -exactly in n trials. Suppose the probability of the ыы: 23 
eng; 90е trial is p and not happening is 1 — p =q- We suppose (1 i аа 
| "trials and the happening of the event A is rtimes and its not is n —r * 


his may be shown as follows. 
s A AAA 40) 
mes n-rtimes FAS ге 
Here A indicates its happening, А its failure then P(A)=pand P(A) =q 
| © see that relation (i) has the probability i) 
| рр...р, qq.q-Pqg ' 
| г times n —r times 


order of arranging rA's 


Clea, 
th Р г 
У relation (1) is merely one n-r x number of different arrangements 


“ray, Probability of relation (i) — p'q 
and (n г) Аз 


4 
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The number of different arrangements of rA's and (n — DA's on 
Probability of happening of an event г times = ^C pq t 
P(r) = "C,p'q"** , (т = 0, 1, 2,...n) 

= (+ 1) term of (q+ р)" 
Ifr = 0, the probability of happening of an event 0 times = “сүр On 
If r= 1, the probability of happening of an event 1 times = Da e 
If r = 2, the probability of happening of an event 2 times Ч» 

= "Cq" - 2р2 and so оп. 
These terms are clearly the successive terms in the ex 
(4 + p)" Hence it is called Binomial distribution. 

Mean of Binomial Distribution — 
Here (q * p^-q* * ^C, ght p+ ^C; qh? p+.. + "с, qupe ay 


— 


pansion of 


| Successes г Frequency f Product rf. 
0 а” 0 
1 пд"-!р па" р 
n(n-1 © 
2 ( ) т 2p? n(n- 1g? p 2.2 


2 
3 n(n- m -2) qp? n(n- Ma =2) 3, 


n р" пр Ы 


Үй = nq?-!p + n(n – 1) 42-2р2 + п 


@- а, Ио) en" 
ENDE N 


7np(q-*p)-- = 


= np q^ + | 
zl 
ia 


Ут 
Mean = — = 
n ҮҮ пр 


Standard Deviation of Binomial Distribution — 


Successes r 


|= 
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2----- 


we know that < хи? Е) 


Xf (Хғ 840) 
„е deviation of items (successes) from 0. 
d Xf-1,Xfr-np 


0-- nq^-lp + 2n(n = 1)gn-2p2 ; ыы 


Xn-1)(n- 


9"-3р3+..+п2 ре 


Г ач 20-41) ар, 3n-1)(n-2) qp... m "| 


=e 1! 2! 
[ EL Е Ё 
=np а"! + (n n P A (n- шэг 2) п 3p? 4... р" 1 
1 n-2 
(n ^ i p 20- = 2) а" 3p? +... a(n - ө 


(0-2) ,: 5 
-np аЙ n дар = )(n- ) а" Зр?+. TUN +p™! 


21 
«(n-1)p E +(n-2)q"3p+ (- Ale- 3) 42 lis E 


= пр [ (q + py"! + (n — 1) p (q + p* 7] 

= пр [1 + (n — 1) p] = np [np + (1 - p)] 

Бар [np + а] = n^ p? + пра. 

Putting these values in equation (i), we have 2 

хир tnpa (3B) пи 
1. 1 


Variance = б? = 
S.D.- c = {пра 
Hence for the binomial distribution 
ü Mean = np, н; = б? = пр@ T 
entral Moments (Moment About the wre llows — 
Now the first four central moments are found a5 ые 
‘cond Central Moment — 2 —п2р? 
-рь- -81-| n- l)e 2: 8 = пра 
= np [n- DP * 1-ng] = ор p) 790 
Variance of Binomial distribution is ПРА. 
hirq Central Moment — 
= u$-3p Bit -1ур + пр}, 
из = u5 B = *3n(n- DP 
-(n(-D 3 E T + npa) пр) + 27? 


266 Mathematics - III 
= np [- 3np? + 3np + 2p? -3p 4.) _ 
np [Зар (l= р)у+0р2—3р a 
пр [3npq + 2p? — 3p + 1 — 3npq] Pal 
np [2p* — 3p + 1] = пр 2p? -2р+4] 
np [- 2p 1-р) + 9] = np (- 2pq + 4] 
= пра (1 ~ 2p) = пра (q - p) 
Fourth Central Moment — 
= p4 -4 p3 nj + 6nd HÝ - 3n 
=n (n- 1) (n-2) (п – 3) p* + бп (п – 1) (n- 2) р? + 7а (n-1)p 
+ пр —4 [n (п – 1) (n — 2) р? + 3n (n — 1) p? + np) p 
+ 6 [n (n — 1) p? + np] п2р2 = зир 
= пр [n - 1) (22) (п – 3) р? + 6 (п – 1) n – 2) p? +7 (1) p41 
= 4 (n (п – 1) (n – 2) p? + 3n (n - 1) p? + nj 
+6 (n (n – 1) p? + np) np - 3r] 
= np [((n? — 6n? + 11n — 6) p? + (6n? — 18n + 12) p? + 7np - 7p * 1) 
+ ((— 4n? + 12n2 — 8n) p? — 4 (3n? — Зп) p? — 4пр) + {(6n? - 6n?) p 
4 6n?p? = Зп р] 
= np [(n? — 6n? + 11n — 6 — 413 + 12n? — 8n + 6n? — 6n? - 3n?) P 
+ (бп? — 18n + 12 — 12n? + 12n + 6n?) р? + (7n – 7 - 4п)р+1] 


-np|(5n - 9? * (6n +12)p? + (3n - 7)p + 1] 


H4 


= np[5np? - 6p? - бпр? + 12р? +3пр- 7р+ ] 

np[3np? — 3np? — 6p? + 6р2 — 3np? + 3np + 6р? - 6p- p + 1] 
= np[-3np?(1— р) + 6p2(1- p) + 3np(1— p) - 6p(1-p)+(! -p)] 
= np[-3np?q + 6p2q + 3npq - бра +9] 

= npq|—3np? + 6p? + 3np - 6p + 1] = npq[3np(1 =р)= 6 
= npq[3npq – бра + 1] = npq[1 +3(п - 2) pa] 

Moment Generating Functions of Binomial Distribution À 
The moment generating function about the origin is 


п-х „1х 


Муф) = E (е) = "С, р" а" *е 


(1-0) +1) 


bout Origi?" 


„Ô 


= E"G. (pet) a7 = (a+ pe") 


Differentiating with respect to ‘t’ and substituting t = 0, V^ get 


| Шу = np 
л Since M, (t) = e*' M, (t), the moment generating function ыг 
istribution about its mean, m = np is given by 


he виот 


Equating the coefficients of like powers of t on both sides we have E 


шо = npq.Hs = mpq(q – р), на = пра [1+3(п-2)рч] 
2 
Ak, pd uj (9-р) (-2)* ум. 
E (C MEL. ur m 


Skewness, y; = JB, = 


Note — The skewness is positive for р < 2 


1 
Wen P——, the skewness is zero i.e., the probability curve of the Binomia 
dstribution will be symmetrical. 
Recurrence Relation for the Binomial Distribution — 


By Binomial distribution, we have 


Р(г+ 1) = ^C, papt! 
On divid; 
n dividing relation (ii), by relation (1), we get 
0 Э Car y 
: -i 
“С, pq" г 
n(n - 1)(п—2)......(п-г) 
(r+1)! 
-r 
- P(r*) n-rp or P(r + р = SEP P(r) 
18” P(r) г414 г+19 3 
| — If n dependent trials constitutes 


Concept of Probability. 
Мы(® = € "P (q + ре)" = (q e? + реч) 


2 | 
t 2 e 4 " 
= |1+ра— + -р 1 3 t s 
ра 2! ра(а р ) 3! * po(a E 
t2 3 t4 - 
= ]1+u;t +2 + уз p 
Ш №1 Haa тат? Эл 


t2 {3 t4 
25 1+ пра >т + пра(а — Р) == +пра[1+3(п-2)ра ln 


1-2р 


(apa) 


,Kurtosis- f and y, = B5 -3- 


a 


P(r) = “Срат 


d N times, then the frequenc 
umber of successes togete 
the Binomial frequent) 
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Applications of Binomial Distribution — Bionomia 
to problems concerning — T 
() Number of defectives in a sample fro 
(1) Estimation of reliability of systems. 
(iii) Number of rounds fired from a 
(iv) Radar detection. 
Poisson Distribution — It is a distribution related 
events which are extremely rare, but which have a large 
opportunities for occurrence. 


Poisson distribution is a particular limiting form of binomial distribution m | 
e .m 


| distribution į ары 


m production line, 


gun hitting а target, 


to the probabilities op -m 23 m r 
number of independent m mm ре m e m 


by making n very large and р very small, keeping np fixed (= m say). 
The probability of r successes in a Binomial distribution is 


1 
-r n(n-1)(n-2)...(n-r41 ч | = me" e" = т 
нә = topra -Ч2-008-9 48-80 222000 mes 
p | Mean = —-—, 
Ef 1 
np(np — p) (np - 2p).... (np an 1р) @= р)" | ie., Mean = m 
е Standard Deviation of Poisson Distribution — 
As n ,p—>0(np =m), we have : 
—т 
е 
( -8y Weknowthat P(r) = er 
T r 5 
Po) = Lim А B7 шш 


r! noo , һү fr! 
n 


: 15501 
So that the probabilities of 0, 1, Jr саа: т... successes in a Poiss 
distribution are given by 
2,-m rg-m 
E E m'e 
e™ me ™ PE 


2! г! 
The sum of these probabilities is unity as it should be 
Mean of Poisson Distribution — 


Here 
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т | 1+2 цар, авг I 
es т. 
шет" 1+ 213! (2-1): 
m? m? mr! 2m2 
J+m+—+—H..... SEG + — 
ттт N (1-1) иг 
= mem 
- 3m? (r - I)mr-1 
3! (r-1)! 


1+ш+ Ж an, + Эн + 
27 301 7 (1-1) 7 
-m 


. Hence mean and variance of a Poisson distribution are each equal to m. 
Similarly we can find 
из=ш, uj 73m? + т 


1 
Bi= —, В. = 34 0 
m m 


1 1 
Үрс —= and ү = —. 
Ут т 
Moment Generating Function of Poisson Distribution — 
-m r 
m 


Her, | P(r) = 


r! 
Let M,(t) be the moment generating function, then 


Е t 3 
м, (9 = yet sm -Ууз \ 
г=0 г! гэ г! 
t 2 t 2 
_ л 14 
=e ™ "ЭЭЛ e) me) T _ ement sell | 
zi 3) 1-8 
» Recurrence Formula for Poisson Distribution — 
Here, P(r) = egt "n 
r! 
P(r + 1) = mt e 
(r1)! 
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g relation (ii) by relation (i), we get 


pividin 
P(rel) e" r! m 
= х = 
P (r) (r1)!  e™m" г+1 
m 
Hence Р(г+1) = rad P(r) Ans, 


Applications of Poisson Distribution — Poisson distribution is applied 


i problems concerning — 
G) Arrival pattern of defective vehicles іп a workshop ‘patients in a 


ital’or ‘telephone calls’. 
(ii) Demand pattern for certain spare parts. 
(iii) Numbers of fragments from a shall hitting a target. 
(iv) Spatial distribution of bomb hits. 


hosp 
| 


| Q3. Write short note on discrete and continuous random variable. 
| (К.СРИ, June 2012) 


Or 
Define discrete and continuous random variable. (R.GP.V., June 2015) 
Ans. Refer to matter given on page 263, under heading "Discrete Distribution". 


0.4. Explain the Binomial theorem in brief. 
[Е.СРИ, May 2019 (11-8ет)) 


Ans. If p and q are real numbers and n is a positive integer, then 


(8 * p? = “сод! ^ Сай lp! +" Cag" 


| vw ! 

| here Бора ог 0 <г<п 

т г! (n – г)! Таг 
he general term or (г + 1)? term in the expansion is given by 


„Г 


Та "C.q" Р 


| 
| NUMERICAL PROBLEMS 


Р, dE 
5,28. Find the mean of the Binomial distribution. RGP. 
2 Refer to the matter given on page 264. - 
| Tob, А : inomial distribution. 

P. Find the mean and variance of een, Рес. 2016, Nov. 2018) 


И, Dec. 2014) 


Deri OF Binomial distribution. 
‘ve the expression for mean and СЕ И, June 2012, 2015) 


Or 
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Write the mean and variance of the Binomial distribution, 
: (GP y, 
Sol. Refer to the matter given on page 264. › Dec, 201 


Prob.10. Find the probability of getting 4 heads in 6 tosses Of a fair 
Coin, 


ш 2 


1 
Sol. Here, р = 5: 4= 1-р 2 2'n76r-4, 
We know that 4 à 
Р(г) = ng prqn-r = ÉC (5 Aye 
РЧ 4 2 2 
= sc (ИГ = 95, (1Y.. 18 
412) 12 1х2 (2) ^g ^» 


Prob.11. Six dices are thrown 729 times. How many times do you expect 
at least three dices to show a five or six ? 


12 
А аә 
ат 


01018) 


2 1 
Sol. Here, p = зт" 


Hence the required number 


ЭРЧ ч 


3 


: Есин 
729 729 729 729 
= 160 + 60 + 12 +1 = 233 ни 
ine are defective, 


Prob.12. If the 10 percent of the bolts produced by a machi ille 
find the probability that out of 5 bolts chosen at random at least two v 
defective. 


10 1 9 
Sol. Here, p = —=— eS ЧЕХ н 
P= 100 19: 0 а. р 10 
n=5,r=2 
P(r) = "C.p'q? 
= 3 
-*0( 1) (2) - sc LG) 
2110) (10 2(10) (10 
_ 5х4 1 9х9х9 729 _ 0.0729 
2х1110х10 10х10х10 10000 


y 
ando" 

Prob.13. A lot has 10% defective items. Ten items are chosen ^^y af 
Лот this lot. Find the probability that exactly 2 of the chost ес 201 d 
defective. (Е.Р Р 


1) 


| ws you expect 3 success. 


| 


ШЕЙ 
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=—,n= 


ee 1 
sol, Here P= 100 194^ PHN ay 


де 


10 
p(t) = "С.р а 
РД 10-2 
Gs) 
2(10) (10 ?(10) (10 


10х9 (0.01)(044305) -0:1937 
2х1 


Prob.14. A perfect cubical die is thrown a large number of times in sets 
(4. The occurrence of 5 or 6 is called a success. In what proportion of the 


EJ 


The number of sets in which 3 success are expected 


10, г-2 


210 


Ans. 


1 2 


Sol. Here, n = 8, р-3 4-3 


Thus the Binomial distribution is given by N 


germ P(ap| _„ 56х32 
33) (3 27x243 
р 56х32 100 179200 
* Ж SS = ———-231*5 Ans. 
Percentage = М x 27x243 * N 6561 731% 


7 Prob.15. The probability that a bomb dropped from a plane will strike 
target is 1/5, If six bombs are dropped find the probability that 
(0 exactly two will strike the target 


(ii) at ill stril target. 
i) at least two will strike the targi (RGPV, June 2013) 


Sol, Given the probability of bomb that will strike the target is p= = 


| 4 


| 5 5 
146 AS Therefore the probability of exact, 


4-1-1-2 
y two will strike the target out 


Ans. 


x5 (1 2 ду (7680 
= С, р? qt = EG G Er | 
7 ги etrike the targe 
ii) The probability at least two will E ойе are nots 


= 1 — (Probability that either none vu 
4 = 
(B 48) 


| = 60, 02 46-2 
| “Pd = 0.246 


out of 6 bombs. 
trike the target) 


274 Mathematics - III 


AY [4.6 
-1-12| |=+= 
5) [5 5 
2048 1077 
=l- 3125 305. Ans, 


Prob.16. The probability that an evening college student will 122777 

is 0.4. Determine the probability that out of 5 students — 
(i) None (ii) One and (iii) At least one will graduate. 
(К.СРИ, Dec. 2015, 2016) 

Sol. Given, the probability that an evening college student will graduate is 
р= 0.4. 

The probability that an evening college student will no graduate is q= 1-04 
= 0.6. 


, 1024 [10 
3125| 5 


0.345 


(i) The probability of none will graduate out of 5 student 
= 5С, p? g5 
ора 
5C, х (0.4)0 х (0.6) 
1 x 1 x 0.07776 = 0.078 Ans. 
(ii) The probability of exactly one student will graduate out of 5 students 
= 5C, (0.4)! (0.6)* 
=5 x 0.4 x 0.1296 = 0.2592 Ans. 
(iii) The probability of at least one will graduate out of 5 students 
= 1 — (Probability of none will graduate) 
= 1 — 0.078 = 0.922 


Prob.17. If 10% of bolts produced by a machine are 
the probability that out of 12 bolts, chosen at random 
at most two bolts will be defective. 

Sol. Probability of defective bolts, р = 10% = 0.1 

Probability of not defective bolts, 4-1-р-1- 01-03 

Total number of bolts, п = 12 


E “ye. 1 
(i) Probability of one defective bolt 12С, (04) (09)! 


defective. Determine 
(i) one (ii) none (iii) 


1 
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pability of at most two defective bolts 
= P(0 or 1 or 2) 
= P(0) + Р(1) + P2) 
= 0.2824 + 0.3766 + 0.2301 = 0.8891 


Pro 


Ans. 

prob.18. An irregular six faced die is thrown and the expectation that 
„10 throws it will give five even numbers is twice the expectation that it 
il give four even numbers. How many times in 10,000 sets of 10 throws 
muli you expect it to give no even number ? 

Sol. Let p be the probability of getting an even number. 

The probability of 5 even numbers in 10 throws = !°C, р? q5 

The probability of 4 even numbers in 10 throws = С, р“ 4$ 

Now according to the given condition 

г. p Ф -2 х NG, р“ 4 


10х9х8х7х6 5 5. 10х9х8х7 4 6 
О = 2x —_ 

ә 5х4х3х2х1 1 4x3x2x1 Р 4 
6 3 

E Зр = 242 $(1-9- q23-3475q 

> 84-13 or 4-2 


Hence the number of times in 10,000 throws, where we getno even number 
= 10,000 (3/8)!0 = 0.55 Ans. 
Prob.19. If 10% of bolt's produced by a machine are defective. Determine 


te probability th j) 1 (ij) none (iii) at 
at out of 10 bolts, chosen at random (i) 1 (ii) 
"ost 2 bolts will be defective. [R.GP¥., May 2019 (1-5ет)) 


Sol. Here the probability of a bolt being defective is p = Too =0. 
ыГ" 4=1-р=1-01=09 
(i) The probability of one defective bolt out of 10 m 


ы foc, (0.1)! (0.9)? = 0.3874 
(ii) The probability that none is defective 


0 = Ans. 
= 10c, (0.19 (09)? = (09) 0.3487 


An ii 2 (0.9) = 0.1937 
= 12 x 0.1 x 0.3138 = 0.3766 m Probability of 2 defective = C, (0.1)? (0.9) 
(ii) Probability that none is defective 0) | Tobability of at most 2 defective -— 
= Probability of 0 defective bolt = Р( | = Probability of none defecth 
| ‘lity of one defective 
= 1260001) (09)? as | + Probability o defective 
=1х1 х 0.2824 = 0.2824 | + Probability 5 01937-09198 Ап. 
(iii) Probability of two defective bolts man y Pro, 20.17; = 0.3487 + р defective, find the probability 
12x11 001x 0348720 51, у If in a lot of 500 solenoids ple of 20 solenoids. 
| efective solenoids in a random 54. 


=: (0102099 1,5 


л 
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Sol. Here, = 500 = 20 


ве 
8 р 20 20 


(i) The probability that попе is defective ош of 20 


GI 


0.3 
20 py- 385 
(1) The probability that one is defective out of 20 


19 
19 
L ) =20 


^ Giles nim 


19 
20 ` 20 2) Би 
(iii) The probability that two is defective out of 20 


(SI mas oom 


20 400 
(iv) The probability that three is defective out of 20 


NIC 
Ч 


1119 


> 


ns. 


20 

20x19x18 1 

= х 
3х2х1 8000 


19 
20 


17 
) = 0.0596 Ans. 


Prob.21. The following data are the number of seeds germinating ow | 


10 on damp filter for 80 sets of seeds. Fit a Binomial distribution to these data- 
х10|11121314151617|8 № 

716120 [28 | 12 [86 |o |o |o |? 

Sol. Here, п = 10, N = 80 and total frequency = 80 


AM- 20. 1х20-2х28-3х1244х8-5х6 174. a 
SE 80 80 
Меап = пр = 87 
40 
ог pec. гав | 
400 
ог р = 0.2175 
9=1-р=1- 0.2175 = 0.7825 
Hence the Binomial distribution to be fitted to the data is 
= 80 (0.7825 + 0.2175)10 08 ссе 
From this expansion the successive frequencies of 0, 1, 2, пи 


are respectively 6.9, 19.1, 24.0, 17.7, 8.6, 2.9, 0.7, 0.1, 0, 0,0 


Ans, 


| toin, 
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p.22. Show that for a Binomial distribution (a +p)", 


pro 
Яна:7 РЧ (vo. 1 


du, 


dp 
m is the r moment about the mean, 


Sol. Mean of the Binomial distribution is np, 
-È (х = np) jc. p* q= 
=0 
Differentiating with respect to p, we get 


р. 2 УЭ -m (x - пру-! "C, рх ах 
dp х-0 
Dem "С, (x р“! ан (n – х) p* 4] 
d ». 
=> Е — ty. + — 2 Ўр p* 9". (х – np)". (xq – np + xp) | 3 
4 
E = -nr H, Er nc ра" X(x- пр)" 
B Ч х-0 
n 
jy Dry p Hüg.l У; "C. p*q?-* (х - np)! 
dp ра 
5 du, C n xa4n-X (х gp)! *l = 
| РЯ] шр, + = У "Сурх" 7.(x - np) ы 
| dp х-0 
| Hence Proved 


dp, 
Hy = D Brea + ар 


" Prob.23. Show that if two TTE Binomial distributions of degree n 
*50me number of observations) are so superposed that the firstterm of the one 
ре шея With the (r + 1! term of the other, the distribution formed by adding 
"Posed term is a symmetrical Binomial distribution of degree (и + 1) 


= 1/2 
1 


1 J 
—+- 


Then the Binomial distribution = N-(q +P)” = № E 2 


Sol. We know that, for symmetrical distribution p = 4 


1 


1 n 1 n-l 
{=ч 


278 Mathematics - Ill 


Hence, the total frequencies can be represented by 


1}? n n n 
(3) о + "Ci + "C1 py HC pH, ШЕ 


On this distribution a similar distribution has been Superposed 
64 50 that 


(г + 1)" term of this coincides with г of the other i.e. 


< [1 п n 
N= 3) nf Co CL "Cr Cp Со " 
Adding equations (1) and (ii), we get 
ГУ. п 
2N- i М Co € C; + Co) + ("Co + "Ci + (?C, +C) 
+..... + CCa +", )+ т) 
iy 1 
2N- 3) N|" Cot "c, + Cyt C „ан ү с] 
хэлэ _ n+l 
| le Со = п. Cp, few + АСД = aH ig AG. E "Ic 
о, 
N= A к N| 2H n+l n+l 1 
2) MNE Cot бүж” Cot... ВС unt сы] 


n+l 
= 514 
22 


Hence, the resulting distribution is of degree (n + 1). 


Proved | 


inomitl | 
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1 
EAT (7022) 
= 1-а= 11 
Now р-1 à m 
putting the values of p and q in equation (i), we get 
1 1 
—|1+—| = 
н) 
Зп = 96 ог п = 32 
Hence, the distribution is 
2 1 Ty 32-r 
E (5) С) , r70,1,2,...,32 Ais: 


Prob.25. If mean and variance of a Binomial distribution are 4 and 2 
wpectively. Find the probability of (i) exactly 2 successes (ii) less than 2 
uccesses (iii) at least 2 successes. 

Sol. It is given that mean = пр = 4 and variance = npq = 2, then 
2» vl 1 

= (-9=1-Р) 
пр 
пр=4 ВЕБ 


The Binomial distribution giving the probability ofr successes in 8 trials is 


8-r r 8 : 
CE = 


; Prob.24. The sum and the product of the mean and variance ofa bi Мете 
distribution are 24 and 128. Find the distribution, — (ВСРИ, Dec 0) | t= 0, 1, 2,...., 8 in relation (i 
Sol. Let X ~ В (n, p) then, we have | (i) The probability of exactly 2 successes is given by r= 2 in relation 0) 
пр + пра = 24 i 8 7 
ог np (1 + q) = 24 Jo | Р(2)- | = 285552 764 es 
np х пра = 128 (ii) | " А Е is given b 
or Shia | n?p?q = 128 юэ | (i) The probability of less than two successes 15 given by, 
quaring ооо (i) and dividing by equation (ii), we get | P(r < 2) = Р(г= 0)+Р(1=1)=Р (eno 
п? р? (1+9)? 576 | гү TENA EI 
25 > 128 j 736 2567 
= sse (1) sc G) 256 
n^p^q 2 8 e (7) + "W2/ 256 256 Ans. 
0+9) 9 1+92 +29 9 iii is given bY 
2.2 гы а _ 3 (i) The probability of at least two successes is gl © 
аж =1 
2+ 24? + 44= 94 р(1)] P 
242-54-2-0 | = 1-[р0) + = 
(a-2)Qq-1)- 0 ĝi Ar = 
= 1-356 256 
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Prob.26. In a Binomial distribution the mean and Standard dey; 
via 


are 12 and 2 respectively. Find n and p. | [R.GBy, May 2019 avait 
Sol. Given, ет) 
Меап = пр = 12 
апа Standard deviation = с = {пра = 2 
пра = 4 
пра 4 1 1 
Тһеп пр 12 3 or Ци 
= 1-122 
Р 3^3 (:q=1-p) 
Now np= 12 
2 
nx> = 120r n= 253 = 18 


2 
Hence n = 18 and p = 3 


Prob.27. 10% of tools produced in a certain manufacturing process 
turn out to be defective find the probability that in a sample of 10 tools 


chosen at random (i) exactly two will be defective (ii) more than one willbe | 


the defective. 


Sol. Given the probability of defective tools is p = 0.1 
5 m=np = 10 (0.1) =1 
(1) Неге r-2, m=1 
Probability of 2 defective tools = -— -— Ч 
| = 0.18 (Арргох.) ive 
(ii) p (more than one defective) = 1 — [p (zero defective) + p (one pae 
32 Agel) = 2 gi 
1- (e! +e!)= 1- = =0.26 (Approx.) 
е 
К Ше 
Prob.28. Find the probability that at most 5 defective peet art 
found in a box of 200 fuses if experience shows that 2 96 of. such fi 200 
defective, (Е.СРИ, Dec. 2012, Чи 


Sol. Here, т = пр = 200» 2-4 


1 1 


t= ogy 42143. tgs, 0018 
2 6 24 


5 r 2 43 ramos 
Hence Р (т < 5) = > 44.4 4 LLL 
) 2° e e br4 = 24 12 


Аш, | 


An | 
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The mortality rate for a certain di: is 
prob. 29. T : Isease is 7 per 1000. 
Fe bability for just 5 deaths from this disease is а group of Pep 
is 


7 
m=np = 400 x —— 
np = 400 x Тор 
e ?*(o.gP 
5 


prob.30. A Poisson distribution has a double mode at x = 3 and 
124, what is the probability that x will have one or the other of these two values. 

Sol. We know that 2 modes are given when m is an integer and in that 
ше modes are m — 1 and m, 

. m-1273,ie. n-4 


501. Here 728andr-5 


х Probability required = = 0.0872 Ans. 


e443 
Probability when x 153 = P (X=x=3) = 3 

| e444 
Probability when x is 4 =P (X =x =4)= LE m 


443 


et 
3 


» e) 
3 3 

| Prob.31. Show that for the Poisson distribution with mean m 
| du, 


= 0.391 


| Required probability = Ans. 


= rm +m 
| И Hr] din 


| de c 


ж 
It 
© 
8 
qu 
E 
3 
* 
o 
3 
| 
8 
х 
“| 
8 
Lj 


Proved 


dy, 

ше 
dm + mr Mey = У. =, 

x=0 

and variance of Poisson 
[В.СВИ, June 2017, May 


5 
OL Refer to the matter given on page 268 and 269. 


% distribution. 


Pro, 
532, Find the mean 2019 (IV-Sem)] 
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Prob.33. An insurance company found that only 0.01% , 
population is involved in a certain type of accident each year. Iri, the 
policy holders were randomly selected from the Population, whati 009 
probability that not more than two of its clients а E S the 
accident next year ? (Given that e?! = 0,9048), Uch an 

Sol. Given the probability of an accident is 

р = 0.01% or 0.0001 

Number of people selected from population n — 1000 

then, mean m = np 


re involved in 


m = 1000 x 0.0001 = 0.1 
Probability that not more than 2 clients involved in Such an accident Next year 
= Probability of 0 client involved 
+ Probability of 1 client involved 
+ Probability of 2 clients involved 


ет, m? em (m)! e" (m? 
- - + 
0! 1! 2! 
_ e (o1? e? (91! К е01001) 
шин! 1! 2! 
0.9048 х 001 


= 0.9048 + 0.9048 x 0.1 + 2 
= 0.9048 + 0.0905 + 0.0045 = 0.9998 Ars. 


і 

Prob.34. A manufacturer who produces medicine bottles, fe ix 
0.1% of the bottles are defective. The bottles are packed in boxes anm h 

500 bottles. А drug manufacturer buys 100 boxes from ge рэн no 
bottles. Using Poisson distribution, find how many boxes will co 


defectives. (Given e-^5 = 0.6065). (R.GP k wi 7 
Sol. Let р = Probability of the bottles to be defective = 0.1% 7 
Number of bottles in box, n = 500 
Number of boxes, N — 100 
m = пр = 500 x 0.001 = 0.5 #500 
Let X denotes the number of defective bottles in a box О 
Then X is a poisson variate with parameter m = 0.5. 


-05 г 
P(X =n = m 


bottles 


»r=0, 1,2, 
Hence, probability of no defective bottle = P(X = 0) 
e"(m  e95(950 


0. 
(Given € 
0! 0! 


= e5 = 0.6065 
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mber of boxes in which no bott] 
Then the nu = Nem , 
= 100 x 95 = 100 x 0,6065 = 60.65 
= 60 (Approx.) Ans. 


prob.35. А car hire firm has two cars which it hires out day by day. The 
шег of demands for a car on each day is distributed as Poisson distribution 
m mean 1.5. Calculate the proportion of days on which neither car is used 
y the proportion of days on which same demand is refused (е715 = 0.2231 Л 
Sol. The proportion of days when по саг will be required is 
0 


m T = 0.2231 
0! 
The probability when no car, one car, two cars will required is 


65 are defective 


=e 


| = 0.2231 (1 + 1.5+ 1.125) 
| = 0.2231(3.625) = 0.8087 
The proportion of days on which some demand is refused 
= ] — 0.8087 = 0.1913 
?rob.36. Using Poisson distribution, find the probability that ын йг 
spades will be drawn from a pack of well-shuffled cards at least оп 
consecutive trials. 


1 
| Sol Probability of the ace of spades, P= 55: n7 104 
1 


Ans. 


| Ч ш=пр= 104х 5 =2 


єг" m" ©! E A 2 
nio: dit MEE aL 04) 
: Р 
Thus, P(at least once) = P(1) + P(2) + PGJ eR 
=1-P(0) 


| 12° 11-0435 = 0866 Ans. 


! 
e 0! е 


| 
n 

ИЛ 705.37, If the probability of a bad 

ИЛ 


егер; reaction from cer tain H IS 

е the chance ti 2000 indi viduals more than two 
i 5 twi 

that out of d ^ 


а bad reaction. ыы = 0,001 (very small) 
So Given, the probability of a bad reaction 18 Р 
n — 2000 (very large) 
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-m 2 
= np = 2000 x 0.001 =2 е" т 
Meanan=np -m p" А Р(Х = 2) =, = 0.04461 
ший - y i 
ман хас e-".m? = 2 x 0.04461 = 0.08922 i) 
Thus required probability, » Ц pividing equation (ii) by equation (i), we get 
«сайх хйих сан, em? 0.08922 
= L-[PGX = 0) +Р(Х = 1) +Р(Х = 2)] с-ту ^ 001487 
-1- «22 ot oan -1-3 и m4 
0! п | 5013 х 3) ша е © = 36e = 0.08923 
ЯН 5 ини BEN ЗГ Зхахї, 7 12-00923. An. 
=l ell ra Ф. ' 
е? 73891 0.6767 = 0.3233 Ав, Prob.40. Fit Poisson distribution to the following data — 
Prob.38. If X, and X, be two dependent random variables with Poisson x: | 0 1 2 Ч! 3 1 4 1 
distribution with parameters т 1 ана m» respectively then the sum X, 1*X у: | 46 | 38 | 22 | 9 | 1 | 
is a random variable with Poisson distribution with parameter m, + ту (®.СРИ, June 2013) 
Sol. Poisson’s distribution for : | Sol. Here, 
п Я 
P(X, = п) = P eom and P(Xp = п) = Tem | Mean, ш = ZÊ _ 0х46+1х38+2х22+3х9+4х1_ 113 o. 
3 А в! | шин: 46+38+22+9+1 116 
еп, 2 3 4 
1 097) (097) 
"n n mim? -m е-097 ||. 0097) (037 (097) 
PXS п, Xp = 5) = Pl оту mj -m, 2 сто. шин. Ри 3! 4! 
! | Ir! | 
Ч” 2 " Ea | = [1 — 0.97 + 0.47 — 0.152 + 0.0369 .....] = 0.385 (арргох.) 
ue Hi : "HP 
m,.m | Hence p, 
PIX, +X, = (t) +m) =r] = E» em tm) ь 8 Olsson E 18 given as Р 
пг зэ. Pei Елла Ans. 
г! 
5 au ч | D Л Р 
=e ym) im E е-(тү+т;) (my +т;)_ pent | Probat, р, it a Poisson's distribution to the following calculate theoretical 
tna 110! n! | Чменсек, 
jtm | 


a EJ d 
Prob.39. The random variable X has a Poisson distribution if PI (X 


0.01487, P(X = 2) = 0.04461. Th d P(X = 3). Jl 
„^ Үл И, May 2019 (US | SOL Here 5+3х2+4х1 
. 8 = 
Sol. Given P(X = 1) = 0.01487 and P(X = 2) = 0.04461. Mean = m= 2fx 0х 1224126042 
We know that by Poisson distribution | | | 
"ege: < 50-30-6-4 100 ! _9¢ 
РХ == ® A | 200 А 
r! | : 2 
Er | em ges оез 097, 
Р(Х-1)- “сүрт = 0.01487 „0 | asd ы 2 1 0.61 (Арргох.) 
РЯ еи фаз | = [1 — 0.5 + 0.125 — 0.0208 +......... ] = 0. 
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1 m'e™ 
The theoretical frequency of r death is P(r) = à 
r 0.5)" = г: .... 
= N. e™ TL = 200 х (0.61) x eo» Given, mele +. 
г! г: putting the above value in equation (i), then we get 
0 1 2 = 
0.5 га] -1 
ові БО +ов1х 4061. 2D 061x09 P(r) = © ез е— 
= i ч 5 3 . QE r! 
200 (0 5j We know that mean deviation about the mean. 
+0.61 х=. = 
apo > E. m| 
which gives frequencies as — 122, 61, 15, 2 and 0 respectively. m, A NE 2-1 Е 
k = ee 
Prob.42. If the probability that an individual suffers a bad reaction from р У ЭГ Ef 
a certain injection is 0.001, determine the probability that out of 200) ье Я уе ах 
individuals, Now, foL IA ld ur 
(i) exactly 3 (ii) more then 2 individuals (iii) none (iv) more than is = 
1 individual will suffer a bad reaction. 5 
Sol. Here р = 0.001, п = 2000 21 
0}. Here р = 0.001, п = em ce Thus required mean deviation = =*—— = x fr - 1| [^ Efz1] 
m = np = 2000 x 0.001 = 2 then Р() = ——7—- = +- zf 5 
(i) The probability that 3 individuals suffer from bad reaction a Р | ЭРЭ 0-1 à il = 1 + [2 - 1 i: p - 1 т 
223 : г! ! ! ! (Bes pce at 
_ 872 E à. | 0! 1! 2! 3! 
| 3! 32 € 7 ар 2-1, 3-1 a 1) (1 1 
(ii) P (more than 2) = P(3) + P(4) + Р(5) + ...+ P(2000) 21 7-3) еее +00} =е '|1+ B Чэгэн 7” 
=1- [Р(0) + Р(1) + P(2)] i ; сал 
- = Р ын i | 1.1 E 2 
-1-|ё-@° e*y ‚е (2)? E Bu Rud [Is d 4 Їе-(-2|-2 
0! 1! 2! шиг туулан 5 
Si : _ 8. 
=1-е2[1+2+2] = 1223. ї mee, S.D = Мт = 1, we have mean deviation about the mean = ums 
2 Ans | D. : Proved 


e 

и =1-5х 0.1353 = 0.323 à Ї 

Gii) The probability that none suffers from bad reaction . ., — | 

e220 . А | Ans | 

Qr = = 0.1353 ца 

Е sis reacti " „ылы 

(iv) 2 probability of more then 1 suffer from bad huous Distribution — So far we have dealt with discrete distributions 

~ (Probability of 0 + Probability of 1) e ^ t the variates like 

1 2 3 AB Mep Үагїаїе takes only the integral values. But the en intervals. 

- -(2- ) 1-3 =0.6 m a “гез, heights and weights can take all values in а БУ ? 
е 


CONTINUOUS DISTRIBUTION — NORMAL DISTRIBUTION, | 
“ээл EXPONENTIALDISTRIBUTION 2 


jon Cont 
UM 
Г 


2 
е е M 5 
* are said to be continuous variables. 


* f(X) is a continuous function, then 
+ оо 
Меап =f x. f(x) dx 
— о 


7 
пе me Su 
Prob.43 - Show that in а Poisson distribution with unit mea" th Ppos 


deviation about the mean is 2/e times the standard deviation. | 
Sol. If P(t) denote probability of r successes, then | 


288 Mathematics - ill 
+0 EU] 

and Variance -| (х-х). f(x) dx 
00 


Normal Distribution — Normal distribution is a continuo 
It is derived as the limiting form of the Binomial distribution fo 
n and, p and q are not very small. 
The normal distribution is given by the equation 
e? 
e 20° 


f(x)= EN 


where, p = Mean, с = Standard deviation. 
e = 2.71828....., п = 3.14159... 


х 
цэ уна k с 5s 2 


(х-н)? 
20? dx 


: х-н. -— 1 5 
=-— Ё t = е 
On putting 2 g mn relation (i), we get f(z) Tr 


Here, mean = 0, standard deviation = 1. 


Relation (ii) is known as standard form of normal distribution. 


Note — Moment generating function of the continuous probability = n 
distribution about x — a is given by №, Mean =0 : 
| 
M,(t) = Г eem f(x) dx where, f(x) is pdf. | Now we know that Р 
-0 Ч | ет 8 
Normal Curve — Let us show Binomial distribution graphically. Ле Ву f x? f(x) dx = | +® 2 o. e 29 dx 
probabilities of heads in 1 tosses are 10с a! p^ dic; q? pl, "Ca ы | : -° оу27 ай 
2.8 10, СЭЭР X = ———— 
Мед? p с, q6p^, LP p$, юс. а*рб, "C, ар", 10с,4 p, 9 | Substituting x =torx= 42 ot!” so that dx ти 


1,9 10 0 10 1 1 0.26 
ЧР, Сюд р”. p--,q-—. Itis 034 
2 2 022 


shown in the fig. 52. 0.20 


If the variate (heads hear) are treated 248 


8 $ 3 = 0.16 
as if they were continuous, the required 2 (4 


Probability curve will be a normal curve В 0.12 


as shown in above fig. 5.2 by dotted line, ^ pa 


Properties of the Normal Curve 006 


2 0.02 


Y= уре 207, 


G) The mean, 


2 median and mode concide at origin- 
symmetrical about the х. 


axis. 


(may The value of yo can be evaluated from the fact that the area of the 


5 b 
us distribution, ge mu 
r large Values of 


Vh. чеш d 
ean — e х Жор 
Неге, Ш — Vin 
Substituting É = t so that dx = c dt in relation (i), we have 
с 
-f 1 "e 12/2 GEOR ей 
E g^ 1с) (с) = te dt 
| Mean Ws Г (tc) (c dt) сэн 1... 
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(i) If mean (origin of x) and standard deviation are given, the curve 


st be equal to the total number of observations; 
(i) As x increases numerically, y decrease rapidly. The curve | 
ds to infinity on either side of the origin. 
"Л (iv) (a) P(u-o «x «u *c)- 68% | 
(b) P(u -26 «x « u.*20) = 95.5% Р: 
(c) P(u-30<x<p+3c) = 99.7% 


Mean and Standard Deviation for Normal Distribution — 


х2 


[е-и 


Then 


B= | од, 


| 
| Р, 308 a 
| с42т 2t 
| 2 2o? EZ) [eer tena 
| : су2т 2 Jœ 
в? 3 с2:1.1- 6 4n 2o? 
= 2Г--2---2Гт = m 
vn 2 jdm 2 2 Wn 
: ES : 2 
Ha 27 82-02) =52-0=0°° 0) 
nce, Standard deviation (.e, S.D.) 76 


| Ab, Ment for a Normal Curve — 
| Out the origin 


220209 xtd 


; оо 1 5 J 
220 Sia 
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x 
Substituting m =t, we get 
2 1 
1 OO", ЕЁ ой ad 10 
ш, = | 62 ot ing = | "ч 
ov 2m °° V27 4-© =0 
when n is odd by the properties of definite integrals. 
Hence, all the moments of odd order about the origin vanis 
normal distribution. 


h inq 


Й 


из = 0= шу = 
Let the mean be the origin, then all odd order moments about ће Mean vanish, 
Let n be even say 2p, then 


и = —[ e 
2р суү2л *—% 


Ш: 2 
x^/26 x Pdx 


2 
х 
"On putting е z "t and simplifying, we get 
с 


1 
| _2Po?P po ү pto-l remy 3 
Hp = еч 2 dt= Г|рь- 
шинж еа 
= (2р – 1) (2р – 3) ...... 3.1.02 ц 
= (2p – 1) (2p - 3)...... 3.1.02? as ш=1 
297269 (n+l) с8(/2)! (ntl 
E r м г 
Ул X2 Ул. 2 
Hence, when n = 2 
Ө 
б 2 
py = o 
РЕ 
2рэр 
с2Р2Р (2р-1) 
Ш = 304, n), = 
м a © 
ifi 
Же 
mou 


Moments about the Mean, m — 2 
я у (2) 
1 2) 6 / dx 


_ f 
oJ2x.- 


+ В сю i 
Since Mona = Ё (х gn! 
--00 


2п+1 12. | 
с co кеу x 
€ = | (2816 2 dt as, t= 
л =. заг” 
: = 0, since the integral is an odd function О © 
Hog «17 0. per abor 
DIE: ин! 
Неге т а normal distribution, ай the moments of odd n" 
L the méan vanish, 
: 3 B 


1 со (=) 
= cam. 2) 
= х с 
Hon © о Jo (кш) se 4х 
E 
2n із 
с со E-t 
- J (2-1, 2 dt 
V2 *- 


И 


(2n- 1) _ ОИ 


Hence H5, = (2п—1) o Maaa 
Other Constants — " 
Ву = -3-0, and so 
u5 7 
= " H4 3c 
тү A =0; Ву--3-22р-3 
ш 9 
ad Тэс 0 


ie. the normal curve has zero kurtosis. 


Probable Еггог – Any lot of articles manufactured to certain specification 
5subject to small errors. In fact, measurement of any physical quantity shows 
‘ight error. These errors of experiment or manufacture are of random nature 
х therefore, follow а normal distribution. We usually mention the probable 
07 0), while quoting a specification of an experimental result. It is such 
E the Probability of an error failing within the limits m-A and m+ Л is 
d ctly equal to the chance of an error falling outside these limits, i.e. the 

ee of an error lying within m — Л and m + А is 1/2 


T 1 Эв. үр 
herefore — mA a dx == 
суд Е. М 2 


1 (Ме 2 h NI 
m dz =— 
ЕА: 1 2 I ECCE 
а the value of": = 0:6745 Й 
часе the probable error A --0.67456:5 20. 


Obs б 1 = 25 
+ Quartile deviation = 2093 -Q) 3 


Mean deviation — Ís 3 


L 


[SES 


QD:MpDp:SDp.- 


ә |м 


ВЭ?” 9 
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Fitting of a Normal Curve — 
Let total frequencies be N, the normal curve is 


eo Gm? /202 


Y" л 


Sometimes it is necessary to fit a normal curve to a distributio, 
reasonably symmetrical. Suppose it is required to fit to the give 
above curve. First of all we suppose that, 

Gi) the area under the curve is equal to N, which is the total fre 
of the given frequency distribution. 

(ii) from the given frequency distribution the mean m and Standard 
deviation с calculated are equal to the mean and standard deviation of the 
theoretical normal distribution which is to be fitted. 

In order to fit a curve we obtain the theoretical frequencies corresponding 
to the given values of x. We first calculate the values of y corresponding to the 
given values of x by the relation 

_ (x-m) 


n Which js 
п data the 


‘quency 


o 
Where m and c are the mean and the standard deviation of the frequency 


distribution. After this write the value of ф(у) corresponding to the values of y, 
from the tables. The ordinate y for any value of ф(у) is found by the relation. 


N 
у= 590) 
Thus we get a number of values of y corresponding to a number of the 
values of x. They can plotted on a graph paper and smooth frequency canbe 
drawn through these points. 
х-Ш 
Table 5.1 Area under Standard Normal Curve from 0 to B 


9 
.0753 
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з |.3665 |.3686]. 
|, p 3869 | 38881. 
12172032 |.4049 | 4066). 
1131 402 [.4207 4222]. 
14| - 
5| 4332 | 4345 | 4357]. 
ү `4452. | А463 44741. 
[7| 4554 |.4564 | 4573. 
18 | 4641 |.4649 14656). 
19| 4713 |4719|-4726] - 
50| 4772 |.4778|.4783} . 
21| 4821 |.4826 |4830]. 
22| 4861 |.4865 | 4868]. 
23| 4893 |.4896 |.4898]. 
24| 4918 |.4920 4922]. 
25| 4938 |.4940 |.4941 |. 
26| 4953 |.4955 |.4956]. 
27 | 4965 |.4966 4967 . 
2.8 | 4974 |.4975 |.4976] . 
29| 4981 |.4982 |.4983 
3.0 |.49865 |.4987 |.4987|. 
3.1 |.49903 |.4991 |.4991]. 


:stribution is applied to 
Application of Normal Distribution — Normal distribution is apple 


Woblem concerning — А imental 
0) Calculation of errors made by chance In ереше 
(ii) Computation of hit probability of a shot ch of science. 
(ii) Statistical inference in almost every bran 


Exponential Distribution — The distribution ан 
tural logarithm follows a normal distribution 15 
dstibution, 


The exponential density function is given by 
2544 
Do обов) ho 


measurements. 


random variable whose 
lled as the exponential 


f(x) = 
оху2т 
: ameters И and с are 
"here the range of random variable is Х > 0, The par 
fined аз 
p= E(log Х) 
с2 = V(log X) 
variance of exponen 
m gut 0/262) 


урд» e» * eP- 1) 


id tial distribution are 


Mean and Variance — The ^ 
E 


"spectively, 
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Application of Exponential Distribution — The exponent; 
has been used to describe lifetimes of electrical and mecha 
abundance of species of animals, incubation period of infec 
concentration of chemical elements in geological materials, aj 
random phenomena occurring in both the S cial and natural s 


" distribution 
nical syste 
tious diseases’ 
nd many other 
Clences, 

Q.5. Define normal distribution. Give the basic pr 


a rane ‘Operties д 
standard form of normal distribution. nd the 


(R.GP. И, June 2012) 
Ans. Refer matter given on page 288, 289 and 290, under same headings 


ESTE STOTT 


NUMERICAL PROBLEMS 


ЕЕ 


текие 


2 Prob.44. Assume the mean height of soldiers to be 68.22 inches witha variance 
of 10.8 (inches). How many soldiers in a regiment of 1000 would you expect to 
be over 6 feet tall ? Given that the area under the standard normal curve between 
t= 0 and t = 0.35 is 0.1368 and between t = 0 and t = 1.15 is 0.3746. 

Sol. No. of soldiers = 1000, Mean height = 68.22 inches 
Variance — 10.8 (inches)? or Standard deviation — 3.286 inches 
Soldiers more than 6 feet or 72 inches = ? 
ф(0<1< 0.35) = 0.1368 
$(0 <t< 1.15) = 0.3746 
x-x _ 72- 68.22 
3.286 


= 115 


z= 


с 
(1.15) = 0.3746 

For more than 1.15 = 1 — 0.3746 = 0.6254 
Soldiers more than 72 inches — 1000 x 0.6254 — 625.4 
Prob.45. Find the mean deviation from mean for normal dis тїшїї, 
(В.СРИ, June 2010) 


Ans. 


Sol. Refer to the matter given on page 289. 
iable 8 

‚ Prob.46. The probability density function p(x) of a random wie 
given by p(x) = yg e М, — co &x < ол Find the value of yo- 01) 
(СРК, Лт? 


Sol. Let us find the value of Yo; 80 that yo J 9 едх 21 


—0 


" as 
Since e- № is an even function, we have 


2yo f e*ax =1 = 
0 =1, аѕ 0 <х < о, |х| = х 


2уу-1 
ог $3 1 n 
93 


4 
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prob.A7. The life of army shoes is normally distributed With mean 8 

standard deviation 2 months. It 5000 pairs are issued how many 
Id be expected to need replacement after 12 months ? [Given that 
0.0228 and z = (x — m)/qj. 4 


"d 
jrs wor! 


5000, Total months (x) — 12. 
х-ш _ 12-8 _ 

When, z=- ар 

Area (z 2 2) = 0.0228 

Number of pairs whose life is more than 


goes = 


2 


| months (z > 2) ; 2-0 2 
= 5000 x 0.0228 = 114. Fig. 5.3 
Replacement after 12 months 
Ans. 


= 5000 — 114 = 4886 pairs of shoes 
Prob.48. Prove that for the normal distribution, mean = median. 


Sol. If a is the median then 
a 1 
Г. f(x) dx => = [reo dx, 


Меге К 1 cum 
uS 
Swe f дда = Н -Ї ов 
ш, Мыйза o Misi Proved 


all the moments of odd 
(В.СРИ, Dec. 2013) 


ding “Moments 


т ые . Prove that т a normal distribution, 
about the mean vanishes. 
fol Refer to the: matter given on page 290, under hea 
ut the Mean, т”. 
Probst. Prove that the mean deviation from mean 
dard deviation. 
(В.СРУ, June 2014) 


фо 
of a normal 


бу " 4. 
ibution is approximately 3 times of stan 


: n 
Sol We have, the mean deviation from the теа! 
(кт | 


- Гаре" D 


‘ol. Here, Mean, (m) = 8, Standard deviation (c) = 2, Number of pairs of ; 
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225 1 ide 2 dz 
7 рте | нис 


с 
0 12 со -12 
| -ze 2 4:4| ze? dz 
ВЭ 0 


12 
26 (о = [2 4 
dz = = жш); ESI 

72 1 ze ЫГ 0.7979с 59 (Approx.) Proved 


Prob.51. Show that, for the normal distribution, the quartile deviatio 
the mean deviation from mean and the standard deviation are арргахїнан 
in the ratio 10:12:15. y 


Sol. Let, f(x) = 
©. 


Then we have 2 
Quartile deviation, Q.D. — 39 


Mean deviation from mean, M.D. — ge 
where, с = Standard deviation = S.D. 
QD.:MD.:SD.- 25:35. 
3 5 
-10со:12о:15о 
-10:12:15 
| Prob.52. For a certain normal distribution the first moment about 10 
is 40 and the fourth moment about 50 is 48. What is the arithmetic mean 
and variance of normal distribution ? 


Sol. Suppose m is the arithmetic mean and c? is the varia 
normal distribution. 


Proved 


nce for the 


(0) = E(x — 10) 
= E(x) — 10 = ù — 10 = 40 (given) 


шэн | m = 40 + 10 = 50. 
gain since, mean — 50, we have 
114 (50) = p4 = 304 = 48 (given) 
.. 4 = = 
TM с4= 16-5 02=4 A 


mean = 50 and с? = 4 ph 
Prob.53. " цайг 
given Бу 17 the probability of committing an error of magn 


k yu 
уз e" х 
л 
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Compute the probable error from the following data — 
m, = 1.305, m, = 1.301, т; = 1.295, ту = 1.286, 
ту = 1.318, mg = 1.321, т, = 1.283, m, = 1.289, 
ту = 1.300, ту = 1.286. 


Sol. From the given data which is normally distributed, we have 
1 _ 12.984 1 

102414 = jo ^ 12984 and o= т? - Mean)? 
1 

E [(0.007)? + (0.003)? + (0.003)? + (0.012)? + (0.02)? 


+ (0.023)? + (0.015)? + (0.009)? + (0.002)? + (0.012)2] 
о? = 0.0001594 where с = 0.0126 


Меап = 


2 
Probable error = Pd — 0.0084 (Approx.) Ans. 


Prob.54. The marks of 500 candidates appearing in an english paper 
lave a теап 41.6 and standard deviation 11.2. Assuming a normal 
distribution, find how many students obtain first class marks (for which a 
minimum of 60 marks is necessary). 


Sol. The number of students getting first class marks 


500 -(x-41.9? [201.27] | 
= e dx i.e., 500 х P(x > 60)] 
112/27 k [ 
-41. 
Putting E В 2, so that when x = 60, z = 1.643, 


500 -4212 
The above integral = Von La prm 
PEN 


1 (1:643 _22/2 
= 500 Ё - x1 e dz 
2x 40 


= 500 [0.5 — 0.4495] 

= 500 [0.5 — 0.45] = 500 [0.05] = 25 (Approx.) 
ass production and it is found 
of the number of rejects and 
umber of rejects. 


[by using table] 
Ans. 


hat H b.55. A factory turns out an article by m 
he 9% of the product is rejected. Find the S.D. 
equation to the normal curve to represent the n 


Sol. Here p= е^?! 
&@ = = 100 
4-1-р-1-01-09, andn = 10 
р mean- пр = 10, 


“ Binomial distribution of rejects gives: 
S.D. = npa 7? 
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ә Ifthis binomial distribution is approximated by a normal diii 


the equation to the normal curve is bution, t 
" 100 e C^ m)? /2o? 
X сү27 
_ 100 Q0? /2(3)? 
CM 
_ _100 .-(x-10)/18 
2 зот Ав, 
Prob.56. The mean height of 500 students т 151 ст and the standard 


deviation is 15 cm. Assuming that the heights are normally distributed, 
Find how many students have heights between 120 and 155 ст. 
(Е.СРИ, Dec. 2012, June 2015) 


Sol. Here m = 151ст, o = 15 ст, М = 500, we have 


| x-m _ х—151 
"a в 

When x 7 120, 

2129-13 | ., 

15 m 
and when x = 155, 

-2.10 03 
- DG 508 Fig. 54 


Now, 
P(120 < x < 155)= P(- 2.1 < z < 0.3) 
= (Area between z =- 2.1 and z = 0) 
+ (Area between z = 0 and #= 0.3) 
= 0.4821 + 0.1179 = 0.6 
. of students = 500 x 0.6 = 300 


Prob.57. Find the points of inflexion of the normal curve ^ 


АЛЬ 
Now the required no. 


1(х-т 
"m Ы "i с ) 
суү2л 
: : 
i 40) 
501. Неге y= : JA) 
. o«2 
Atthe point of inflexion, 1 
Фу 3 
22 = 0 апа = #0 
dx 


gd 


ду _ AM 
dx оу27 в? 
1( x-mY 2 
"MN 
iY- E e 2\ с +(x- пе 1 с ) _(х-т) 
4х over в? 
2 -(Е"| 2 
dy -0 е 2\ с 14 (x = m) M 
dx? jr 
x o 


2 
t (m) =] or (x-m) =o? .x=mio 
o 


dx? су2л c? с“ 
2 _1 
= £—————e 2 on writingm=x+o «0 
oi Jer) 
1 
Ven x=m tg y= 1 55 
o42n 
1 
The ро; | Жо) 3 
* Points of inflexion are m+o, — Аш 
o n 2 


Bi 
b. 5, e? 
ЫГ" 8. Find the point of inflexion of the normal curve y © Yo 


W th ordinate. 
Sr it occurs at a distance o from the mean 


For 


© normal curve is 


x? 


у= yoe 25° 
аре; 2 3 
Point Of inflexion REY. 0 and iy e 
dx? dx 4 
an 

dy — amem 28) 
Ге эн С = 

dx ^ Yo? 20? s 
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NE «e 2х X 
dy. yo M. nee 
dx? в? 2в? © 


ог 
d) c в? 
Фу 
53 0 
ах 
2 
х 
——1ed 
E 
48 
ог у "lorx?-o? or х= £o 
с 


Фу 255.2 бз Б 
— 50 хех Bc, |X ||. Уо, ex 25" |3 
oo с 
= 230, V2 on writing x = Xo 
с 


+0 
Hence the result. 


Prob.59. In a test on 2000 electric bulbs, it was found th 


particular make, was normally distributed with an average life 
and S.D. of 60 hours. Estimate the number of bulbs likely to 


0) more than 2150 hours, (ii) less than 1950 hours 4 
(iii) more than 1920 hours and but less than 2160 hours. 


Sol. Here m = 2040 hours and с = 60 hours 
@ For х= 2150, z = ^—— = 1.833 
o 
Area against, z— 1.83 in the table — 0.4664 


We, however require the area to the right of the ordinate at 2^ 


Бэк агеа = 0.5 — 0.4664 = 0.0336 
hus the number of bulbs expected to burn for more than 2 
= 0.0336 х 2000 = 67 (Approx) 


at the life ofa 
of 2040 hours 
burn for 
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(i) For х = 1950, z= зэ =-15 


The area required in this case is to the left of 
z-—-133 


ie. 


(ii) When. х=1920, z= 29-200 s 
When — x-2160, z= ын =2 


The number of bulbs expected to burn for more than 1920 hours but less 


7 0.5 — 0.4082 (table value for z — 1.33) = 0.0918. 
х The number of bulbs expected to burn for less than 1950 hours 
= 0.0918 x 2000- 184 (Approx.) 


Ans. 


than 2160 hours will be represented by the area between 2 = — 2 and z= 2. 
This is twice the area from the table for z 2, i.e., z = 2 х 0.4772 = 0.9544. 
Thus the required number of bulbs = 0.9544 х 2000 = 1909 (Approx) | 


Ans. 


Prob.60. If two normal universes have the same total frequency but the 


xandard deviation of one is k times that of other, show that the maximum 


frequency of the first (1/k) times that of other. 


Sol. Let the total number of frequencies be N and c and ko be the 
‘andard deviations of the two universe. Hence the equations to the two — 


‘ormal curves аге 
2062 —-х?/2к?в? 
y= уде * (20° and y= уре * 


If the total frequencies for both are the same, then 


ХӨ. 25205-2, со 2 1942652 
J уџе х /29 dx = [| уре * ЁК О dx 
= J^ 


Ч uM c | Haie? 
Ї Усе 026 а = | уре * dx 

№ the LHS X = so that 

H.S., we put 7=— = so 
à; e. pul Jie 

dx = J26 dt, therefore it becomes. 

1 
Ын. = уо[® yo at = (20034 


Similarly for the R.H.S., we put 
| | Ко dt, then it becomes 


х 
aps "9 so that dx = 42i 


Lu S 
RLS, = J2ko у" 
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Equating equations (ii) and (iii), we get 
уо = kyo 
But yọ or ур are the frequencies corresponding to the mean — 
mode. Hence the maximum frequency of first is 1/k that of the other or 


Ргом 
Prob.61. А manufacturer of envelopes knows that the weight ss 
envelopes is normally distributed with mean 1.9 gm and variance 0.01 нь 
Find how many envelopes weighing 
(i) 2gm or more 
(ü) 2.1gmor more, can be expacted in a given packet of 1000 envelopes, 
[Given : if t is the normal variable, then 40 «t «1)- 03413 and 
0 St S2)=0.4772]. 
Sol. Given m = 1.9 gm, Variance = 0.01 gm > с = 0.1 gm. 
(i) х=2 gm or more 
x-m 2-19 01 | 
c 01 0l 
P(z> 1) = Area right to z = 1 
= 0.5 — 0.3413 = 0.1587 
Number of envelopes heavier than 2 gm 
in a lot of 1000 
- 1000 x 0.1587 — 158.7 


= 


= 159 (Арргох.) Ans. 
(1) When x = 2.1 Fig. 5.5 
a 21-19 02 , 
0.1 0.1 


P(z > 2) = Area right to z= 2 
= 0.5 — 0.4772 = 0.0228 
Number of envelopes heavier than 
2.1 gm in alot of 1000 2, 


0- 
= 1000 x 0.0228 = 22.8 Eis, 5.6 
= 23 (Approx.) Ans. TE | takeh 
: Un s 
Prob.62. Assuming that the diameters of 1 000 Tros p b. 58 


consecutively from a machine from a normal distribution with ge еу d 
ст, and standard deviation 0.0020 cm, how many of the р ан 
be rejected, if the approved diameter is 0.752 + 0.004 cm. 
Sol. The approved range of diameter are 
0.752 — 0.004 — 0.748 cm and 
0.752 + 0.004— 0.756 cm. 


Concept of Probability 
тһе corresponding values of the normal variation are 
0.748 – 0.7515 
bb ээж 


-17 - cz Xm) 
002 5, where x, = 0.748 (+258 


түс 
0.756 — 0.7515 
If x7 0.756, 22 = — 000 . =2.25 
Area under, 21 = —1.75 to z; = 2.25 = (Area from z = 0 to z, = - 1.75) 
+ (Area from z = 0 to 2, = 2.25) 
= 0.4599 + 0.4878 = 0.9477 
ber of plugs likely to be rejected = 1000 (1 — 0.9477) 
= 1000 x 0.0523 = 52.3 
Approximately 52 plugs are likely to be rejected. 
Prob.63. A sample of 100 dry battery cells tested to find the length of 
life produced the following results — 
Mean (X) 12 hours, S.D. (о) = 3 hours. 
Assuming data to be normally distributed. What percentage of battery 
cells are expected to have life 
(i) More than 15 hours 
(1) Less than 6 hours 
(iii) Between 10 and 14 hours. 
Sol. Suppose x denotes the length of the 
life of dry battery cells. " 
x- 


3 1-0 
Fig. 5.7 


Num 


z= 


o 
(i) When х= 15,2=1 
Р(х > 15) = Р(2> 1)  . 
= (Area to the rig 
— (Area between 2 ^ 
= 0.5 – 0.3413 
= 0.1587 = 15.87% 


х=6,2=-2 


1-1 


ht of z = 0) 
and z= 1) 


01) When 
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(iii) When х = 10, 
10-12 
= =- 0.67 
шин 
When х= 14, 
14-12 
= 0.67 
3 


P(10 <x < 14) = P(- 0.67 < z < 0.67) 


И 


2 x P(0 < z < 0.67) 
2 x 0.2486 

0.4972 

49.72 % 


2=- 0.67 


270 2=067 Note 


Fig. 5.9 


1. (а) h : : 
| corresponding analytic function of this as the real part. 


B.E. (Third Semester) EXAMINATION, р, | 

(Non-Grading System) E a 
(Common for all Branches) 

MATHEMATICS-II [301(NGS)] 


: Attempt one question from each Unit. АП questions carry equal marks, 
Unit-I 


Show that the function и = x? — 3xy? is harmonic and find the 
жж 


State and prove Cauchy theorem. ** 


(b) 
А Or 
ш, (a) Find the bilinear transformation which maps 1,4,-101,0,-1 
respectively. ++ 
909 cos nz dz 

Usi i integral —— га 

(b) Using Cauchy integral formula, evaluate the integra с (14:50) 

** 


where C is the circle |z] = 3. 
Unit-II 


3, (а) Prove with usual notations that : 


ВО = log (1 + A) =- log (1 - V) (SeeUnit-L, Page-30, Prob.22) 


(b) Express y = 2x3 — 3x2 + Зх - 10 in factorial notation form. 


(See Unit-I, Page-33, Prob.29) 


Or 
4, (a) Given that : 
Find dy atx = 1.1 and = 1.6. (See Unit-II, Page-65, Prob.3) 
dx DE: 
when 
ш Apply Lagrange's interpolation method to find the values of x 
К) = 15 from the given data : 
п (See Unit-l, Page-59, Prob.56) 
| iti: included in syllabus 
= According to new revised syllabus of R.GP.V. itis not inclu 


0) 


Engineering Mathematics - ЇЇ 
Unit-IHI 
5.(a) Finda real root of the equation x!-2x-5-0 by зар 
correct to three decimal places. (See Unit, Ёл method 
, т0,17) 


(b) Perform two iterations of Picard’s method to find а 


Her n 4 
solution ofthe initial value problem : APPrOXimate 


2 =x + y*; y(0)=1 
Or 
6. (a) Solve the system of equations by Gauss-Seidel iterative method : 
27x + 6y- х = 85 
бх + 15у + 22 = 72 
х+у + 542 = 110 
(See Unit-II, Page-116, Prob.48) 


(b) By using Newton-Raphson method, find a real root of the equation 
X'-x— 10 = 0, which is near to x = 2, correct to three decimal places. 


(See Unit-I, Page-12, ProbJ) 


(See Unit-III, Page-133, Prop 


| Unit-IV 
7. (а) Find the dual of the following L.P.P. : 
Maximize: 
Subject to : 


z=x+y+z 


х-Зу-42-5 
x+2y<3 
2x-z24 
x, у, 220 
b i : 
0» ший агс to be done on four different machines. The cost ІЯ 
Pees) of producing ith job to jth machine is given below : 


** 


Assign the j 7 ost. 
jobs Я NEA tal с 

8. (a) Solve the fo] ‘o different machines so as to minimize the 10" ,, 

ollowing transportation problem : 


**Now, а i . 
ccording to new revised syllabus of В.СРУ, it is not included in sy! 
Q) 


pabus 


Engineering Mathematics - 1 


Destinations > Dj | D | D - 
2 | °3 | D4 | availability 
19 | 30 | 50 | 10 7 
70 | 30 | 40 | 60 9 
40 | 8 | 70 | 20 18 
Demma 15 1 Щ [н] мы | 


0) Solve the following L.P.P. by Graphical method : ** 
Maximize: 2 = 3x +2у 
Subject to : 2x *ty&s5 
х+у<3 
x, у>0 
Unit-V 


** 


1(a) Write advantage and disadvantage of Robust design method. 
(b) In a railway marshalling yard goods train arrive at a rate of 30 trains 
per day. If the distribution of arrivals is Poisson and that of service 
time is exponential with an average 36 minutes, then find : ша 
(i) Mean queue size. 
(ii) The probability that queue size exceeds. 
Or 


ll. (a) Describe the differential-difference equations for the queuing model 
(M/M/1) : (co/co/FCFS). bd 

(b) Write short notes on the following : 
() Taguchi loss function s 
(ii) Factorial design d 


B.E. (Fourth Semester) EXAMINATION, June 2012 
(Grading System) 
(Common for all Branches) 
МАТНЕМАТІСЅ-Ш [401(GS)] 


N Ч 
Ме: All questions are compulsory. All questions carry equal marks. Internal 


Choices are also given. 
A 220 and 0) = 0 is not analytic 


Show that the function =e 
uo d at this point. 
ж 


i isfie 
tz — 0, although Cauchy-Riemann equations are satisfi 


® Use Cauchy’s integral formula to evaluate 


22 m 
Grp where C is the circle |z| = 2. 
Or 


-2xy sin (x? — y?) is harmonic. Find the 


fa) Sh ti tion u = € 
оуу 1 i 
hat the functi itis notincluded in syllabus 


є 
буу, According to new revised gu of RGP.V., 


Engineering Mathematics - Ш = 
Dgineering Mathematics - ijj 


conjugate function v and express u + iv as an analytic би 
Inctio 


(b) Define Residue and cvaluate : nof; sy 
2л 49 
| ——— — 0<aK<l 


1-2asin0 +а? 


by using Residue theorem. 
13 


2. (а) ву using Newton-Raphson method, find the real roots of th 
м : P 1 1-0. (See Unit-I, Pecan b. (See Unit-II, Page-64, Prob.2) 
pply Gauss-Jordan method to solve the equations : a (a) Using Newton’s divided difference formula, evaluate f(8) and f(15), 


l0x+y+z=9 for given values : 
x+10y+z= 12 = = 
4 
5 


x+y+t+10z= 12 


(See Unit-II, Page-98, Prob.35) 1 
| Ра 10 
(а) 2 ве compute the real root of equation x е*=2, Е 
о four decimal places. (See Unit-I, Page-21, Prob.19) (See Unit. Page-51, Ргов 97) 


(b) Apply Gauss elimination method to solve the equations : 
2x+y+z= 10 


1 dx 
(b) Calculate by Simpson's iu rule an approximate value of Ge by 


act value and deduce the 


Зх + 2у + 32 = " 

y *3z- 18 taking seven ordinates. Compare it with ex 
x+4y+9z= 16 value of log, 2. (See Unit-II, Page-81, Prob.20) 
obtain a solution 


(See Unit-I, Page-94, Prob) + (а) Using Picard’s process of successive approximation, 
dy _ у+х, such that 


3.(a) The area ‘A? i 
ofa circle of diameter *d' is given th wing values : REDE 
iameter ‘d’ is given for e following upto the fifth approximation of the equation des 


(See Unit-IIl, Page-133, Prob.7) 


y=1whenx=0. 
i Jation for the following data : 


(b) Find the Karl Pearson’s coefficient of corre 


By usi 5 5 
У using appropriate interpolating formulae, find approximate n 


for the 8 Я 
areas of circles of diameter 82 and 91 respectively 


36) 
(b) A slider in (See Unit, Pages Pree 
a machine mo ;ght rod. Its 015. 4 find an approximate 
i em along the rod is dive тэ of the pn s Apply Runge-Kutta method of fourth order (0 
seconds. Fi j H ion W 4 2 - -0. 
ind the velocity of the slider and its acceler?? "— 2- x+y andy=1 when x 


Page-147, Prob.23) 


t= 0.3 second : 
gression lines : ** 


n Se 016-1, 
according to new revi in sy ab (See 

W revised syllabi РЕ А cluded in RÜ Fita second degr (ез m не sy 

yllabus of R.G.P. V., it is notin Py Fit a secon, d degree p bola, by using we itis not incl ded in syllabus 


Ms according to new revised aires 


**Now, 


[2] 


Engineering Mathematics - ЇЇ 


хо со 10 tA ром —| 


5. (a) Define the following terms : 
Probability function, Probability mass function and Probability density 
function. (See Unit-V, Page-259, 04) 
(b) Derive the expression for mean and variance of Binomial distribution. 
à (See Unit-V, Page-271, Prob.9) 
Л 
(а) Define Normal distribution. Give the basic properties and the standard 
form of Normal distribution. (See Unit-V, Page-294, Q.5) 
(b) Write short notes on any two of the following : 
(i) Discrete and Continuous random variable (See Unit-V, Page-271, 0.3 
(1) Student's t-test эж 
(iii) Properties of Chi-square distribution “ 


B.E. (Fourth Semester) EXAMINATION, Dec. 2012 
(Common for all Branches) 
ENGINEERING МАТНЕМАТІСЅ-Ш 


Note : (i) Attempt all questions. 
(ii) АП question carry equal marks. 
Unit-I 
1. (a) If f(z) is a regular function of z, prove that 


2 2 
[£^ EI -4r (p 


** 


(b) Using Cauchy's Integral formula, prove that сз 
(sin nz? + cos mz") 
eae сү 2 = | i i =3, 
Ї (z-1(z-2) 413, where C is the circle |z| 
2. (a) ОР ** 


Apply the calculus of residue to prove that 


л 
созӨ А Qn А 
1 e сой 0-0) 49 = To where п is positive integer 
n! 


**Now, according to new revised syllabus of R.GP.V., it is not included in syllabus 


(6) 


Engineering Mathematics 
. © -Ш 
(b) Find a bilinear transformation which ma ints i, i 

plane into 0, 1, o» of the w-plane speci HR dS D atis, 


Unit- 
3. (a) Find the root of the m ye № 


correct to four decimal places, 


** 


Cos x using the secant method 
** 
(b) Evaluate ./12 correct to four decimal places by Newton-Raphson 
method. à (See Unit-I, Page-13, Prob.10) 
й 
4. (а) Apply Crout's method to solve the equations 
Зх + 2y + 72= 4,2х + 3у+2= 5, 3х+4у+2=7 
А | (See Unit-II, Page-100, Prob.37) 
(b) Solve, by Jacobi's iteration method, the equations 
20x +у- 22= 17, 3x + 20y -z = 18, 2x - 3y + 202 = 25 
(See Unit-II, Раре-106, Prob.42) 
Unit-III 
5.(a) From the following table, estimate the number of students who obtained 


marks between 40 and 45. 
40-50 | 50-60 | 60-70 | 70-80 
42 | 51 | 35 | 31 


Marks 30-40 
No. of students 31 

(See Unit-I, Page-42, Prob.38) 

(b) A rod is rotating in a plane. The following table gives the angle 9 (radians) 

through which the rod has turned for various values of the time t second. 


t л 02 | o4 [ов | 08 | 10 [ 12 


ө | o | 0.2 | 049 | 1.12 | 202 | 320 | E — 
i i t=0. 
1 locity and acceleration of the rod when 
aut. ansa =e (See Unit-II, Page-63, Prob.1) 


Or 
: 7 8) and f(15) 
6. (а) Using Newton's divided difference formula, evaluate f(8) 


from the following data : 


| io [2088 | 
(See Unit-L Раре-51, Prob.47) 


i ft from one 
(b) A river is 80 ft. wide. The depth d in feet at a distance x 
bank is given by the following table : 


the area of cr 


Unit-IV 


Find approximate (Gee Unit-11, Page-85, Prob.26) 


ot included in syllabus 


R.GP.V. it isn 


ee on ў 
“Now, according to new revised mae 0 


Engineering Mathematics - Ш 


7. (а) Using Picard’s method, find an approximate value of y when x = 0.1 if 


dy x yhandjy-latx-0. 


(See Unit-III, Page-131, Prob.4) 
ЭМГ : dy ' 
(b) Apply Milne's method to find the solution of dx X*Y8iveny(0)- 0 
for 0.4 < x € 1.0 with h = 0.1. 
Or 
8. (а) Fit a second degree parabola to the following data, using method of 
least squares : ** 


x | 1.0 | 15 | 20 | 2:5 | 3:0 135140 
y |11 |13 [1.6 | 20 | 27 | 34 | ал 
(b) Apply Runge-Kutta method to find approximate value of y for 


(See Unit-III, Page-152, Prob.28) 


d 
x — 0.2 in steps of 0.1 if A =x + у2, given that y = 1 when x=0. 


(See Unit-III, Page-147, Prob.23) 
Unit-V 

9.(a) The mean height of 500 students is 151 cm. and the standard deviation 
is 15 cm. Assuming that the heights are normally distributed, find how 

many students have heights between 120 and 155 cm. 
. (See Unit-V, Page-298, Prob.56) 
(b) Find the probability that at most 5 defective fuses will be found in a 
box of 200 fuses, if experience shows that 290 of such fuses are 


defective. (See Unit-V, Page-280, Prob.28) 

Or 
10.(a) Find the student's t-statistic for the following variable values in a 
sample : ax 


| —4,—2,—2,0,2,2,3,3 
taking the mean of the universe to be zero. 
(b) A dice is tossed 120 times with the following result : сы 


| Number turned up | 1 | 2 | 3 14 | 5 | 6 | Total 
| Егедиепсу 1з0 | 25 | 18 | 10 | ’ 915 | 120 
Test the hypothesis that the dice is unbiased. 

(3 055=1 107) 


ВЕ. (Fourth Semester) EXAMINATION, June 2013 | 
(Common for all Branches) 
ENGINEERING MATHEMATICS- 


Note : (i) Answer any five questions. 


ж) n 
Now, according to new revised syllabus of В.СР. 
УУ, 


G) 


itis not included in syllabus 


Engineering Mathematics - |I 
(ii) All question carry equal marks, 
Unit-I 


2 : 
(a) Ifu- x?- y^, find a corresponding analytic function by using Milne- 
Thomson method. 


жж 
е? 
(b) Evaluate Ї E dz where C is the circle ** 
(i) 121=3 апа (ii) |2|=1. 
_ 622 
(a) Find the residue of f(z) = | 5 at its poles. ** 
7 
(b) Use calculus of residues to show that ** 


2x 20 
] COS. 49 п 


5+ 4с050 6 
0 


(a) If n 10 x3y?z? and error in х, y, z are respectively 0.03. 0.01, 0.02 
at x = 3, y= 1, z = 2. Calculate the absolute error and percent relative 
error in the calculation of it. ** 

(b) Using Newton-Raphson method, find a root of the equation 
f(x) = x sin + cos x = 0 correct to three decimal places, assuming 
that the root is near to x = л. (See Unit-I, Page-11, Prob.7) 

(а) Solve by Gauss-Seidal method the equations — 
54х+у+2= 110 
2х + 15у + 62 = 72 
—х + бу + 272 = 85 

- (See Unit-II, Page-107, Prob.43) 


(b) Express f(x) = x? —2х2 +х—1 into factorial notation and joi tat 


A f(x) = 0. 
(а) Find a cubic ро! 


(See Unit-II, Page-66, Prob.4) 
0.4) and y (0.6) correct 


d 2 
Find — and = at x = 1.6 
(а) Use Euler’s modified form to obtain y (0.2), У( 
us of. 'R.GP.V. itis not included in 


(9) 


RIS 


Р syllabus 
Now, according to new revised syllab 


Engineering Mathematics - Ш 


; : Фу 
to three decimal places, given that az =y-x? with initial Condition 
y(0) = 1. (See Unit-III, Page-142, Prob.18) 
(b) Find the least square fit y= а + bx + cx? for the data ** 


[жср =з -1Т 1 57 
Гу: [15 5 1 1, 


7.(а) The probability that a bomb dropped from a plane will strike the target 


is E If six bombs are dropped, find the probability that 


(i) Exactly two will strike the target and 
(ii) At least two will strike the target. 
(See Unit-V, Page-273, Prob.15) 3- 
(b) Fit Poisson distribution to the following data — 


| xw ©) 1 2 3 4 
| ft:l ag] Тот | 


(See Unit-V, Page-285, Prob.40) 


2 
8. (a) Calculate ЇЧ2 4. 
А x 
(i) Simpson’s i rule with h = 0.50 


(ii) Simpson's i rule with = 0.25. (See Unit-II, Page-78, Prob.15) 


(b) Find the equation of the lines of regression based on the following 
data : ^t 


ГТ ато TI чь [чь 
i| 213 ay W * | 


B.E. (Fourth Semester) EXAMINATION, Dec. 2013 
(Common for all Branches) 
ENGINEERING MATHEMATICSJII 


Note : (i) Attempt all questions. 
(ii) Each question carry equal marks. 
Unit-I 
1. (a) Show that function f(z) = Jixy| is not regular at z = 0, although СА 6, 
equations are satisfied at this point. » 


(b) 


(2) 


(b) 


(а) 


(9) 


(a) 


(b) 


5, (а) 


(а) 


Engineering Mathematics - Ш 


Using Cauchy integral formula, prove that 
112 
| е22 diz 81i | 
С (2-1) T Where C is the circle l3. 


Or 

Apply the calculus of residue to show that — 

п (1+2 соѕ0) 

0 (5+4cos0) | 
Show that the transformation w = 22 transforms the circle lz-a|2C 
in the z-plane. ** 

Unit-II 
Find a real root of the equation x? -2x — 5 - 0 by the method of Regula- 
falsi correct to three decimal places. (See Unit-I, Page-19, Prob.17) 
Find the negative root of the equation x? — 21x + 3500 = 0 correct to 
2 decimal places by Newton's-Raphson method. 
(See Unit-I, Page-16, Prob.14) 


** 


Ог 
Solve the following equations by Crout's method — 
10x + у + 2= 12, 2х + 10y +z = 13, 2x + 2y + 102 = 14 
(See Ош -П, Page-102, Prob.39) 
Solve the following equations by Gauss-Seidel method — 
20x +у-22= 17, 3x + 20y -z = -18, 2x - 3y +202 = 25. 
(See Unit-II, Page-118, Prob.50) 
Unit-III 
Find the number of men getting wages between Rs. 10 and Rs. 15 
from the following data — 
Wages in (Rs.) :| 0-10 [10-20 | 20-30 [30-40 
Frequency 9 30 35 42 
(See Unit-I, Page-41 Prob.37) 
ong a fixed straight rod. Its distance x 


r various values of the time t seconds. 
ion when t= 0.3 second. 


A slider in a machine moves al 
cm along the rod is given below for у 
Find the velocity ofthe slider and its accelerati 


t| 00 0.1 02 | 03 
Or 


Using Newton's divided difference 
ae anes РУ. itis not included in syllabus 


33.95 
(See Unit-II, Page-64, Prob.2) 


formula, evaluate f(9) from the 


м A А s 
**Now, according to new revised syllabus of R.GP.V, itis not included in syllabu “Now, according to new revised syllabus of RG 


(10) 


(1) 


Engineering Mathematics - Ш 


x| 5 1 11 13 
150 | 392 | 1452 | 2366 


17 
5202 


LY] 


(See Unit-I, Page-51, Prob.48) 


n/2 
(b) Calculate the value of | sin x dx by Simpson’s 1/3 rule using 11 
ordinates. (See Unit-II, Page-82, Prob.22) 
Unit-IV 
7. (a) Find by Taylor's series method, the values of y at x = 0.1 and = 0.2 


d 
to five places of decimal from = = х?у -1, y(0) =1. 


(See Unit-III, Раве-137, Prob.11) 
(b) Apply Milne's method to find a solution of the differential equation 


dy/dx = x — y? in the range 0 € x < 1 for the boundary condition 
y=Oatx=0. (See Unit-lIL, Page-150, Prob.26) 
Or 

8. (a) Find the parabola of the form у = a + bx + cx? which fits most closely 
with the observations given below — ал 

Їх1-31-214110111213 
|» | 4.63 | 2.11 | 0.67 | 0.09 | 0.63 | 2.15 | 4.58 
(b) Apply Runge-Kutta method to find an approximate value of y when 


4 
x = 0.2 given that rs =х+уапау = 1 when x = 0. 


(See Unit-III, Page-143, Prob.19) 
Unit-V А 
9. (a) The sum and the product of the mean and variance of a binomial 
distribution are 24 and 128. Find the distribution. 
(See Unit-V, Page-278, Prob.24) 
(b) Prove that in a normal distribution, all the moments of odd order about 
the mean vanishes. (See Unit-V, Page-295, Prob.49) 
Or 


10.(а) Find the student's t-statistic for the following variable values 0/8 
sample— 
—4,-2, - 2, 0, ҖӘ. ЗИ 
taking the mean of the universe to be zero. Ч 


(b) In a bank 100 accounts are selected at random and examined for 
errors. The following results have been obtained. 


No. oferrors |o |1 12 13141516 
40 |19|2 |o|2 1 


No. of accounts | 36 
CNN нх: 
**Now, according to new revised syllabus of R.GP.V.), itis not included in syllabus 
(12) 


D Engineering Mathematics - II 
Does this information verify that the errors are distributed according 


to Poisson probability law ? (x5.055 = 11.07) 


х. 


В.Е. (Fourth Semester) EXAMINATION, June 201 
(Common for all Branches) 6 
a oc MATHEMATICS- 


ci № 


Note : (i) Answer five questions. In each question part A, B, C is compulsory 
and D part has internal choice. 
(1) АП parts of each question are to be attempted at one place. 
(iii) All questions carry equal marks, out of which part A and B (Max. 
50 words) carry 2 marks, part C (Max. 100 words) carry 3 marks, 
part D (Max. 400 words) carry 7 marks. 
(iv) Except numericals, Derivation. Design and Drawing etc. 


1. (a) Show that the function 5 log (x? 4 y) is harmonic. 2 


2 . 
(b) Evaluate the integral [£e , where C is the circle Д = 1. **2 


(c) Find Cauchy-Riemann equations in polar form. **3 
(d) Find the analytic function А s 
f(z) = + iv ifu- v= (x -y)G + 4xy + Y) 
Or 
х ** 7 
Evaluate the integral Г “ = ах. 
х + E 
iterati find the К" root 
2. (a) Determine the Newton-Raphson iterative formula to fin S 
ME = -falsi method 
(b) Find a real root of the equation x logy X= шиг сэн = or ч 
correct to one decimal place. (See Unit-I, Page-18, 


= iterative method 
= cos x + | by ЖЗ, 


he system of equations — 
hod to solve the sy: 1 


(c) Find a real root of the equation 3x 
correct to two decimal places. 
(d) Apply Crout's factorization met 


x-y=0 ^ 
—2x+4y-2z=- 1 (See Unit-IT, Page-104, Prob.40) 
-у+22= 1.5 or 


tions — 
Apply Gauss-Seidel iteration method to solve the system of equat! : 
pply Gauss- 
20x +у- 22= 17 
3x + 20y-z7- 18 
Шаһи оѓ 


uu EE 
“*Now, according to new revised sy ий 


В.СРУ. it is not included in syllabus 


Engineering Mathematics - III 


2x — 3y + 202 = 1.5 


(See Unit-II, Page-112, Prob.46) 
3. (a) Prove that — 


2 
42) х Ee" . 
= Gas à (See Unit-I, Page-29, Prob.21) 


(b) Derive Newton’s forward interpolation formula. 


2 
(See Unit-I, Page-40, 0.4) 


5 0.6 2 
(c) Evaluate the integral | e^* ах by Simpson 1/3 rule. $ 
(See Unit-II, Page-79, Prob.17) 


(d) Apply Newton's divided difference formula to find the value of f(9) 
from the following table — 7 


х 15 {7и 113117 
f(x) | 150 | 392 | 1452 


2368 | 5202 
. 4 dy 
Find us at x — 1.1 from the following table — 


x110| 12 14 1.6 1.8 2.0 

y| 0 | 0.128 | 0.544 | 1.296 | 2.432 | 4.000 

| (See Unit-II, Page-68, Prob.7) 
4. (а) Findby Taylor's series method the value y(0.1) correct to three decimal 


places from the differential equation — 2 


dy 2 
dec УФЕ, 


(See Unit-1, Page-52, Prob.49) 
Or 


(See Unit-III, Page-135, Prob.8) 


(b) Write the working rule of Runge-Kutta method of fourth order for the 
numerical solution of differential equation. (See Unit-III, Page-130, Q.1) 2 
(c) 18018 the angle between the two regression lines show that - **3 
1-г? сусу 
т o? * 59 


(d) Using modified Euler's method, find the value of y(0.3) from the 
equation — 7 


tang = 


dy 
d t» 0-1 (See Unit-III, Page-139, Prob.15) 
Or 


Find the lines of regression and coefficient of correlation from the 
following table — **7 


**Now, according to new revised syllabus of R.GP.V,, it is not included in syllabus 
(14) 


: i ji ап 
' (а) Show that w = е is an analytic function 


ID 
Now, according to new re 


Engineering Mathematics - Ш 


X [3/4 |6 [7 [10] 


У [o |u [14 [15 [16 


x 


(а) The probability density function р(х) ofa random variable is given by 


p(x) = yo € №, – œ < x < o. Find the value of yo- 2 


(See Unit-V, Page-294, Prob.46) 
(b) If the 10 percent of the bolts produced by a machine are defective, 
find the probability that out of 5 bolts chosen at random at least two 


will be defective. **2 

(c) Write the procedure to test significance and goodness of fit using y? 
method. **3 

(d) Prove that the mean deviation from mean of a normal distribution is 
approximately 4/5 times of standard deviation. 7 

(See Unit-V, Page-295, Prob.50) 

Or 
The nine items of a sample have the values — 387 


45, 47, 50, 52, 48, 47, 49, 53, 51 
Does the mean of these differ significant from the assumed mean 
47.5? (to. gs = 2.31 for v = 8) 


M ———————————Ánt 
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RG PV (Common for all Branches) 
МАТІСЅ-Ш 

анаа МАТНЕ 


i В 5 i Iso 
bte: (i) Answer five questions. In each question part A, В, Cis compulsory 


and D part has internal choice. aa 
(ii) All parts of each question are to be attempted at ын > E - 
(iii) All questions carry equal marks, out of which pit к Бонн 

50 words) carry 2 marks, part C (Мах. 100 wor 

part D (Max. 400 words) carry 7 marks. 


ivati i ing etc. 
(iv) Except numericals, Derivation. Design and Drawing 


d determine f(z). — ** 


P i ircle 4 = 1. ES 
(b) Evaluate (8 B E lag, where C is the c 
= 


жж 


22 A n =2. 
the circle [zl 
(c) Evaluate f © dz where Cis the 


€ (z^ e Ж А iof -агсай- 
(a) IF f(z) is a regular function of z prove that +55 


жж 


vised sylla us o Шариѕ 
iti: Juded in sy 

ised syllab f R.G.P.V. it is notinc 

у! 


(15) 


Engineering Mathematics - III 


If Й эз? +7241 4 | | ; 
є) = е а » where C is the circle x? + y? = 4 find 
the values of ЖЗ), f(1 — i) апа f'(1 — i). be 


(a) Define algebraic and transcendental equations.(See Unit-I, Page-6, 1) 

(b) Find the smallest positive root of the equation x? — 2x + 0.5 =Q by 
Newton-Raphson method. (See Unit-I, Page-10, Prob.5) 

(c) The equation x$ — x* — х? — 1 = 0, has one real root between 1.4 and 
1.5. Find the root to four decimal places by the method of False- 
Position. 5... (See Unit-I, Page-20, Prob.18) 

(d) Solve the following system of equations 8x — y + z= 18; 2x + 5y—2z 
=3;x + 2у- 32 = —6 using Gauss-Seidel iterative method. 


© (See Unit-II, Page-113, Prob.47) 
т 
Apply Gauss-Jordan method to find the solution ofthe following system 

of equations — 10x + y + z = 12; 2х + 10у + z = 13, x +y + 5z- 7. 

(See Unit-II, Page-99, Prob.36) 

. (а) Define interpolation and write the Newton's forward and backward 
interpolation formula. (See Unit-I, Page-40, Q.3) 

(b) Find the cubic polynomial which takes the following values — 


ГЭВ 
f(x) |: (See Unit-I, Page-43, Prob.39) 
6 
(c) Evaluate J ex by using Weddle's rule. "M 
014x? 


(d) The following table gives the normal weights of babies during the first 


12 months of life. 
5 |8 | 10 | 12 
15 [16 (18 [21 


[Age ofmonths 0 | 2 
| Weights in Ibs: | 7% | 10% 
Estimate the weight of the baby at the age of 7 months. 
(See Unit-I, Page-56, Prob.54) 


Or 
Find f(x) and f'(x) at x = 6, given that 
x 1:1451 5 55 | 60 | 65 і Е 
у= Ех) |: | 9.69 [1290 | 1671 | 2118 | 2637 | 3234 | 39: 


| (See Unit-II, Раве-72, probi) 
4. (a) Use Picard's method to approximate y when x = 0.1 given that y=" 


4 


y 
When x = 0 and ps 32, Prob-5) 


i n 
(b) Write the steps of Runge-Kutta method, (See Unit-III Page-120.) 


n t us 
**Now, according to new revised syllabus of R.GP.V., it is not included in syllab 
(16) 


у-х 
у+х’ 


(See Опі-Ш, Page-1 


Engineering Mathematics - 1 


lue of the correla 
10? = 180, х(у 


(c) From the following data, obtain the va 
n = 10, Ух = 140, Ly = 150, (x – 
Убх — 10) (y — 15) = 60. 
By the method of least squares, 
fits the following data — 


tion coefficient: 
- 15)? = 215 and 
** 


(a) find the curve y = ax + bx2 that best 


kk 
х:|11:21315л 5 
y [s |51|89 [Тт [198] 
Ог 


ven SEL, Ж e i : 
Given EC +2,у=2 at x = 1. Find approximate value of y at 


x х 
x = 1.4 by taking step size h — 0.2, apply modified Euler's method. 
(See Unit-III, Page-140, Prob.16) 


5. (a) Findthe mean ofthe binomial distribution. (See Unit-V, Page-271, Prob.8) 


7 1 
(b) Given A and В two events with P(A U B) = 8” P(A A B)= 2 апі 


в 5 
P(AnB)- a Find P(A) and P(B). (See Unit-V, Page-260, Prob.1) 


If the probability of a bad reaction from certain injection is 0.001. 
Determine the chance that out of 2000 individuals more than two will 
get a bad reaction. (See Unit-V, Page-283, Prob.37) 
Fit a Poisson distribution for the following data and test the goodness 
** 


(c) 


(d) 
of fit, given that 429. = 7815 for3 df. 


x:ibolrp2i34 
[£ : [122 | 60 15:12:14 
Ог 


The life time of a certain kind of battery is a random variable, We 
as an exponential distribution with a mean of 200 hrs. Pene нө 
probability that such a battery will last. (i) At most 100 л e 
any-where from 400 to 600 hrs. (See Unit-V, Page-260, Prob. 


B.E. (Fourth Semester) EXAMINATION, June 2015 


hes) 
‘Common for all Branc | 
° МАТНЕМАТЇС5-Ш (2 


4 


: C is compulsory: 
Note : (i) Answer five questions. In each question partA, B, 


BL ра ач шел 2, хө to be attempted at one place. 


ii) АП parts of each question же not included in syllabus | 
38090. р уу, itis not in ; 
“Now, according to new revised syllabus of В.СРУ. itis 

(17) 


Engineering Mathematics - ЇЇ 


(iii) All questions carry equal marks, out of which part A and В (Мах, 
50 words) carry 2 marks, part C (Max. 100 words) carry 3 marks 
part D (Max. 400 words) carry 7 marks. * 

(iv) Except numericals, Derivation. Design and Drawing etc. 


Unit-I 
1. (а) Show that u = 2x — х? + 3xy? is harmonic. + 
(b) Use Cauchy-Riemann equation to find v, where и = 3х2у-у ж+ 
(c) Find the order of each pole and residue at it of bu ** 
| 42-10022) 
(d) Expand #(2) = 220029) in the region |z| > 2. ** 
Or 
2 d6 
Evaluate пе а>6>0. ** 
0 (a+bcos0)~ 
Unit-II 
2. (a) Find the relative error if 2/3 is approximate to 0.667. ** 


(b) Give convergence values of Regula falsi and Newton Raphson method. 
(See Unit-I, Page-7, 0.2) 
(c) Find the real root of the equation (48)! by Iteration method upto two 
decimal places. = 
(d) Solve by Gauss elimination method — 
10х+у+22=13 
Зх + 10у+2= 14 
2x + Зу + 102= 15 
(See Unit-II, Page-97, Prob.34) 


Or 
Apply Crout's method to solve the equations — 
3х+2у+ 72= 4 
2х+3у+2= 5 
3x+4y+z=7 
(See Unit-II, Page-100, Prob.37) 
Unit-III 


3. (a) Find the function whose first difference is 9x? + 11x + 5. 
(See Unit-I, Page-32, Prob.28) 
1 


1+х 


6 
(b) Evaluate | dx by using Simpson's 1/3 rule. 


2 


(See Unit-II, Page-87, ргор.28) 
(c) Find the missing values of ће following data — 


х 10|51101|15120|25 
у:|61101-1171-131 

**Now, according to new revised syllabus of R.G.P.V., itis not included in syllabus 
(18) 


(Зее Unit-I, Page-34, Prob.32) 


Engineering Mathematic: 
нэ | 5-1 
(d) Use Newton's divided difference formula to find the form of ДХ), gi 

X), given — 


Га [0] 


Si it- 
F (See Unit-I, Page-48, Prob.44) 


Estimate the number of students who obtained marks between 40 and 45 


| | Marks 30-40 | 40—50 | 50-60 | 60 70 | 70-80 | 
ES 70-80 
| No. of students 31 | 42 


(See Unit-I, Page-42, Prob.38) 


Unit-IV 


4. (a) Using Picard's method to obtain y for x = 0.1, if z =] + xy, with 
y(0) - 1. (See Unit-III, Page-131, Prob.3) 
(b) Prove if one of the regression coefficient is greater than unity, then 
the other is less than unity. БЫ 
(c) From the following data obtain the value ofthe correlation coefficient: n= 10, 
Ух = 55, Xy = 40, Ex? = 385, Ey? = 192 and X(x + у) = 947. ** 
(d) Apply Runge-Kutta method to find a approximate value of y when x= 
d 
0.1.1f ra =x-+y? given that y(0) = 1. (See Unit-III, Page-149, Prob.24) 
Or . 
Calculate the coefficient of regression lines and find the two lines of 
regression from the following data — x 


x:[78|89 | 97 a 79 | 68 [ 61 
у : |125 | 137 | 156 | 112 | 107 | 136 | 123 108 
Unit-V 
5. (a) Give conditions for the validity of y? test. 
(b) Define- | - 
(i) Discrete and continuous random variable (See Unit-V, 
(ii) Student's T-test 
(c) Derive the expression for mea! 


** 


Раре-271,0.3) 
** 


n and variance of Binomial distribution. 
(See Unit-V, Page-271, Prob.9) 
(4) The mean height of 500 students in 151 ст and the sana deviation 

is 15 cm. Assuming that the homi m poi eae 

: a | 
how many students have heights be! n ИС Page 2, эрэн 

Or 

t, two samples вау 
f R.GE.V., it isnot included in syllabus 


i e the following results — 

In a laboratory experimen 

"*Now, according to new revised syllabus 0! 
09) 


Engineering Mathematics - Ш 


i Sum of squares of 
Sample | Size | Sample Mean | Jeyiation from the mean 
1 10 15 90 
П 12 14 108 
Test the equality of sample variance at 05% level of significance 
(Fo, 11(0.05) = 2.90). Ы 


В.Е. (Fourth Semester) EXAMINATION, Dec. 2015 
(Common for all Branches) 
MATHEMATICS-III 


Note: (i) Answer five questions. In each question part A, B, C is 
compulsory and D part has internal choice. 
(ii) All parts of each questions are to be attempted at one place. 
(iii) All questions carry equal marks, out of which part A and B 
(Max. 50 words) carry 2 marks, part C (Max. 100 words) carry 
3 marks, part D (Max. 400 words) carry 7 marks. 
(iv) Except numericals, Derivation, Design and Drawing etc. 
Unit-1 
1. (a) Write Cauchy-Riemann equations in polar form. st 
2 
(b) If f(z) = c then find Res f(1). эн 
(2-1) (2-2) 
2 1 
(c) Find the value of [228 where C being |= 7: = 
z- 
c 
(d) Apply calculus of Residue to prove that — ыг 
2 2 Ё 
| л со82040 -= e ay 
0 1-2acos0-a^ 1-а 
Ог 


Show that e* (x cos y—y sin y) is a harmonic function. Find the analytic 


function for which e* (x cos y — y sin y) is imaginary part. d 
2. (a) Write a short note on errors. 


(b) Write the procedure of Gauss-elimination method for solving the PAS 

of simultaneous linear equations. (See Unit-II, Page-94, Q. ) 

(c) Find a real root of the equation f(x) = x2 — 4x — 9 = 0, using bisection 

method in four stages. (See Unit-I, Page-9, Prob3) 

(d) Find a real root of the equation x^ — x — 13 = 0 by Newton Raphson 

method correct to three decimal places. (See Unit-I, Page-14, Prob.11) 
=<. Or 

"*Now, according to new revised syllabus of R.GPY, itis not included in syllabus 


20) 


Engineerin 
р 9 Mathematics - 
Solve the following system by Gauss atics - | 


ынын. -Seidel method — 
2x + 20у — 2z = —44 
2x + Зу + 102 = 22 
| (See Unit-II, Раре-109, Prob.44) 
| A 
3. (a) Fin d the value of S (See Unit-I, Page-30, Prob.23) 


(b) Prepare the difference table for the following data — 
x: [10 [20 [30 [40 [ 50] 
: [22415 1120 
y 27 ВЭ (See Unit-I, Page-40, Prob.35) 
rd 


1 dx . А 1 
(c) Evaluate Ik = by using Simpson’s ЕТ. rule, take n = 6. 


(See Unit-II, Page-82, Prob.20) 
(d) Find a polynomial satisfied by (-4, 1245), (-1, 33), (0, 5), (2, 9) and 
(5, 1335) by Newton's divided difference formula. 
ё (See Unit-I, Раве-47, Prob.43) 
r 
Calculate the first and second derivatives of the function tabulated 
below, at the point x = 1.1. 


x: (10| 12 [ 14 [ 16 [ 18 |20 
F(x): | 0 [0128 | 0544 | 1296 | 2432 40| 
(See Unit-II, Page-70, Prob.8) 
4 эы _ 8 
4. (a) If — = f(x, у) with initial condition y = yọ at X = X» then write first 
imati ing Picard's method. 
two approximations using PIC we UI Page Bb) 
i bi 

(b) Write the normal equations for equation of second degree paral ol : 

to be fitted to given set of data. 
(c) Use Euler's method to find y(0.2) fro 


m the differential equation 


: it-III, Ра е-138, Prob.13) 
= = ху, y(0) = 1 take h = 0.1. (See Unit-IT 2 

А у _ 3 

ve the equation чу ~ 1 4 y? for 
that y(0) = 0.5. 

e Шпй-Ш, Page-146, Prob.22) 


(d) Use Runge-Kutta method to sol 
X702 to x = 04 with h = 02,8 
Or , the marks in 
Calculate the coefficient of correlation between ** 

7 nts — 
Mathematics and Physics for 8 ah itis notinch 

“Now, according to new revised syllabus of R^ С 
(21) 


juded in syllabus 


Engineering Mathematics - Ш 


Mathematics : | 76 | 90 | 98 | 69 | 54 
Physics: |25 [37 | 56 | 12 | 17 


82 | 67 | 52 
36 | 27] 11 


5. (a) Write the mean and variance of the Binomial distribution, 
(See Unit-V, Page-271, Prob.9) 
** 


(b) Define types of sampling. | 
(c) A manufacturer who produces medicine bottles, finds that 0.1% of 
the bottles are defective. The bottles are packed in boxes containing 
500 bottles. A drug manufacturer buys 100 boxes from the producer 
of bottles. Using Poisson distribution, find how many boxes will 

contain no defectives. (Given e-95 = 0.6065). 
| (See Unit-V, Page-282, Prob.34) 
(d) A random sample of size 16 has 53 as mean. The sum of the Squares 
ofthe deviations take from mean is 150. Can this sample be regarded 
as taken from the population having 56 as mean ? Obtain 9594 and 
99% confidence limits of the mean of the population. [For v = 15, 
1991 = 2.95 and tg 95 = 2.13] Ы 

О: 


г 
The probability that an evening college student will graduate is 0.4. 


Determine the probability that out of 5 students. 
(1) None (ii) one and (iii) at least one will graduate. 
(See Unit-V, Page-274, Prob.16) 


BE-401 hy 
В.Е. (Fourth Semester) EXAMINATION, June 2016 
(Common for all Branches) 
MATHEMATICS-III 


ul 


Note: (i) Answer five questions. In each question part A, B, C is 
.. compulsory and D part has internal choice. 
(ii) All parts of each questions are to be attempted at one place. 
(iii) All questions carry equal marks, out of which part A and B 
(Max. 50 words) carry 2 marks, part C (Max. 100 words) carry 
,., 3 marks, part D (Max. 400 words) carry 7 marks. 
(iv) Except numericals, Derivation, Design and Drawing etc. 
Unit-I 
1. (a) Find the kind of singularity of the function Ес 
f(z) == = «(| $ 
7 (2- 1) 
** 


(b) If f(z) isa regular function of z, prove that 
2-8 2 
od * aye КР = ac? 


Li "n 
Now, according to new revised syllabus of R.GB.V,,it is not included in syllabus 
Q2) 


(d) 


(b) 
(c) 
(d) 


3. (a) 


(b) 
(c) 


(9) 


* 
"Now, ассогаш, to new revised syllabu 
g 


Engineering Mathematics - Л 


Show that the function u = e2xysin?-y? h . 
А а 
conjugate function v. Tonic and find the 


x жж 
1--2с080 
luate || ———— |а 
Bm Їнэ 8 .. 
Ог 
Using Cauchy's Integral formula prove that ** 
22 -2 
Ї е 4 mam 8ле E 
€ (2+1) 3 
whre c is the circle |z| = 3. 
. Unit-II 
If 0.333 is the approximate value of 1/3, find the absolute, relative 
and percentage errors. жж 


Find the real root of the equation x log; x = 1.2 by Regula-falsi 

method correct to two decimal places. (See Unit-I, Page-18, Prob.16) 

Using Newton-Raphson method, find a real root of the equation 

3x =cosx + 1. (See Unit-I, Page-10, Prob.6) 

Solve the equations — 

10x + 2y+z=9 

= 2х + 3y + 102=22 

x+ 10y-—z=-22 

By Gauss-Seidel method. 8 (See Unit-II, Page-110, Prob.45) 
r 

Solve by Crout's method 

10x+y+z=12 

2х + 10у + z= 13 


2x + 2y + 102 = 14 (Gee Unit-II, Page-102, Prob.39) 


T-III 1 . 
— 10 in factorial notation. 
(See Unit-L, Page-33, Prob.29) 


ite Stirli interval. 
Write Stirling’s formula for equal interval dand sub sequent terms 
are 8, 3 a To iod cx MT (Gee Unit, Page-34, Prob.31 
Apply Lagrange’s method to find the У 


Express у = 2х3 — 3x? + 3x 


alue of x, when f(x) = 15, 


Or ven Vag = 2854.34 3162, 

Apply Bessel’s formula to evaluate Y25: given Уго ** 

Yag = 3544, уз» = 3992. (В.СРМ itis not included in syllabus 
30 АД 


(23) 


**Now, 


Engineering Mathematics - ЇЇ! 


UNIT-IV 


d : 
4. (a) Solve = 1-2ху given that y(0) = 0, by Taylor's method, 


(See Unit-III, Page-136, Prob.10) 
(b) From the following data, find the number of items n. Where г = 


0.5 
Үху-120, сун 8, Ух2-490, where x and y are deviations ofarithmetic 
mean. жж 
(c) Find y(2.2) using Euler's method for the equation 
dy 5 
—--—x i 2ye 1. 
Ер Y with y(2) = 1 
(See Unit-III, Page-139, Prob.14) 
| Фу у? -х? 
(d) Using Runge-Kutta method of fourth order solve Au. 
dx y?iíx 
with y(0) = 1, at x 0.2 and 0.4. (See Unit-III, Page-149, Prob.25) 
Or 
Fit a straight line to the following data : ы 
х(11213141516171819 
y |9|8 | 10 | 12 [11 [13 [14 [16 [15 


(а) Find the mean deviation from mean for normal distribution. 


(See Unit-V, Page-294, Prob.45) 
(b) Prove that total probability of Beta distribution of second kind is 1. 
жж 


(c) Define the following — 
G) Probability function 
Gi) Probability mass function 
(й) Probability density function. 
(See Unit-V, Page-259, 0.1) 
(4) Find the students t-statistic for the following varaible values in à 
sample 4, — 2, — 2, 0, 2, 2, 3,3 taking the mean of the universe to 
be zero, ч 
A dice is tossed 120 times with the following results : 


HI р, р а [5 E E 


Frequency : зо | 25 | 18 | 10 | 22 | 15 [120 


Test the hypothesis that the dice is unbiased (хбо55 -1 107) E. 


according to new revised syllabus of R.G.P.V., it is not included in syllabus 
Q4) 


ВЕ-401 
B.E. (Fourth Semester) EXAMINATION, Dec. 2016 
(Common for all Branches) 


МАТНЕМАТІСЅ-Ш 


(i) Answer апу five questions, 


(е: : 
p Gii) All questions carry equal marks. 
(a) Show that the function e* {созу  isiny) in an analytic function. 
жж 
Determine the analytic function w = u + iv if жж 
(0) 
v= log (x? + у2)4(х-2у) 
Іні 
(а) Evaluate [е —iy)dz along the path y = x. ын 
0 
(b) Determine the poles of the following function and residue at each 
2 
2 жж 
ole f(z) 2 ————— 
: o (z-D(z-2) 
|. (a) Find a real root of the equation x? — ues 5 = 0, by the method of 
iti three decimal places. 
false position, correct to thre 2 Mk Ya dO 
(b) Solve by Gauss-Seidel method the equations 
10x+y+z=12 
+ tTz- 
cM dene И Prob) 
(а) Solve the following system of euations by Gauss-eliminatio 
the equations are 
2xt+y+z=12 
Ее, ЖУЛТ 
(b) 1f 0.333 is the approximate value of 1/3, find the absolute, Ён 
and Я MUR in 55° = 0.8192, 
* (а) Given ther. a g^ 45° = 0.7071, sin 50 27 isi o. 
sin 60° = 0.8660, find the value Lene student will graduate is 0.4. 
(b) The probability that an evening co (5 students. 


Determine the probability that out 0 
(i) None 
(1) Oneand 


(iil) At least one will graduate. Prob.16) 


(See Unit-V, Page-274, 
i in syllabus 
itis not included in sy! 
чы according to new revised syllabus of R.GP.V,, itis 
(25) 


Engineering Mathematics - Ш 


1 
6. (а) Use Trapezoidal rule to evaluate fax considering give ыг 


0 
intervals. 
(See Unit-II, Раве-77, Prob.14) Я 
4 
(b) Find Gy atx = 0.1 from the following table — 
x| 01 02 03 04 | 
у | 09975 | 09900 | 0.9776 | 0.9604 й 


| | (See Unit-II, Page-67, Prob.6) 
7. (a) UsingPicards method of successive approximations, obtain a solution 


upto fifth approximation of the equation ФУ суух, such that 
x 

у = 1, when x = 0. (See Unit-III, Page-133, Prob.7) 

(b) Use Runge-Kutta method to fourth order to aproximate y, when 


r 4 
х= 0.1, given фа y = latx- 0 and гын 
х 


. (See Unit-III, Page-145, Prob.21) ; 
8. (a) Findthe mean and variance of the Binomial distribution. 


(See Unit-V, Page-271, Prob.9) 
(b) A lot has 10% defective items. Ten items are chosen randomly from 
this lot. Find the 


defective. 


probability that exactly 2 of the chosen items are 
(See Unit-V, Page-272, Prob.13) 


BE-401 
ВЕ. (Fourth Semester) EXAMINATION, June 2017 
(Common for all Branches) 
МАТНЕМАТІСЅ-Ш 
Note : A Attempt any five 

Ш) All questions c. 1 
E (a) ew that e? is сул. аб ak. ї 
(b) Show thatu=2x x3} 3xy? is harmonic and determine its conjugate: 1 


questions out of eight questions. 
** 


2. (а) Find the order of each pole and residue at it of the function 
T= 
f(z) = — 1-27 — 
2(2-1Х2-2) 
**Now, 


Q6) 


(b) 


(2) 


(b) 


(а) 


(b) 


(a) 


According to new revised syllabus of R G p.v, itis not included іп ву? EN, 


Engineering Mathematics - |] 


22 


Evaluate 4 


е 
| (-16-2) Where c is the circle [|=3. 
Find the real root of the equation x log, x 


x " 7 12 by the method of 
alse position. 


(See Unit-I, Page-18, Prob.1 6) 


Solve x? — 3x + 1 = 0 by Newton’s method. 

(See Unit-I, Page-17, Prob.15) 
Using Gauss-elimination method solve 
2х-у+32=9 
х+у+2=6 
x-ytz-2 

(See Unit-II, Page-96, Prob.32) 
Solve the following system by Gauss-Seidel method. 
27x + бу-2= 85 
бх + 15y 22 = 72 
x +y + 542 = 110 

(See Unit-II, Page-116, Prob.48) 


(See Unit-I, Page-29, Prob.21) 


2 х 
Evaluate | ^^ ех. Ee 
E А?е* 


Find the Cubic polynomial which takes the following values — 
x о | 1 - 2 + 3 | 
f(x) 1 | 2 1 10 | 
(See Unit-I, Page-43, Prob.39) 
Find the missing term using Newton's divided difference formula 


m о |1 a 4 | 
f(x) тг =| а | 


6 1 
Evaluate le 
+х 


"S 
dx using Simpson's = гше. 

(See 0 1-1, Page-87, Prob.28) 
Use Runge-Kutta method of fourth order to solve : 


ЧУ Fay for x = 1.2 


=0.1 
Initially x = 1, y=2 (take h = 0. ) шиний — 287 
ариг of R.GP.V., itis not included in sylla! 
syl 2 


07) 


according to new revised 


Engineering Mathematics - III 


А : ду 
ү thod. ede ; 
(b) Using Taylor's series method, solve dx 1— 2xy given that У(0)=0 


(See Unit-IHI, Ра: 
8. (a) Find mean and variance of Poisson distribution. 


(See Unit-V, Page-281, Prob,32)' 


(b) Fita straight line to the following data 


х E) 5 6 7 9 
У 2 3 4 6 5 


MATHEMATICS-III 


Note : (i) Attempt any five questions out of eight. 
(1) All questions carry equal marks. 


BT-301 (AU/CE/CM/EC/IP/ME) CBGS 
B.Tech., Ш Semester, Examination, November 2018 
Choice Based Grading System (CBGS) 


86-136, Prob.19) 


жж 


Gii) In case of any doubt or dispute the english version question 


should be treated as final. 


1. (a) Find a root of the equation х?— 4x – 9 = 0 using bisection method 


correct to three decimal places. 


(See Unit-I, Page-8, Prob.2) 


(b) Using Netwon-Raphson method, find the real root of the equation 


Зх = cos + 1. 


: : (See Unit-I, Page-10, Prob.6)5. 
2. (a) Find the cubic polynomical, which takes the following values — 


А (See Unit-I, Page-43, Ргор.39) 
(b) By means of Newton's divided difference {ош а, find f (8) an f (9) 


from the following table — 


+= № 7 
E Гоо | 


| 48 | 100 | 294 


(See Unit-I, Page-50, Prob.46) 


3. (а) 


Compare it with exact values. 
**Now, 


Q8) 


Using Si , 3 1 
sing Simpon’s 1/3 tule, obtain [s dx bytaking seven ordinates. 


8. 
(See Unit-II, Раве-81, Prob.19) 


according to new revised syllabus of R.G.P.V., it is not included in syllabus 


(b) 


(2) 


(b) 


(4) 


(b) 


(а) 


(9) 


(а) 


(b) 
(а) 


(b) 


Engineering Mathematics - Ш 

Solve the following system by Gauss eliminati 

(б Ene y Ss elimination method. 

бх +4у + 32= 0 

20х + 15у + 122 = 0 (See Unit-II, Раре-96, Prob. 
Solve the following system of equation by Gauss-Seidel шан” 

27х + бу-2=85 ` 

бх + 15у + 22 = 72 


х+у + 542 = 110 (See Unit-II, Page-116, Prob.48) 


Using Lagrange's interpolation formula, find the cubic polynomial 
that takes the following values — 


(See Unit-I, Page-58, Prob.55) 
Using Runge-Kutta method of fourth order solve the differenrtial 
equation — 


oy By forx=1.2 
dx 


Given that y (1) = 2 (Take В = 0.1)(See Unit-III, Page-143, Prob.20) 
Using Picard's method find y for x = 0.1. Given that 


dy y-x 
--- sy(0)=1 
pem y(0) 


Solve the given equation for y (1.1) using Taylor series method — 


(See Unit-III, Page-132, Prob.5) 


D -ayesesy0)-0 (See Unit-III, Page-135, Prob.9) 
x 


Find the following — 
(i) L{t?sinat} 


Gi) Leona) 


= 
Using convolution theorem find L [ees] 


(See UnitIV, Page-220, Prob.58) 


tion (D^* 2D + 1)у=% Given 
e equntior (TV, Page-233, Prob.76) 


ost 5 defective fuses will be found in a 


that 2 percent of such fuses 
Е ur Unit, Page-280, Prob.28) 


inomial distribution. 
d variance of Binomial Зе Unit-V, page 271, Prob) 


(See Unit-IV, Page-198, Prob.24) 


Using Laplace transform, solv 
that y (0) =- 3, y (1) -]. 
Find the probability that at m 
box of 200 fuses of experien 
are defective. 
Find mean an 


(29) 
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(i) Attempt any five questions. 
(ii) АП questions carry equal marks. 


(11) Draw neat sketch if required. 
Find the real root of the equation xlog;ox = 1.2 by bisection method P 


Note : 
1. (а) 
(b) 
2. (a) 
(b) 
3. (a) 
(b) 
4. (а) 
(b) 
5. (а) 
(b) 
6. (a) 


correct to four decimal places. (See Unit-I, Раре- 
Find a real root of the equation x = e ™ using the и 


method. (See Unit-I, P: 

Solve the following system of equations by Cue 
xty+z=3 | 
2х-у+32=16 
Зх+у-2=-3 (See Unit-II, Page-101, Prob.38) 


‚| dy 
Find dx at x — 0.1 from the following table — 


[р Г Газ [а | 


? е (See Опіє-П, Page-67, Prob.6) 
Using Euler's method, compute y(0.04) for the differential 
equation — 


d 


d c» y(0) = 1. Take h = 0.01. (See Unit-III, Page-138, Prob.12) 


Given that v i i 
at qx 10810 (х + y), y(0) = 1, find y(0.2) using modified 


Euler’s method. 
Find the Laplace transform of 


f(t) = Ї Ost<2 
1-2 25: (See Unit-IV, Page-195, Prob.15) 


Write three Properties of Laplace transform. ) 
See Unit-IV, Page-188, 0: 
What do you mean by probability мэ. function ? 2 
(See Unit-V, Page-260, 0: 4 
(See Unit-V, Раре-271, 0: 


(See Unit-III, Page-141, Prob.17) 


Explain the binomial theorem in brief. 
The following table is given — 


G0) 


(b) 


(a) 


(b) 


Note : 


1: 


“Ж 


(а) 


(5) 
(а) 


(b) 


Engineering Mathematics - |1 


What is the form of the function ? 
1 dx 


(See Unit-I, Page-49, Prob.45) 


š 1 1 
luate using Si Ээ ing h=— 
Evalu } tx impson's = rule taking h 4 


(See Unit-II, Page-79, Prob.16) 
If 10% of bolt’s produced by a macine are defective. Determine the 
probability that out of 10 bolts, chosen at random (i) 1 (ii) none (iii) 


at most 2 bolts will be defective. (See Unit-V, Page-275, Prob.19) 
6 dx 
01x? 


3 
Evaluate by using Simpson's 8 tule. 
(See Unit-II, Page-87, Prob.29) 
The random variable X has a Poisson distribution if P(X = 1) = 
0.01487, P(X = 2) = 0.04461. Then find P(X = 3). 
(See Unit-V, Page-284, Prob.39) 


Find the Fourier transform of 


1for|x| «a 
f(x)- 


0for hx sä (See Unit-IV, Page-242, Prob.81) 
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(i) Attempt any five questions. ~ 

(i) All questions carry equal marks. - 
Find a root ofthe following equation using 
a (See Unit-I, Page-7, Prob.1) 
f(x) = x3 – 3x - 5. E 2410 О by Newton - 
ааваа айй 4 (б пи, Page-15, Prob.13) 
Find a polynomial which takes the following values — 


ЕЛЕЙ 
= 2. 

and hence compute f(x) at x 

Given logio 654 = 2.8156, 10210 [cd 

Товур 661 = 2.8202. Find ын g 

formula, the value of ааг?” - 


ection method correct 


.40) 
See Unit-I, Page-44, Prob. 4 
= 2.8182, login 659 = 2.8189, 
Newton's divided difference 
(See Unit-I, Page-53, Prob.50) 


Engineering Mathematics - Ш 


(a) Find the first and second order derivative of f(x) at x = 1.5 if- 


аза се ге ах. 


(See Unit-Hl, Page-74, Prob.12) 


3. 


| ! dx 
(b) Apply Simpson's 3 rule, to evaluate the integration ue 
(See Unit-LI, Page-82, Prob.21) 
4. (a) Solvethe following equations Бу Gauss- -Seidel iteration method — 
10х+у+27= 12; х + 10у +22 12; х х+у+ 102 =40. 
7 See Unit-H, Page-117, Prob.49) 
(b) Solve the equations 10x + y + z = 12; 2x + 10 +у2= 13 and x + 
y + 52 = 7 by Gauss-Jordan method.(See бий-Ш Page-99, Prob.36) 


5. (a) Use Picard's method to approximate the value of y, when x = 0.1, 


5 5 dy 
6:2 an& 0.3, given that y = l atx = 0 and $us correct to 

24 с 3 
"Ahree decimal places. (See Unit-III, Page-130, Prob.2) 
(b) Using modified Euler's method, find an approximate vlaue of y, 


dv 
when x = 0.3, given that —- x+y and y = 1, when x = 0. 


(See 00441, Page-139, Prob.15) 
6. (a) Find L {sin t+ 3 cos2t ^ € + 122 + Зе ?! et. | 
(Sce Unit-IV, Page-189, Prob.4) 


(b) Find yh, (See Unit-IV, Page-197, Prob.21) 
b ч, 2 =] (See Unit-IV, Page-215, Probst) _ 
(b) Solve the following differential equation — ! 
У"(0) – 3y(t) + 2y(t) = 4t + e3t, when У(0) = 1 and у(0)--1. (By i 
ын ^r transformation). (Sec Unit-IV, Page-227, Prob.67) 
е mean and variance of Poisson's distribution. 


(b) I (See Unit-V, Page-281, Prob.32) 
n a Binomial distribution the mean and standard deviations are 12 
and 2 respectively. Find n and p. (See Unit-V, Page-280, Prob.26) 


дааа 7206. 26 


ини 
(32) 
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